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Introduction

If I have seen further it is by standing on the
shoulders of giants.

Sir Isaac Newton (1642–1727),

Letter to Robert Hooke (1675)

Nonlinear analysis is one of the fields with the most spectacular development in the last
decades. The impressive number of results in this area is also a consequence of various
problems raised by mathematical physics, optimization, or economy. In the modeling of
natural phenomena, a crucial role is played by the study of partial differential equations of
elliptic type. They arise in every field of science. Consequently, the desire to understand
the solutions of these equations has always a prominent place in the efforts of mathe-
maticians. It has inspired such diverse fields as functional analysis, variational calculus,
potential theory, algebraic topology, differential geometry, and so forth.

The aim of this book is to present an introduction to a sampling of ideas, phenomena,
and methods from the subject of nonlinear elliptic equations. One of the main goals of
this textbook is to provide the background which is necessary to initiate research work in
applied nonlinear analysis. My purpose is to provide for the student a broad perspective in
the subject, to illustrate the rich variety of phenomena encompassed by it, and to impart
a working knowledge of the most important techniques of analysis of the solutions of the
equations. The level of this book is aimed at beginning graduate students. Prerequisites
include a truly advanced calculus course, basic knowledge on functional analysis and
linear elliptic equations, as well as the necessary tools on Sobolev spaces.

In this book, we are concerned with some basic monotonicity, analytic, and varia-
tional methods which are directly related to the theory of nonlinear partial differential
equations of elliptic type. The abstract theorems are applied both to single-valued and
to multivalued boundary value problems. We develop in this book abstract results in
the following three directions: the maximum principle for nonlinear elliptic equations,
the implicit function theorem, and the critical point theory. In the first category, we are
concerned with the method of lower and upper solutions, which is the basic mono-
tonicity principle for proving existence results. The implicit function theorem is used
in connection with bifurcation problems, which play a crucial role to explain various
phenomena that have been discovered and described in natural sciences over the cen-
turies. The implicit function theorem is one of the oldest paradigms in analysis and is
a strong tool in the qualitative analysis of nonlinear problems. The critical point theory
is a deep instrument in the calculus of variations and its roots go back to the papers
of G. Birkhoff and M. Morse. We are concerned with nonsmooth variants of several
celebrated results: the Ambrosetti-Rabinowitz mountain pass theorem, the Rabinowitz
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saddle point theorem, and the Ljusternik-Schnirelmann theory for periodic functionals.
All these theories establish that the solutions of wide classes of nonlinear boundary value
problems coincide with the critical points of a natural functional (called “energy”) on
an appropriate manifold. This is not surprising since many of the laws of mathematics
and physics can be formulated in terms of “extremum principles.” Energy methods are
of special interest in those situations in which traditional arguments based on com-
parison principles have failed. Energy methods are well suited in the study of differen-
tial systems which include equations of different types frequently arising in the mathe-
matical models of continuum mechanics. In some of these cases, even if the compari-
son principle holds, it may be extremely difficult to construct suitable sub- and super-
solutions if, for instance, the equation under study contains transport terms and has
either variable or unbounded coefficients in the right-hand side. The main idea of the
energy methods consists in deriving and studying suitable inequality problems for var-
ious types of energy. In typical situations, these inequalities follow from the conserva-
tion and balance laws of continuum mechanics. In the simplest situations, the energy
functions defined through a formal procedure coincide with the kinetic and potential
energies.

In the first part of this textbook, we present the method of lower and upper solutions
(sub- and supersolutions), which is one of the main tools in nonlinear analysis for finding
solutions to many classes of boundary value problems. The proofs are simple and we
give several examples to illustrate the theory. We also focus on the stability of solutions
and on some basic existence and uniqueness results (Brezis-Oswald and Krasnoselski’s
theorems). We illustrate the Brezis-Oswald theorem with a sublinear elliptic equation
with variable potential on the whole space and we establish sufficient conditions for the
existence of a unique solution decaying to different values at infinity.

In Chapter 2, we continue with another elementary method for finding solutions,
namely, the implicit function theorem. The main abstract result in this chapter is a cele-
brated bifurcation theorem whose roots go back to the paper by Keller and Cohen [119].
We are also concerned in this chapter with the bifurcation of entire classical solutions to
the logistic equation in anisotropic media. Bifurcation problems of this type, as well as
the associated evolution equations, are naturally related to certain physical phenomena.
For example, super-diffusivity equations of this type have been proposed by de Gennes
[57] as a model for long-range Van der Waals interactions in thin films spreading on solid
surfaces. Such equations appear in the study of cellular automata and interacting particle
systems with self-organized criticality, and also describe the flow over an impermeable
plate. We also mention Brusselator-type reactions, the combustion theory, dynamics of
population, the Fitzhugh-Nagumo system, morphogenesis, superconductivity, superflu-
ids, and so forth.

In Chapter 3, we give some basic results related to the Clarke generalized gradient of
a locally Lipschitz functional. Then we develop a nonsmooth critical point theory which
enables us to deduce the Brezis-Coron-Nirenberg theorem, the saddle point theorem of P.
Rabinowitz, or the Ghoussoub-Preiss theorem. The motivation of this study is that some
of the strongest tools for proving existence results in nonlinear PDEs are the mountain
pass theorem of A. Ambrosetti and P. Rabinowitz and the Ljusternik-Schnirelmann the-
orem. These results apply when the solutions of the given problem are critical points of a
suitable energy functional E, which is assumed to be of class C1 and is defined on a real
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Banach space X . A natural question is what happens if the energy functional, associated
to a given problem in a natural way, fails to be differentiable. The results we give here
are based on the notion of Clarke generalized gradient, which coincides with the usual
one if E is either differentiable or convex. In the classical smooth framework, the Fréchet
differential of a C1-functional f : X → � is a linear and continuous operator. For the
case of locally Lipschitz maps, the property of linearity of the gradient does not remain
valid. Thus, for fixed x ∈ X , the directional derivative f 0(x; ·) is subadditive and positive
homogeneous and its generalized gradient ∂ f (x) is a nonempty closed subset of the dual
space.

In Chapter 4, the main results are two abstract Ljusternik-Schnirelmann-type the-
orems. The first one uses the notion of critical point for a pairing of operators which
was introduced by Fucik et al. [82]. The second theorem is related to locally Lipschitz
functionals which are periodic with respect to a discrete subgroup and it also uses the
notion of Clarke subdifferential. In a related framework, we study a nonlinear eigenvalue
problem arising in earthquake initiation and we are concerned with the effect of a small
perturbation for problems with symmetry.

In the following part of this work, we give several applications of the abstract results
which appear in the first chapters. Here we recall a classical result of Chang [41] and prove
multivalued variants of the Brezis-Nirenberg problem, as well as a solution of the forced
pendulum problem, which was studied in the smooth case by Mawhin and Willem [143].
We are also concerned with multivalued problems at resonance of Landesman-Lazer
type. The methods we develop here enable us to study several classes of discontinuous
problems and all these techniques are based on Clarke’s generalized gradient theory.
This tool is very useful in the study of critical periodic orbits of Hamiltonian systems
(F. Clarke and I. Ekeland), the mathematical programming (J. B. Hirriart-Urruty), the
duality theory (T. Rockafellar), optimal control (V. Barbu and F. Clarke), nonsmooth
analysis (F. Clarke, M. Degiovanni, and A. Ioffe), hemivariational inequalities (P. D. Pana-
giotopoulos), and so forth. Other applications considered in the last chapter of this book
concern the Hartman-Stampacchia theory for hemivariational inequalities and the study
of standing waves of multivalued Schrödinger equations or systems.

Part of this textbook was taught as a one-semester Ph.D. course at the University of
Craiova, Romania, during 2000 and 2008, and in the Spring of 2006 to the students of the
École Normale Supérieure in Bucharest.

The book is addressed to a wide audience of scientists, including researchers in
applied mathematics and related areas, to graduate or postgraduate students, and, in par-
ticular, to those interested in stationary nonlinear boundary value problems. It can serve
as a reference book on the existence theory for multivalued boundary value problems of
elliptic partial differential equations, as well as the textbook for graduate or postgraduate
classes. The techniques which we discuss and describe in this textbook go far beyond all
the equations we study. In particular, the methods we develop in the present work can be
applied to nonlinear wave equations, Hamiltonian systems, hemivariational inequalities,
as well as problems related to surfaces of prescribed mean curvature. With this book, the
student and the advanced researcher too are introduced to a rich tapestry of nonlinear
analysis as it interacts with other parts of mathematics.

Finally, I am happy to express my thanks to Bianca and Teodora for their constant
help and support.
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1 Monotonicity methods for
stationary equations

Nature and Nature’s law lay hid in night: God said,“Let
Newton be!,” and all was light.

Alexander Pope (1688–1744),
Epitaph on Newton

As far as the laws of mathematics refer to reality, they are
not certain; and as far as they are certain, they do not refer
to reality.

Albert Einstein (1879–1955)

1.1. Generalities about the maximum principle

Let Ω be a bounded open set in �N . The maximum principle asserts that if u : Ω → � is
a smooth function such that

−Δu ≥ 0 in Ω,

u ≥ 0 on ∂Ω,
(1.1)

then u ≥ 0 in Ω. A stronger form of the maximum principle was deduced by Hopf [107]
in 1952. The Hopf lemma asserts that in the situation above, the following alternative
holds: either u is constant in Ω or u is positive and nonconstant in Ω and, in this case,
if u = 0 at some smooth boundary point, then the exterior normal derivative ∂u/∂ν at
that point is negative. In particular, the strong Hopf maximum principle establishes that
if u ∈ C2(Ω)∩ C(Ω) is superharmonic in Ω, and u = 0 on ∂Ω, then either u ≡ 0 in Ω or
u > 0 in Ω and ∂u/∂ν < 0 on ∂Ω (assuming that ∂Ω has the interior sphere property at
any point).

Over the years, many variations and new ways of applying the maximum principle
have been discovered, in order to prove estimates or to derive qualitative properties of
solutions. In [211], Stampacchia showed that the strong maximum principle still remains
true if we replace the Laplace operator with a coercive operator. More precisely, let a ∈
L∞(Ω) be such that, for some α > 0,

∫
Ω

(|∇u|2 + a(x)u2)dx ≥ α‖u‖2
H1

0 (Ω), (1.2)
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for all u ∈ H1
0 (Ω). Stampacchia’s maximum principle asserts that if

−Δu + a(x)u ≥ 0 in Ω,

u = 0 on ∂Ω,
(1.3)

then either u ≡ 0 in Ω or u > 0 in Ω and ∂u/∂ν < 0 on ∂Ω.
In particular, the hypotheses of Stampacchia’s maximum principle are fulfilled if

a(x) ≡ 1. Vázquez observed in [221] that we can replace the linear coercive operator
−Δ + I by much more general operators, subject to monotonicity assumptions. More
precisely, let f : [0, +∞)→ � be a continuous nondecreasing function such that f (0) = 0
and

∫ 1
0 (F(t))−1/2dt = +∞, where F(t) = ∫ t

0 f (s)ds. Under these assumptions, Vázquez
proved that if u ∈ C2(Ω)∩ C(Ω) satisfies

−Δu+ f (u) ≥ 0 in Ω,

u ≥ 0 in Ω,
(1.4)

then either u ≡ 0 in Ω or u > 0 in Ω. The growth assumption
∫ 1

0 (F(t))−1/2dt = +∞
shows that the Vázquez maximum principle holds true for “superlinear” nonlinearities;
for instance, nonlinearities f (u) = up with p ≥ 1 satisfy the above hypotheses.

For details on the maximum principle we refer to the works by Protter and Wein-
berger [178], Gilbarg and Trudinger [99], Pucci and Serrin [181–183], Du [69], Fraenkel
[81], and so forth.

1.2. Method of lower and upper solutions

Let Ω be a smooth bounded domain in �N and consider a continuous function f (x,u) :
Ω× � → � such that f is of class C1 with respect to the variable u.

Consider the nonlinear Dirichlet boundary value problem

−Δu = f (x,u) in Ω,

u = 0 on ∂Ω.
(1.5)

By the solution of problem (1.5), we mean a function u ∈ C2(Ω) ∩ C(Ω) which satisfies
(1.5).

We point out that the arguments we develop in what follows can be extended for
solving more general nonlinear elliptic problems of the type

−Δu = f (x,u) in Ω,

u = g on ∂Ω,
(1.6)

where g : ∂Ω → � is continuous. By [99, Theorem 2.14], problem (1.6) corresponding
to f = 0 has a solution, for every g ∈ C(∂Ω), if and only if all boundary points of Ω are
regular. That is why we assume throughout this chapter that Ω is a bounded domain in
�N and every point of ∂Ω is regular.
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Definition 1.1. A function U ∈ C2(Ω) ∩ C(Ω) is said to be subsolution (lower solution)
of problem (1.5) provided that

−ΔU ≤ f (x,U) in Ω,

U ≤ 0 on ∂Ω.
(1.7)

Accordingly, if the signs are reversed in the above inequalities, we obtain the definition of
a supersolution (upper solution) U for problem (1.5).

Theorem 1.2. Let U (resp., U) be a subsolution (resp., a supersolution) to problem (1.5)
such that U ≤ U in Ω. Then the following properties hold true:

(i) there exists a solution u of (1.5) satisfying U ≤ u ≤ U ;
(ii) there exist minimal and maximal solutions u and u of problem (1.5) with respect

to the interval [U ,U].

Remark 1.3. The existence of the solution in this theorem, as well as the maximality (resp.,
minimality) of solutions given by (ii), should be understood with respect to the given
pairing of ordered sub- and supersolutions. It is very possible that (1.5) has solutions
which are not in the interval [U ,U]. It may also happen that (1.5) has not maximal or
minimal solution. Give such an example!

Remark 1.4. The hypothesis U ≤ U is not automatically fulfilled for arbitrary sub- and
supersolution of (1.5). Moreover, it may occur that U > U on the whole domain Ω. An
elementary example is the following: consider the eigenvalue problem

−Δu = λ1u in Ω,

u = 0 on ∂Ω.
(1.8)

We know that all solutions of this problem are of the form u = Ce1, where C is a real
constant and e1 is not vanishing in Ω, say e1(x) > 0, for any x ∈ Ω. Choose U = e1 and
U = −e1. Then U (resp., U) is subsolution (resp., supersolution) to the problem (1.5),
but U > U .

Proof of Theorem 1.2. The key arguments are based on the monotone iterations method
developed by Amann [9] and Sattinger [205].

(i) Let g(x,u) := f (x,u) + au, where a is a real constant. We can choose a ≥ 0
sufficiently large so that the map � � u 
→ g(x,u) is increasing on [U(x),U(x)], for every
x ∈ Ω. For this aim, it is enough to have a ≥ 0 and

a ≥ max
{− fu(x,u); x ∈ Ω, u ∈ [U(x),U(x)

]}
. (1.9)

For this choice of a, we define the sequence of functions un ∈ C2(Ω) ∩ C(Ω) as
follows: u0 = U and, for every n ≥ 1, un is the unique solution of the linear problem

−Δun + aun = g
(
x,un−1

)
in Ω,

un = 0 on ∂Ω.
(1.10)
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Claim 1. U ≤ · · · ≤ un+1 ≤ un ≤ · · · ≤ u0 = U .

Proof of Claim 1. Our arguments use in an essential manner the maximum principle. So,
in order to prove that u1 ≤ U , we have, by the definition of u1,

−Δ(U − u1
)

+ a
(
U − u1

) ≥ g(x,U)− g(x,U) = 0 in Ω,

U − u1 ≥ 0 on ∂Ω.
(1.11)

Since the operator −Δ + aI is coercive, it follows that U ≥ u1 in Ω. For the proof of
U ≤ u1, we observe that U ≤ 0 = u1 on ∂Ω and, for every x ∈ Ω,

−Δ(U − u1
)

+ a
(
U − u1

) ≤ f
(
x,U

)
+ aU − g(x,U) ≤ 0, (1.12)

by the monotonicity of g . The maximum principle implies U ≤ u1.
Let us now assume that

U ≤ · · · ≤ un ≤ un−1 ≤ · · · ≤ u0 = U. (1.13)

It remains to prove that

U ≤ un+1 ≤ un. (1.14)

Taking into account the equations satisfied by un and un+1, we obtain

−Δ(un − un+1
)

+ a
(
un − un+1

) = g
(
x,un−1

)− g(x,un
) ≥ 0 in Ω,

un − un+1 ≥ 0 on ∂Ω,
(1.15)

which implies un ≥ un+1 in Ω.
On the other hand, by

−ΔU + aU ≤ g
(
x,U

)
in Ω,

U ≤ 0 on ∂Ω,
(1.16)

and the definition of un+1, we have

−Δ(un+1 −U
)

+ a
(
un+1 −U

) ≥ g
(
x,un

)− g(x,U
) ≥ 0 in Ω,

un+1 −U ≥ 0 on ∂Ω.
(1.17)

Again, by the maximum principle, we deduce that U ≤ un+1 in Ω, which completes the
proof of the claim. �

It follows that there exists a function u such that, for every fixed x ∈ Ω,

un(x) ↘ u(x) as n �→∞. (1.18)

Our aim is to show that we can pass to the limit in (1.10). For this aim, we use a standard
bootstrap argument. Let gn(x) := g(x,un(x)). We first observe that the sequence (gn) is
bounded in L∞(Ω), so in every Lp(Ω) with 1 < p < ∞. It follows by (1.10) and standard
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Schauder estimates that the sequence (un) is bounded in W2,p(Ω), for any 1 < p <
∞. But the space W2,p(Ω) is continuously embedded in the Hölder space C1,α(Ω), for
α = 1 − N/(2p), provided that p > N/2. This implies that (un) is bounded in C1,α(Ω).
Now, by standard estimates in Hölder spaces, we deduce that (un) is bounded in C2,α(Ω).
Since C2,α(Ω) is compactly embedded in C2(Ω), it follows that, passing eventually at a
subsequence,

un �→ u in C2(Ω). (1.19)

Since the sequence is monotone, we obtain that the whole sequence converges to u in C2.
Now, passing at the limit in (1.10) as n → ∞ we deduce that u is solution of problem
(1.5).

(ii) Let us denote by u the solution obtained with the above technique and choosing
u0 = U . We justify that u is a maximal solution with respect to the given pairing (U ,U).
Indeed, let u ∈ [U ,U] be an arbitrary solution. With an argument similar to that given in
the proof of (i) but with respect to the pairing of ordered sub- and supersolution (u,U),
we obtain that u ≤ un, for any n ≥ 0, which implies u ≤ u. �

The notions of lower and upper solutions can be extended in a weak sense as follows.

Definition 1.5. A function U ∈ C(Ω) is said to be a weak subsolution (weak lower
solution) of problem (1.5) provided that U ≤ 0 on ∂Ω and

∫
Ω

[
U(−Δϕ)− f

(
x,U

)
ϕ
]
dx ≤ 0, (1.20)

for every ϕ ∈ C∞0 (Ω) satisfying ϕ ≥ 0 in Ω.
A function U ∈ C(Ω) is said to be a weak supersolution (weak upper solution) of

problem (1.5) provided that U ≥ 0 on ∂Ω and

∫
Ω

[
U(−Δϕ)− f (x,U)ϕ

]
dx ≥ 0, (1.21)

for every ϕ ∈ C∞0 (Ω) satisfying ϕ ≥ 0 in Ω.

In such a case, the corresponding notion of solution for problem (1.5) is the follow-
ing.

Definition 1.6. A function u ∈ C(Ω) is said to be a weak solution of problem (1.5)
provided that u = 0 on ∂Ω and

∫
Ω

[
u(−Δϕ)− f (x,u)ϕ

]
dx = 0, (1.22)

for every ϕ ∈ C∞0 (Ω).

Theorem 1.7. Assume that f : Ω× � → � is a continuous function such that the mapping
u 
→ f (·,u) + au is increasing, for some real number a. Suppose that U (resp., U) is a weak
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subsolution (resp., a weak supersolution) of problem (1.5) such that U ≤ U in Ω. Then the
following properties hold true:

(i) there exists a weak solution u of (1.5) satisfying U ≤ u ≤ U and u ∈ W
2,p
loc (Ω)

for all p ∈ [1,∞);
(ii) there exist minimal and maximal weak solutions u and u of problem (1.5) with

respect to the interval [U ,U].

The proof follows the same steps as in the case where f is of class C1. We invite the
reader to give complete details.

1.3. An alternative proof without monotone iterations

Let us now assume that f : Ω × � → � is a continuous function, so no differentiability
assumption is required to be fulfilled by f . We also point out that we do not assume that
the mapping u 
→ f (·,u) + au is increasing, for some real number a. Under these general
hypotheses, we give in what follows an elementary proof of Theorem 1.7, by means of
different arguments. For this aim, let

E(u) = 1
2

∫
Ω
|∇u|2dx −

∫
Ω
F(x,u)dx (1.23)

be the energy functional associated to problem (1.5), where F(x,u) = ∫ u0 f (x, t)dt.
Set

f0(x, t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

f (x, t) if U(x) < t < U(x), x ∈ Ω,

f
(
x,U(x)

)
if t ≥ U(x), x ∈ Ω,

f
(
x,U(x)

)
if t ≤ U(x), x ∈ Ω.

(1.24)

Then f0 : Ω× � → � is continuous and bounded.
The associated energy functional is

E0(u) = 1
2

∫
Ω
|∇u|2dx −

∫
Ω
F0(x,u)dx, (1.25)

with an appropriate definition for F0.
We observe the following:

(i) E0 is well defined on H1(Ω), since f0 is bounded, so F0 has a sublinear growth;
(ii) E0 is weakly lower semicontinuous;

(iii) the first term of E0 dominates at +∞, in the sense that

lim
‖u‖→∞

E0(u) = +∞. (1.26)

Let

α = inf
u∈H1

0 (Ω)
E0(u). (1.27)
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We show in what follows that α is attained. Indeed, since E0 is coercive, there exists a
minimizing sequence (un) ⊂ H1

0 (Ω). We may assume without loss of generality that

un u, weakly in H1
0 (Ω). (1.28)

So, by the lower semicontinuity of E0 with respect to the weak topology,

1
2

∫
Ω

∣∣∇un∣∣2
dx −

∫
Ω
F0
(
x,un

)
dx ≤ α + o(1). (1.29)

This implies E0(u) = α. Now, since u is a critical point of E0, it follows that it satisfies
−Δu = f0(x,u) in D ′(Ω), that is,

∫
Ω

[
u(−Δϕ)− f0(x,u)ϕ

]
dx = 0, (1.30)

for every ϕ ∈ C∞0 (Ω).
The same bootstrap argument as in the proof of Theorem 1.2 implies that u ∈

W
2,p
loc (Ω) for all p ∈ [1,∞), although U and U do not need to possess the same regularity.

We prove in what follows that U ≤ u ≤ U . Indeed, we have

−ΔU ≤ f
(
x,U

)
in D ′(Ω). (1.31)

Therefore,

−Δ(U − u) ≤ f
(
x,U

)− f0(x,u) in D ′(Ω). (1.32)

After multiplication by (U − u)+ in this inequality and integration over Ω, we find
∫
Ω

∣∣∣∇(U − u)+
∣∣∣2
dx ≤

∫
Ω

(
U − u)+(

f
(
x,U

)− f0(x,u)
)
dx. (1.33)

Taking into account the definition of f0, we obtain
∫
Ω

∣∣∣∇(U − u)+
∣∣∣2
dx = 0 (1.34)

which implies ∇(U − u)+ = 0 in Ω. Therefore, U ≤ u in Ω and, similarly, u ≤ U in Ω.
So, since u is a weak solution of the problem

−Δu = f0(x,u) in Ω,

u = 0 on ∂Ω,
(1.35)

and U ≤ u ≤ U in Ω, then u is a solution of problem (1.5).
To show that the problem −Δu = f0(x,u) in D ′(Ω) has at least one solution, we

give in what follows an alternative argument due to Clement and Sweers [48], which
relies upon the Schauder fixed point theorem. We first observe that for any continuous
function h : Ω→ �, the linear boundary value problem

−Δu = h(x) in Ω,

u = 0 on ∂Ω
(1.36)
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has a unique solution u ∈ C(Ω). Let K : C(Ω) → C(Ω) denote the solution operator
defined by u = Kh. Then K is a linear operator.

Claim 2. K is a compact operator, provided the metric space C(Ω) is endowed with the
canonical maximum norm

‖u‖∞ = max
x∈Ω

∣∣u(x)
∣∣. (1.37)

For this purpose we first extend h by 0 outside of Ω and set

w(x) = −
∫
�N

Γ(x − y)h(y)dy, (1.38)

where

Γ(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
2π

log |x| if N = 2, x �= 0,

1
(2−N)ωN

|x|2−N if N ≥ 3, x �= 0
(1.39)

denotes the fundamental solution of the Laplace equation. In the definition of Γ, ωN
represents the outer Lebesgue measure of the unit ball in �N . Standards results in the
linear theory of elliptic equations show that w ∈ C1(Ω) and the mapping h 
→ w from
C(Ω) to C1(Ω) is continuous, where C1(Ω) is endowed with the norm ‖u‖C1 = ‖u‖∞ +
‖u′‖∞. Since C1(Ω) is compactly embedded in C(Ω), we deduce that the mapping

C(Ω) � h 
 �→ w ∈ C(Ω) (1.40)

is compact.
Let w0 ∈ C(Ω) be the unique harmonic function satisfying w0 = w on ∂Ω. Then the

function u = w − w0 is continuous on Ω, u = 0 on ∂Ω, and
∫
Ω

[
u(−Δϕ)− h(x)ϕ

]
dx = 0, (1.41)

for every ϕ ∈ C∞0 (Ω). Since the mapping w 
→ w0 from C(Ω) to C(Ω) is continuous,
we deduce that the mapping h 
→ w0 from C(Ω) to C(Ω) is compact. This concludes the
proof of the claim.

Returning to our proof, we denote by N : C(Ω) → C(Ω) the Niemytski operator
associated with f0, that is,

N (u)(x) = f0
(
x,u(x)

)
for u ∈ C(Ω), x ∈ Ω. (1.42)

Then N is continuous and, since f0 is bounded, there exists C > 0 such that
∥∥N (u)

∥∥∞ ≤ C ∀u ∈ C(Ω). (1.43)

Finally, we observe that u is a solution of the problem

−Δu = f0(x,u) in Ω,

u = 0 on ∂Ω
(1.44)
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if and only if

u = KN (u). (1.45)

A direct application of the Schauder fixed point theorem guarantees the existence of such
a solution.

1.4. Stability of solutions

We can interpret a solution u of problem (1.5) as an equilibrium solution of the associated
parabolic problem

vt −Δv = f (x, v) in Ω× (0,∞),

v(x, t) = 0 on ∂Ω× (0,∞),

v(x, 0) = u0(x) in Ω.

(1.46)

Suppose that the initial data u0(x) does not deviate too much from a stationary state u(x).
Does the solution of (1.46) return to u(x) as t →∞? If this is the case, then the solution u
of problem (1.5) is said to be stable. More precisely, a solution u of (1.46) is called stable
if for every ε > 0 there exists δ > 0 such that ‖u(x) − v(x, t)‖L∞(Ω×(0,∞)) < ε, provided
that ‖u(x) − u0(x)‖L∞(Ω) < δ. Here, v(x, t) is a solution of problem (1.46). We establish
in what follows that the solutions given by the method of lower and upper solutions are,
generally, stable, in the following sense.

Definition 1.8. A solution u of problem (1.5) is said to be stable provided that the first
eigenvalue of the linearized operator at u is positive, that is, λ1(−Δ− fu(x,u)) > 0.

A solution u of (1.5) is called semistable if λ1(−Δ− fu(x,u)) ≥ 0.

In the above definition, we understand the first eigenvalue of the linearized operator
with respect to homogeneous Dirichlet boundary condition. This means that

λ1
(− Δ− fu(x,u)

) = min
v∈H1

0 (Ω)\{0}

∫
Ω

(|∇v|2 − fu(x,u)v2
)
dx∫

Ω v2dx
. (1.47)

Theorem 1.9. Let U (resp., U) be subsolution (resp., supersolution) of problem (1.5) such
that U ≤ U and let u (resp., u) be the corresponding minimal (resp., maximal) solution of
(1.5). Assume that U is not a solution of (1.5). Then u is semistable. Furthermore, if f is
concave, then u is stable.

Similarly, if U is not a solution then u is semistable and, if f is convex, then u is stable.

Proof . Let λ1 = λ1(−Δ− fu(x,u)) and let ϕ1 be the corresponding eigenfunction, that is,

−Δϕ1 − fu(x,u)ϕ1 = λ1ϕ1 in Ω,

ϕ1 = 0 on ∂Ω.
(1.48)
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We can suppose, without loss of generality, that ϕ1 > 0 in Ω. Assume, by contradiction,
that λ1 < 0. Let us consider the function v := u− εϕ1, with ε > 0. Next, we prove that the
following properties hold true:

(i) v is a supersolution to problem (1.5), for ε small enough;
(ii) v ≥ U .

By (i), (ii), and Theorem 1.2 it follows that there exists a solution u such that U ≤ u ≤ v <
u in Ω, which contradicts the minimality of u and the hypothesis that U is not a solution.

In order to prove (i), it is enough to show that

−Δv ≥ f (x, v) in Ω. (1.49)

But

Δv + f (x, v) = Δu− εΔϕ1 + f
(
x,u− εϕ1

)

= − f (x,u) + ελ1ϕ1 + ε fu(x,u)ϕ1 + f
(
x,u− εϕ1

)

= − f (x,u)+ε
(
λ1ϕ1 + fu(x,u)ϕ1

)
+ f (x,u)−ε fu(x,u)ϕ1 +o

(
εϕ1

)

= ελ1ϕ1 + o(ε)ϕ1 = ϕ1
(
ελ1 + o(ε)

) = ϕ1ε
(
λ1 + o(1)

) ≤ 0,

(1.50)

provided that ε > 0 is sufficiently small.
Let us now prove (ii). We observe that v ≥ U is equivalent to u−U ≥ εϕ1, for small

positive ε. But u−U ≥ 0 in Ω. Moreover, u−U �≡ 0, since U is not solution. Now we are
in position to apply Hopf ’s strong maximum principle in the following variant: assume
v satisfies

−Δw + aw = f (x) ≥ 0 in Ω,

w ≥ 0 on ∂Ω,
(1.51)

where a is a nonnegative number. Then w ≥ 0 in Ω and the following alternative holds:

(i) either w ≡ 0 in Ω, or
(ii) w > 0 in Ω and ∂w/∂ν < 0 on the set {x ∈ ∂Ω; w(x) = 0}.

Let w = u−U ≥ 0. We have

−Δw + aw = f (x,u) + ΔU + a
(
u−U) ≥ f (x,u)− f

(
x,U

)
+ a

(
u−U). (1.52)

So, in order to have −Δw + aw ≥ 0 in Ω, it is sufficient to choose a ≥ 0 so that the
mapping � � u 
→ f (x,u) + au is increasing on [U(x),U(x)], as already done in the
proof of Theorem 1.2. Observing that w ≥ 0 on ∂Ω and w �≡ 0 in Ω we deduce by the
strong maximum principle that

w > 0 in Ω,

∂w
∂ν

< 0 on
{
x ∈ ∂Ω; u(x) = U(x) = 0

}
.

(1.53)

We prove in what follows that we can choose ε > 0 sufficiently small so that εϕ1 ≤ w.
This is an interesting consequence of the fact that the normal derivative is negative in
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the points of the boundary where the function vanishes. Arguing by contradiction, there
exist a sequence εn → 0 and xn ∈ Ω such that

(
w − εnϕ1

)(
xn
)
< 0. (1.54)

Moreover, we can choose the points xn with the additional property

∇(w − εnϕ1
)(
xn
) = 0. (1.55)

But, passing eventually at a subsequence, we can assume that xn → x0 ∈ Ω. It follows
now by (1.54) that w(x0) ≤ 0 which implies w(x0) = 0, that is, x0 ∈ ∂Ω. Furthermore,
by (1.55), ∇w(x0) = 0, a contradiction, since ∂w/∂ν(x0) < 0, by the strong maximum
principle.

Let us now assume that f is concave. We have to show that λ1 > 0. Arguing again by
contradiction, let us suppose that λ1 = 0. With the same arguments as above we can show
that v ≥ U . If we prove that v is a supersolution then we contradict the minimality of u.
The above arguments do not apply since, in order to find a contradiction, the estimate

Δv + f (x, v) = εϕ1
(
λ1 + o(1)

)
(1.56)

is not relevant in the case where λ1 = 0. However,

Δv + f (x, v) = − f (x,u) + ε
(
λ1ϕ1 + fu(x,u)ϕ1

)
+ f

(
x,u− εϕ1

)

≤ ε fu(x,u)ϕ1 + fu(x,u)
(− εϕ1

)

= 0.

(1.57)

This completes our proof. �

If neither U nor U are solutions to problem (1.5), it is natural to ask us if there exists
a solution u such that U < u < U and λ1(−Δ− fu(x,u)) > 0. In general, such a situation
does not occur, as shown by the following example: consider the problem

−Δu = λ1u− u3 in Ω,

u = 0 on ∂Ω,
(1.58)

where λ1 denotes the first eigenvalue of −Δ in H1
0 (Ω). We remark that we can choose

U = a and U = −a, for every a >
√
λ1. On the other hand, by Poincaré’s inequality,

λ1

∫
Ω
u2 ≤

∫
Ω
|∇u|2 = λ1

∫
Ω
u2 −

∫
Ω
u4, (1.59)

which shows that the unique solution is u = 0. However, this solution is not stable, since
λ1(−Δ− fu(0)) = 0.

1.5. Extremal solutions

A question which arises naturally is under what hypotheses there exists a global maximal
(resp., minimal) solution of (1.5), that is, which is maximal (resp., minimal) not only
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with respect to a prescribed pair of sub- and supersolutions. The following result shows
that a sufficient condition is that the nonlinearity has a kind of sublinear growth. More
precisely, let us consider the problem

−Δu = f (x,u) + g(x) in Ω,

u = 0 on ∂Ω.
(1.60)

Theorem 1.10. Assume that g ∈ C0,α(Ω), for some α ∈ (0, 1), and there exists a < λ1 such
that for every (x,u) ∈ Ω× �,

f (x,u) signu ≤ a|u| + C. (1.61)

Then there exists a global minimal (resp., maximal) solution u (resp., u) for problem (1.60).

Proof . Assume without loss of generality that C > 0. We choose as supersolution of
(1.60) the unique solution U of the linear coercive problem

−ΔU − aU = C′ in Ω,

U = 0 on ∂Ω,
(1.62)

where C′ is taken such that C′ ≥ C + supΩ |g|. Since a < λ1, it follows by the maximum
principle that U ≥ 0.

Let U = −U be a subsolution of (1.60). Thus, by Theorem 1.2, there exists u (resp.,
u) minimal (resp., maximal) with respect to (U , U). We prove in what follows that u ≤
u ≤ u, for every solution u of problem (1.60). For this aim, it is enough to show that
U ≤ u ≤ U . Let us prove that u ≤ U . Denote

Ω0 =
{
x ∈ Ω; u(x) > 0

}
. (1.63)

Consequently, it is sufficient to show that u ≤ U in Ω0. The idea is to prove that

−Δ(U − u)− a(U − u) ≥ 0 in Ω0,

U − u ≥ 0 on ∂Ω0

(1.64)

and then to apply the maximum principle. On the one hand, we observe that

U − u = U ≥ 0 on ∂Ω0. (1.65)

On the other hand, we have

−Δ(U −u)−a(U − u) =−ΔU − aU−(−Δu−au) ≥ C′− f (x,u)+au≥0 in Ω0. (1.66)

This concludes our proof. �

Let us now consider the nonlinear boundary value problem

−Δu = f (u) in Ω,

u = 0 on ∂Ω,

u > 0 in Ω,

(1.67)
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where

f (0) = 0, (1.68)

lim sup
u→+∞

f (u)
u

< λ1. (1.69)

Observe that (1.69) implies

f (u) ≤ au + C, for every u ≥ 0, (1.70)

with a < λ1 and C > 0.
Clearly, U = 0 is a subsolution of (1.67). Let U be the unique solution of the linear

coercive problem

−ΔU − aU = C in Ω,

U = 0 on ∂Ω.
(1.71)

We then obtain a minimal solution u and a maximal solution u ≥ 0. However, we cannot
state that u > 0 (give an example!). A positive answer is given in the following result.

Theorem 1.11. Assume f satisfies hypotheses (1.68), (1.69), and

f ′(0) > λ1. (1.72)

Then there exists a maximal solution u to problem (1.67) such that u > 0 in Ω.

Proof . The idea is to find another subsolution. Let U = εϕ1, where ϕ1 > 0 is the first
eigenfunction of −Δ in H1

0 (Ω). To obtain our conclusion it is sufficient to verify that, for
ε > 0 small enough, we have

(i) εϕ1 is a subsolution;
(ii) εϕ1 ≤ U .

Let us verify (i). We observe that

f
(
εϕ1

) = f (0) + εϕ1 f ′(0) + o
(
εϕ1

) = εϕ1 f ′(0) + o
(
εϕ1

)
. (1.73)

So the inequality −Δ(εϕ1) ≤ f (εϕ1) is equivalent to

ελ1ϕ1 ≤ εϕ1 f ′(0) + o
(
εϕ1

)
, (1.74)

that is,

λ1 ≤ f ′(0) + o(1). (1.75)

This is true, by our hypothesis (1.72).
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Let us now verify (ii). Recall that U satisfies

−ΔU = aU + C in Ω,

U = 0 on ∂Ω.
(1.76)

Thus, by the maximum principle, U > 0 in Ω and ∂U/∂ν < 0 on ∂Ω. We observe that the
other variant, namely,U ≡ 0, becomes impossible, since C > 0. Using the same trick as in
the proof of Theorem 1.2 (more precisely, the fact that ∂U/∂ν < 0 on ∂Ω), we find ε > 0
small enough so that εϕ1 ≤ U in Ω. �

Remark 1.12. We observe that a necessary condition for the existence of a solution to
problem (1.67) is that the line λ1u intersects the graph of the function f = f (u) on the
positive semiaxis.

Indeed, if f (u) < λ1u for any u > 0, then the unique solution is u = 0. After
multiplication with ϕ1 in (1.67) and integration, we find

∫
Ω

(−Δu)ϕ1 = −
∫
Ω
uΔϕ1 = λ1

∫
Ω
uϕ1 =

∫
Ω
f (u)ϕ1 < λ1

∫
Ω
uϕ1, (1.77)

a contradiction.

Remark 1.13. We can require instead of (1.72) that f ∈ C1(0,∞) and f ′(0+) = +∞.
Indeed, since f (0) = 0, there exists c > 0 such that, for all 0 < ε < c,

f
(
εϕ1

)
εϕ1

= f
(
εϕ1

)− f (0)
εϕ1 − 0

> λ1. (1.78)

It follows that f (εϕ1) > ελ1ϕ1 = −Δ(εϕ1) and so, U = εϕ1 is a subsolution. It is easy to
check that U ≥ U in Ω and the proof continues with the same ideas as above.

The following result gives a sufficient condition such that the solution of (1.67) is
unique.

Theorem 1.14. Under hypotheses (1.68), (1.69), and (1.72), assume furthermore that the
mapping

(0, +∞) � u 
 �→ f (u)
u

(1.79)

is decreasing. Then problem (1.67) has a unique solution.

Example 1.15. If f is concave, then the mapping f (u)/u is decreasing. Hence by the
previous results, the solution is unique and stable. For instance, the problem

−Δu = λu− up in Ω,

u = 0 on ∂Ω,

u > 0 in Ω,

(1.80)

with p > 1 and λ > λ1, has a unique solution which is also stable.
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Proof of Theorem 1.14. Let u1,u2 be arbitrary solutions of (1.67). We may assume that
u1 ≤ u2; indeed, if not, we choose u1 as the minimal solution. Multiplying the equalities

−Δu1 = f
(
u1
)

in Ω,

−Δu2 = f
(
u2
)

in Ω
(1.81)

by u2, u1, respectively, and integrating on Ω, we find

∫
Ω

(
f
(
u1
)
u2 − f

(
u2
)
u1
) = 0. (1.82)

This relation can be rewritten as

∫
Ω
u1u2

(
f
(
u1
)

u1
− f

(
u2
)

u2

)
= 0. (1.83)

So, by 0 < u1 ≤ u2 we deduce f (u1)/u1 = f (u2)/u2 in Ω. Next, by (1.79), we conclude
that u1 = u2. �

1.6. The Krasnoselski uniqueness theorem

Consider the nonlinear Dirichlet problem

−Δu = f (u) in Ω,

u = 0 on ∂Ω,

u > 0 in Ω.

(1.84)

Our aim is to establish in what follows a uniqueness property in the case where the
nonlinearity does not satisfy any growth assumptions, like (1.69) or (1.72). The following
important result in this direction is due to Krasnoselski.

Theorem 1.16. Assume that the nonlinearity f satisfies (1.79). Then problem (1.84) has a
unique solution.

Proof . In order to prove the uniqueness, it is enough to show that for any arbitrary
solutions u1 and u2, we can suppose that u1 ≤ u2. Let

A = {t ∈ [0, 1]; tu1 ≤ u2
}
. (1.85)

We observe that 0 ∈ A. Next, we show that there exists ε0 > 0 such that for every ε ∈
(0, ε0) we have ε ∈ A. This follows easily with arguments which are already done and
using the crucial observations that

u2 > 0 in Ω,

∂u2

∂ν
< 0 on ∂Ω.

(1.86)



16 Monotonicity methods for stationary equations

Let t0 = maxA. Assume, by contradiction, that t0 < 1. Hence t0u1 ≤ u2 in Ω. The idea
is to show the existence of some ε > 0 such that (t0 + ε)u1 ≤ u2, which contradicts the
choice of t0. For this aim we use the maximum principle. We have

−Δ(u2 − t0u1
)

+ a
(
u2 − t0u1

) = f
(
u2
)

+ au2 − t0
(
f
(
u1
)

+ au1
)
. (1.87)

Now we choose a > 0 so that the mapping u 
→ f (u) + au is increasing. Therefore,

−Δ(u2 − t0u1
)

+ a
(
u2 − t0u1

) ≥ f
(
t0u1

)
+ at0u1 − t0 f

(
u1
)− at0u1

= f
(
t0u1

)− t0 f (u1
)

≥ 0.

(1.88)

This implies

(i) either u2 − t0u1 ≡ 0, or
(ii) u2 − t0u1 > 0 in Ω and ∂(u2 − t0u1)/∂ν < 0 on ∂Ω.

The first case is impossible since it would imply t0 f (u1) = f (t0u1), a contradiction. This
reasoning is based on the elementary fact that if f is continuous and f (Cx) = C f (x) for
any x in a nonempty interval, then f is linear. �

1.7. The Brezis-Oswald theorem

We establish in this section a basic result which is due to Brezis and Oswald (see [35,
Theorem 1]) and which plays an important role in the qualitative analysis of wide classes
of nonlinear Dirichlet boundary value problems.

Let Ω ⊂ �N be a bounded domain with smooth boundary and assume that g(x,u) :
Ω× [0,∞) �→ � is a measurable function satisfying the following conditions:

for a.e. x ∈ Ω the function [0,∞) � u 
 �→ g(x,u)

is continuous and the mapping u 
 �→ g(x,u)
u

is decreasing on (0,∞);
(1.89)

for each u ≥ 0 the function x 
 �→ g(x,u) belongs to L∞(Ω); (1.90)

∃C > 0 such that g(x,u) ≤ C(u + 1) a.e. x ∈ Ω ∀u ≥ 0. (1.91)

Set

a0(x) = lim
u↘0

g(x,u)
u

,

a∞(x) = lim
u→∞

g(x,u)
u

,

(1.92)

so that −∞ < a0(x) ≤ +∞ and −∞ ≤ a∞(x) < +∞.
For any measurable function a : Ω → � such that either a(x) ≤ C or a(x) ≥ −C a.e.

on Ω (for some positive constant C), the quantity
∫

[ϕ�=0]
aϕ2 (1.93)
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makes sense, where ϕ ∈ L2(Ω). In such a case, we can define the first eigenvalue of the
operator −Δ− a(x) with zero Dirichlet condition by

λ1
(− Δ− a(x)

) = inf
ϕ∈H1

0 (Ω),‖ϕ‖L2(Ω)=1

(∫
|∇ϕ|2 −

∫
[ϕ�=0]

aϕ2
)
. (1.94)

In our setting, a∞(x) ≤ g(x, 1) and a0(x) ≥ g(x, 1) for a.e. x ∈ Ω. Thus, it makes
sense to define both λ1(−Δ− a0(x)) and λ1(−Δ− a∞(x)).

Consider the Dirichlet boundary value problem

−Δu = g(x,u) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω.

(1.95)

By a solution of problem (1.95), we mean a function u ∈ H1
0 (Ω) ∩ L∞(Ω) satisfying

(1.95). Moreover, from assumptions (1.89)–(1.91) it follows that if u solves (1.95) then

−∣∣g(x,‖u‖L∞
)∣∣ ≤ g

(
x,u(x)

) ≤ C
(∣∣u(x)

∣∣ + 1
)
. (1.96)

Thus, g(x,u) ∈ L∞(Ω) and standard Schauder estimates imply that u ∈ W2,p(Ω) for
every p <∞.

Brezis and Oswald proved in [35] the following existence and uniqueness result. Our
proof of existence relies on a variational method which is based on some ideas developed
by Dı́az and Saa [64].

Theorem 1.17. Assume that hypotheses (1.89)–(1.91) are fulfilled.
Then problem (1.95) has at most one solution. Moreover, a solution of (1.95) exists if

and only if

λ1
(− Δ− a0(x)

)
< 0, (1.97)

λ1
(− Δ− a∞(x)

)
> 0. (1.98)

Proof . We first assume that there exists a solution u of problem (1.95). Hence

λ1
(−Δ− a0(x)

) ≤ 1∫
Ω u2dx

(∫
Ω
|∇u|2dx −

∫
Ω
a0u

2dx
)
. (1.99)

On the other hand, by Green’s formula,

∫
Ω
|∇u|2dx = −

∫
Ω
Δu · udx =

∫
Ω

g(x,u)
u

u2dx <
∫
Ω
a0u2dx. (1.100)

Thus, λ1(−Δ− a0(x)) < 0.
Next, we show that λ1(−Δ− a∞(x)) > 0. Set

a(x) = g
(
x, 1 + ‖u‖∞

)
1 + ‖u‖∞ . (1.101)
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Thus, a(x) ≥ a∞(x) for a.e. x ∈ Ω and g(x,u) ≥ a(x)u. We deduce that

λ1
(− Δ− a∞(x)

)
> λ1

(− Δ− a(x)
)
:=μ. (1.102)

It remains to prove that μ > 0. For this purpose, we consider the first eigenfunction Ψ > 0
of the linear operator −Δ− a(x) in H1

0 (Ω), that is,

−ΔΨ− a(x)Ψ = μΨ in Ω,

Ψ = 0 on ∂Ω.
(1.103)

Define, for any positive integer k,

Ωk := {x ∈ Ω; kΨ(x) > u(x)
}
. (1.104)

Then Ω = ⋃k≥1 Ωk . So, by the definition of a(x) and our assumption (1.89),

∫
Ωk

(
− Δu

u
+
Δ(kΨ)
kΨ

)
(u− kΨ)dx =

∫
Ωk

(
g(x,u)
u

− (a(x) + μ
))

(u− kΨ)dx ≥ 0.

(1.105)

It follows that g(x,u)/u < a(x) + μ. Since g(x,u)/u > a(x), we conclude that μ > 0.
Conversely, let us assume that λ1(−Δ− a0(x)) < 0 < λ1(−Δ− a∞(x)). We prove that

problem (1.95) has a solution. Define the mapping

g0(x,u) =
⎧⎨
⎩
g(x,u) if u ≥ 0,

g(x, 0) if u < 0.
(1.106)

Set G0(x,u) = ∫ u0 g0(x, t)dt and consider the energy functional E : H1
0 (Ω)→ � defined by

E(u) = 1
2

∫
Ω
|∇u|2dx −

∫
Ω
G0(x,u)dx. (1.107)

By our assumption (1.91) it follows that for all (x,u) ∈ Ω× �,

∣∣G0(x,u)
∣∣ ≤ C

(
u2 + |u|) for some C > 0, (1.108)

which implies that E is well defined on H1
0 (Ω). �

Lemma 1.18. The energy functional E has the following properties:

(a) E is weakly lower semicontinuous in H1
0 (Ω);

(b) there exists φ ∈ H1
0 (Ω) such that E(φ) < 0;

(c) E is coercive, that is, lim‖u‖→∞ E(u) = +∞.

Proof . (a) Let (un)n≥1 be a sequence in H1
0 (Ω) such that un ⇀ u in H1

0 (Ω). We first
observe that the lower semicontinuity of the norm yields

‖u‖2
H1

0 (Ω) ≤ lim inf
n→∞

∥∥un∥∥2
H1

0 (Ω). (1.109)
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We can suppose that, up to a subsequence, (un)n≥1 converges strongly to u in L2(Ω) and
a.e. Since |G0(x,u)| ≤ C(u2 + |u|) in Ω × �, it follows that we can choose C > 0 large
enough so that G0(x,un) ≤ C(1 + u2

n) for all n ≥ 1 and for a.e. x ∈ Ω. So, by Fatou’s
lemma,

lim sup
n→∞

∫
Ω
G0
(
x,un

)
dx ≤

∫
Ω
G0(x,u)dx. (1.110)

Thus, E(u) ≤ lim infn→∞ E(un).
(b) Since λ1(−Δ− a0(x)) < 0, there exists φ ∈ H1

0 (Ω) such that

|∇φ|2dx <
∫

[φ �=0]
a0φ2dx. (1.111)

This relation remains valid if we replace φ by φ+, so we may assume that φ ≥ 0.
Next, we show that we can assume φ ∈ L∞(Ω). Set, for any positive integer k, Ωk :=

{x ∈ Ω; φ(x) ≤ k}. Then Ω = ⋃k≥1 Ωk and for any k ≥ 1, Ωk ⊂ Ωk+1. Hence

∫
Ω
|∇φ|2dx = lim

n→∞

∫
Ωk

|∇φ|2dx. (1.112)

So, by relation (1.111), there is some positive integer k such that

∫
Ωk

|∇φ|2dx <
∫
Ωk∩[φ �=0]

a0φ2dx. (1.113)

Fix k with such a property and denote

ϕ(x) =
⎧⎨
⎩
φ(x) if φ(x) ≤ k,

0 if φ(x) > k.
(1.114)

Hence ϕ ∈ L∞(Ω) and

∫
Ω
|∇ϕ|2dx =

∫
Ωk

|∇φ|2dx <
∫
Ωk∩[φ �=0]

a0φ2dx =
∫

[ϕ�=0]
a0φ2dx. (1.115)

This shows that we can replace φ by ϕ ∈ L∞(Ω). In this way, we have argued that we can
choose from the beginning φ ∈ H1

0 (Ω)∩ L∞(Ω) and φ ≥ 0.
From the definition of a0 we deduce that

lim inf
u→0

G0(x,u)
u2

≥ a0(x)
2

. (1.116)

Taking u = εφ in this inequality, for ε > 0 and φ as above, we have

lim inf
ε→0

G0
(
x, εφ(x)

)
ε2

≥ a0(x)φ2(x)
2

a.e. in [φ �= 0]. (1.117)
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By integration and using relation (1.111), we obtain

1
2

∫
Ω
|∇φ|2dx <

∫
Ω

G0
(
x, εφ(x)

)
ε2

, (1.118)

provided ε > 0 is small enough. This concludes that E(εφ) < 0.
(c) Arguing by contradiction, there exists an unbounded sequence (un) inH1

0 (Ω) and
a positive constant C such that for any n ≥ 1, E(un) ≤ C. Hence

1
2

∫
Ω

∣∣∇un∣∣2
dx ≤

∫
Ω
G0
(
x,un

)
dx + C ≤ C

(
1 +

∥∥un∥∥2
L2(Ω)

)
. (1.119)

Set un = tnvn, where tn = ‖un‖L2(Ω) →∞ and vn = un/‖un‖L2(Ω). Then

1
2

∫
Ω

∣∣∇vn∣∣2
dx ≤ C

(
1 +

1
t2n

)
, (1.120)

hence (vn) is bounded in H1
0 (Ω). So, up to a subsequence, we can assume that vn ⇀ v in

H1
0 (Ω), vn → v in L2(Ω) and a.e. in Ω. This implies that ‖v‖L2(Ω) = 1. We also deduce that

1
2

∫
Ω
|∇v|2dx ≤ lim inf

n→∞

∫
Ω

G0
(
x, tnvn

)
t2n

dx ≤
∫
Ω

lim sup
n→∞

G0
(
x, tnvn

)
t2n

dx. (1.121)

On the other hand, we have
∫
Ω

G0
(
x, tnvn

)
t2n

dx

=
∫

[vn≤0]

G0
(
x, tnvn

)
t2n

dx +
∫

[vn>0]

G0
(
x, tnvn

)
t2n

dx

=
∫

[vn≤0]

G0
(
x, tnvn

)
t2n

dx +
∫

[v≤0]

G0
(
x, tnv+

n

)
t2n

dx +
∫

[v>0]

G0
(
x, tnv+

n

)
t2n

dx

= I1 + I2 + I3.

(1.122)

Trying to estimate these three integrals, we first observe that

I1 =
∫

[vn≤0]

G0
(
x, tnvn

)
t2n

dx ≤ C
t2n

∫
[vn≤0]

tn
∣∣vn∣∣dx ≤ C

tn
�→ 0 as n �→∞. (1.123)

Next, we deduce that

I2 =
∫

[v≤0]

G0
(
x, tnv+

n

)
t2n

dx ≤ C
t2n

∫
[v≤0]

[
t2n
(
v+
n

)2
+ 1

]
dx �→ 0 as n �→∞. (1.124)

From the definition of a∞ it follows that

lim sup
v→∞

G0(x, v)
v2

≤ a∞(x)
2

, (1.125)

hence

lim sup
n→∞

G0
(
x, tnv+

n

)
t2n

≤ a∞(x)v2
n

2
a.e. x ∈ [v > 0]. (1.126)
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By Fatou’s lemma, we obtain

lim sup
n→∞

I3 ≤ 1
2

∫
[v>0]

a∞(x)v2dx. (1.127)

By putting together these estimates, it follows that

∫
Ω
|∇v|2dx ≤

∫
Ω
a∞(x)v2dx, (1.128)

∫
Ω
|∇v|2dx −

∫
Ω
a∞(x)v2dx ≥ α‖v‖2

L2(Ω), (1.129)

where α := λ1(−Δ − a∞(x)) > 0. Relations (1.128) and (1.129) imply that v = 0, which
contradicts ‖v‖L2(Ω) = 1. �

We are now in position to prove the existence result stated in Theorem 1.17. Set m :=
infu∈H1

0 (Ω) E(u). By Lemma 1.18, −∞ < m < 0. Let (un) be a minimizing sequence of E.
Hence (un) is bounded in H1

0 (Ω). So, up to a subsequence, we can assume that un ⇀ u in
H1

0 (Ω), un → u in L2(Ω) and a.e. in Ω. Thus, by Lemma 1.18, E(u) ≤ lim infn→∞ E(un) =
m, hence E(u) = m. Since E(u+) ≤ E(u), it follows that we can assume that u ∈ H1

0 (Ω) is
a nonnegative solution of problem (1.95).

Next, we prove that u ∈ L∞(Ω). For any k ≥ 1, set

gk(x,u) =
⎧⎪⎨
⎪⎩

max
{
g(x,u),−ku} if u > 0,

g(x, 0) if u ≤ 0.
(1.130)

We observe that gk satisfies conditions (1.89)–(1.91). Thus, there exists a unique solution
uk of the problem

−Δuk = gk
(
x,uk

)
in Ω,

uk ≥ 0, uk �≡ 0 in Ω,

uk = 0 on ∂Ω.

(1.131)

Then uk ∈ H1
0 (Ω) ∩ L2�(Ω) (if N > 2), hence gk(x,uk) ∈ L2�(Ω). By Schauder elliptic

estimates it follows that uk ⊂W2,2�(Ω) ⊂ Lq(Ω), where q = 2�N/(N − 21+2�), provided
N > 21+2� ; otherwise, uk ∈ L∞(Ω). Since 2� = 2N/(N − 2) (for any N > 2), we obtain
q = 2N/(N − 6), provided N > 6. If N ≤ 5 then uk ∈ L∞(Ω). If N > 6 we continue the
bootstrap technique and we deduce that uk ∈ Lr(Ω) with r = 2N/(N − 10), provided
N > 10 or uk ∈ L∞(Ω), otherwise. Since N is fixed, we deduce that a finite number m of
steps we obtain N < 2m and this shows that uk ∈ L∞(Ω).

Since uk is a supersolution of problem (1.95) while 0 is a subsolution of this problem,
we deduce that the (unique!) solution u of (1.95) satisfies 0 ≤ u ≤ uk , hence u ∈ L∞(Ω).
At this stage we may argue that u > 0 in Ω. Indeed, since u(x) ≤ ‖u‖∞, our assumptions
imply that

g
(
x,u(x)

)
u(x)

≥ g
(
x,‖u‖∞

)
‖u‖∞ ≥ −M, where M > 0. (1.132)
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Thus, g(x,u(x)) ≥ −Mu(x) which implies that −Δu +Mu ≥ 0 in Ω. Since u = 0 on ∂Ω
and u �≡ 0, the maximum principle implies that u > 0 in Ω and ∂u/∂ν < 0 on ∂Ω.

It remains to argue that problem (1.95) has a unique solution. Let u1 and u2 be
solutions of problem (1.95). We have already observed that uj ∈ L∞(Ω), uj > 0 in Ω,
and ∂uj/∂ν < 0 on ∂Ω, for j ∈ {1, 2}. Thus, by l’Hôpital’s rule,

u1

u2
∈ L∞(Ω),

u2
1

u2
∈ H1

0 (Ω). (1.133)

Next, we multiply by u2
1 − u2

2 the equation satisfied by u1. So, by Green’s formula,

∫
Ω

g
(
x,u1

)
u1

(
u2

1 − u2
2

)
dx = −

∫
Ω
Δu1

(
u1 − u2

2

u1

)
dx

=
∫
Ω
∇u1 ·

(
∇u1 −∇u

2
2

u1

)
dx

=
∫
Ω

∣∣∇u1
∣∣2
dx −

∫
Ω
∇u1

(
2u2

u1
∇u2 − u2

2

u2
1
∇u1

)
dx

=
∫
Ω

(∣∣∇u1
∣∣2 − 2u2

u1
∇u1 · ∇u2 +

u2
2

u2
1

∣∣∇u1
∣∣2
)
dx.

(1.134)

After interchanging the solutions u1 and u2 and summing the two relations, we deduce
that

∫
Ω

(
g
(
x,u1

)
u1

− g
(
x,u2

)
u2

)(
u2

1−u2
2

)
dx=

∫
Ω

(∣∣∇u1− u1

u2
∇u2

∣∣2
+
∣∣∣∣∇u2− u2

u1
∇u1

∣∣∣∣
2
)
dx.

(1.135)

Since the left-hand side is nonnegative, we deduce that u1 = u2 in Ω.

1.8. Applications to sublinear elliptic equations in anisotropic media

Brezis and Kamin are concerned in [32] with various questions related to the existence of
bounded solutions of the sublinear elliptic equation without condition at infinity:

−Δu = ρ(x)uα in �N , N ≥ 3, (1.136)

where 0 < α < 1, ρ ∈ L∞loc(�N ), ρ ≥ 0 and ρ �≡ 0.
We summarize in what follows the main results obtained in Brezis and Kamin [32].

They proved that the nonlinear problem (1.136) has a bounded solution u > 0 if and only
if the linear problem

−Δu = ρ(x) in �N (1.137)

has a bounded solution. In this case, problem (1.136) has a minimal positive solution
and this solution satisfies lim inf |x|→∞ u(x) = 0. Moreover, the minimal solution is the
unique positive solution of (1.136) which tends to zero at infinity. Brezis and Kamin
also showed that if the potential ρ(x) decays fast enough at infinity then problem (1.136)
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has a solution and, moreover, such a solution does not exist if ρ(x) has a slow decay
at infinity. For instance, if ρ(x) = (1 + |x|p)−1, then (1.136) has a bounded solution if
and only if p > 2. More generally, Brezis and Kamin proved that problem (1.136) has a
bounded solution if and only if ρ(x) is potentially bounded, that is, the mapping x 
→∫
�N ρ(y)|x − y|2−Ndy ∈ L∞(�N ). We refer to the monograph by Krasnoselskii [125] for

various results on bounded domains for sublinear elliptic equations with zero Dirichlet
boundary condition.

Our purpose in the first part of this section is to study the problem

−Δu = ρ(x) f (u) in �N ,

u > 
 in �N ,

u(x) �→ 
 as |x| �→∞,

(1.138)

where N ≥ 3 and 
 ≥ 0 is a real number.
Throughout the section we assume that the variable potential ρ(x) satisfies ρ ∈

L∞loc(�N ), ρ ≥ 0 and ρ �≡ 0.
In our first result we suppose that the growth at infinity of the anisotropic potential

ρ(x) is given by
(ρ1)

∫∞
0 rΦ(r)dr <∞, where Φ(r) := max|x|=r ρ(x).

Assumption (ρ1) has been first introduced in Naito [163].
The nonlinearity f : (0,∞) → (0,∞) satisfies f ∈ C0,α

loc (0,∞) (0 < α < 1) and has a
sublinear growth, in the sense that

(f1) the mapping u 
→ f (u)/u is decreasing on (0,∞) and limu→∞ f (u)/u = 0.
We point out that condition (f1) does not require that f is smooth at the origin.

The standard example of such a nonlinearity is f (u) = up, where −∞ < p < 1. We also
observe that we study an equation of the same type as in Brezis and Kamin [32]. The main
difference is that we require a certain asymptotic behavior at infinity of the solution.

Our main purpose in the present section is to consider both cases 
 = 0 and 
 > 0,
under the natural assumption that the mapping u 
→ f (u)/u is decreasing on (0,∞). The
results in this section are contained in the papers [45, 67].

Under the above hypotheses (ρ1) and (f1), our first result concerns the case 
 > 0.

Theorem 1.19. Assume that 
 > 0. Then problem (1.138) has a unique classical solution.

Next, consider the case 
 = 0. Instead of (ρ1) we impose the stronger condition
(ρ2)

∫∞
0 rN−1Φ(r)dr <∞.

We remark that in Edelson [73] it is used the stronger assumption

∫∞
0
rN−1+λ(N−2)Φ(r)dr <∞, for some λ ∈ (0, 1). (1.139)

Additionally, we suppose that
(f2) f is increasing in (0,∞) and limu↘0 f (u)/u = +∞.
A nonlinearity satisfying both (f1) and (f2) is f (u) = up, where 0 < p < 1.
Our result in the case 
 = 0 is the following.
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Theorem 1.20. Assume that 
 = 0 and assumptions (ρ2), (f1), and (f2) are fulfilled. Then
problem (1.138) has a unique classical solution.

We point out that assumptions (ρ1) and (ρ2) are related to a celebrated class
introduced by Kato, with wide and deep applications in potential theory and Brownian
motion. We recall (see Aizenman and Simon [5]) that a real-valued measurable function
ψ on �N belongs to the Kato class K provided that

lim
α→0

sup
x∈�N

∫
|x−y|≤α

E(y)
∣∣ψ(y)

∣∣dy = 0, (1.140)

where E denotes the fundamental solution of the Laplace equation. According to this
definition and our assumption (ρ1) (resp., (ρ2)), it follows that ψ = ψ(|x|) ∈K , where
ψ(|x|) := |x|N−3Φ(|x|) (resp., ψ(|x|) := |x|−1Φ(|x|)), for all x �= 0.

1.8.1. Entire solutions decaying to 
 > 0

In order to prove the existence of a solution to problem (1.138), we apply Theorem 1.17.
For this purpose, we consider the boundary value problem

−Δuk = ρ(x) f
(
uk
)

if |x| < k,

uk > 
 if |x| < k,n

uk(x) = 
 if |x| = k,

(1.141)

where k is an arbitrary positive integer. Equivalently, the above Dirichlet problem can be
rewritten:

−Δvk = ρ(x) f
(
vk + 


)
if |x| < k,

vk(x) = 0 if |x| = k.
(1.142)

In order to obtain a solution of problem (1.142), it is enough to check the hypotheses of
Theorem 1.17.

(i) Since f ∈ C(0,∞) and 
 > 0, it follows that the mapping v 
→ ρ(x) f (v + 
) is
continuous in [0,∞).

(ii) From ρ(x)( f (v + 
)/v) = ρ(x)( f (v + 
)/(v + 
))((v + 
)/v), using positivity of
ρ and (f1) we deduce that the function v 
→ ρ(x)((v + 
)/v) is decreasing on
(0,∞).

(iii) For all v ≥ 0, since ρ ∈ L∞loc(�N ), we obtain that ρ ∈ L∞(B(0, k)), so the
condition (1.90) is satisfied.

(iv) By limv→∞ f (v + 
)/(v + 1) = 0 and f ∈ C(0,∞), there exists M > 0 such that
f (v+
) ≤M(v+1) for all v ≥ 0. Therefore ρ(x) f (v+
) ≤ ‖ρ‖L∞(B(0,k))M(v+1)
for all v ≥ 0.

(v) We have

a0(x) = lim
v↘0

ρ(x) f (v + 
)
v

= +∞,

a∞(x) = lim
v→∞

ρ(x) f (v + 
)
v

= lim
v→∞ρ(x)

f (v + 
)
v + 


· v + 

v
= 0.

(1.143)
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Thus, by Theorem 1.17, problem (1.142) has a unique solution vk which, by the maxi-
mum principle, is positive in |x| < k. Then uk = vk + 
 satisfies (1.141). Define uk = 
 for
|x| > k. The maximum principle implies that 
 ≤ uk ≤ uk+1 in �N .

We now justify the existence of a continuous function v : �N → �, v > 
, such
that uk ≤ v in �N . We first construct a positive radially symmetric function w such that
−Δw = Φ(r) (r = |x|) in �N and limr→∞w(r) = 0. A straightforward computation
shows that

w(r) = K −
∫ r

0
ζ1−N

∫ ζ
0
σN−1Φ(σ)dσ dζ , (1.144)

where

K =
∫∞

0
ζ1−N

∫ ζ
0
σN−1Φ(σ)dσ dζ , (1.145)

provided the integral is finite. An integration by parts yields

∫ r
0
ζ1−N

∫ ζ
0
σN−1Φ(σ)dσ dζ = − 1

N − 2

∫ r
0

d
dζ
ζ2−N

∫ ζ
0
σN−1Φ(σ)dσ dζ

= 1
N − 2

(
− r2−N

∫ r
0
σN−1Φ(σ)dσ +

∫ r
0
ζΦ(ζ)

)

<
1

N − 2

∫∞
0
ζΦ(ζ) < +∞.

(1.146)

Moreover, w is decreasing and satisfies 0 < w(r) < K for all r ≥ 0. Let v > 
 be a

function such that w(r) = m−1
∫ v(r)−


0 (t/ f (t + 
))dt, where m > 0 is chosen such that
Km ≤ ∫m0 (t/ f (t + 
))dt.

Next, by L’Hôpital’s rule for the case ·/∞ (see [166, Theorem 3, page 319]) we have

lim
x→∞

∫ x
0

(
t/ f (t + 
))dt

x
= lim

x→∞
x

f (x + 
)
= lim

x→∞
x + 


f (x + 
)
· x

x + 

= +∞. (1.147)

This means that there exists x1 > 0 such that
∫ x

0 (t/ f (t)) ≥ Kx for all x ≥ x1. It follows
that for any m ≥ x1 we have Km ≤ ∫m0 (t/ f (t))dt.

Since w is decreasing, we obtain that v is a decreasing function, too. Then

∫ v(r)−


0

t
f (t + 
)

dt ≤
∫ v(0)−


0

t
f (t + 
)

dt = mw(0) = mK ≤
∫ m

0

t
f (t + 
)

dt. (1.148)

It follows that v(r) ≤ m + 
 for all r > 0.
From w(r) → 0 as r →∞ we deduce that v(r) → 
 as r →∞.
By the choice of v, we have

∇w = 1
m

v − 

f (v)

∇v, Δw = 1
m

v − 

f (v)

Δv +
1
m

(
v − 

f (v)

)′
|∇v|2. (1.149)
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Since the mapping u 
→ f (u)/u is decreasing on (0,∞), we deduce that

Δv <
m

v − 
 f (v)Δw = − m

v − 
 f (v)Φ(r) ≤ − f (v)Φ(r). (1.150)

By (1.141), (1.150), and our hypothesis (f1), we obtain that uk(x) ≤ v(x) for each |x| ≤ k
and so, for all x ∈ �N .

In conclusion,

u1 ≤ u2 ≤ · · · ≤ uk ≤ uk+1 ≤ · · · ≤ v, (1.151)

with v(x) → 
 as |x| → ∞. Thus, there exists a function u ≤ v such that uk(x) → u(x)
as k → ∞, for any x ∈ �N . In particular, this shows that u > 
 in �N and u(x) → 
 as
|x| → ∞.

A standard bootstrap argument shows that u is a classical solution of the problem
(1.138).

Proof . To conclude the proof, it remains to show that the solution found above is unique.
Suppose that u and v are solutions of (1.138). It is enough to show that u ≤ v or,
equivalently, lnu(x) ≤ ln v(x), for any x ∈ �N . Arguing by contradiction, there exists
x ∈ �N such that u(x) > v(x). Since lim|x|→∞(lnu(x) − ln v(x)) = 0, we deduce that
max�N(lnu(x) − ln v(x)) exists and is positive. At this point, say x0, we have

∇( lnu
(
x0
)− ln v

(
x0
)) = 0, (1.152)

so

∇u(x0
)

u
(
x0
) = ∇v

(
x0
)

v
(
x0
) . (1.153)

By (f1), we obtain

f
(
u
(
x0
))

u
(
x0
) <

f
(
v
(
x0
))

v
(
x0
) . (1.154)

So, by (1.152) and (1.153),

0 ≥ Δ
(

lnu
(
x0
)− ln v

(
x0
))

= 1
u
(
x0
) ·Δu(x0

)− 1
v
(
x0
) ·Δv(x0

)− 1
u2
(
x0
) · ∣∣∇u(x0

)∣∣2
+

1
v2
(
x0
) · ∣∣∇v(x0

)∣∣2

= Δu
(
x0
)

u
(
x0
) − Δv

(
x0
)

v
(
x0
) = −ρ(x0

)( f (u(x0
))

u
(
x0
) − f

(
v
(
x0
))

v
(
x0
)

)
> 0,

(1.155)

which is a contradiction. Hence u ≤ v and the proof is concluded. �
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1.8.2. Entire solutions decaying to 
 = 0

Since f is an increasing positive function on (0,∞), there exists and is finite limu↘0 f (u),
so f can be extended by continuity at the origin. Consider the Dirichlet problem

−Δuk = ρ(x) f
(
uk
)

if |x| < k,

uk(x) = 0 if |x| = k.
(1.156)

Using the same arguments as in case 
 > 0, we deduce that conditions (1.89) and (1.90)
are satisfied. In what concerns assumption (1.91), we use both assumptions (f1) and (f2).
Hence f (u) ≤ f (1) if u ≤ 1 and f (u)/u ≤ f (1) if u ≥ 1. Therefore, f (u) ≤ f (1)(u +
1) for all u ≥ 0, which proves (1.156). The existence of a solution for (1.97) follows
from (1.97) and (1.98). These conditions are direct consequences of our assumptions
limu→∞ f (u)/u = 0 and limu↘0 f (u)/u = +∞. Thus, by Theorem 1.17, problem (1.156)
has a unique solution. Define uk(x) = 0 for |x| > k. Using the same arguments as in case

 > 0, we obtain uk ≤ uk+1 in �N .

Next, we prove the existence of a continuous function v : �N → � such that uk ≤ v
in �N . We first construct a positive radially symmetric function w satisfying −Δw = Φ(r)
(r = |x|) in �N and limr→∞w(r) = 0. We obtain

w(r) = K −
∫ r

0
ζ1−N

∫ ζ
0
σN−1Φ(σ)dσ dζ , (1.157)

where

K =
∫∞

0
ζ1−N

∫ ζ
0
σN−1Φ(σ)dσ dζ , (1.158)

provided the integral is finite. By integration by parts, we have

∫ r
0
ζ1−N

∫ ζ
0
σN−1Φ(σ)dσ dζ = − 1

N − 2

∫ r
0

d
dζ
ζ2−N

∫ ζ
0
σN−1Φ(σ)dσ dζ

= 1
N − 2

(
− r2−N

∫ r
0
σN−1Φ(σ)dσ +

∫ r
0
ζΦ(ζ)dζ

)

<
1

N − 2

∫∞
0
ζΦ(ζ)dζ <∞.

(1.159)

Therefore,

w(r) <
1

N − 2
·
∫∞

0
ζΦ(ζ)dζ ∀r > 0. (1.160)

Let v be a positive function such that w(r) = c−1
∫ v(r)

0 t/ f (t)dt, where c > 0 is chosen such
that Kc ≤ ∫ c0 t/ f (t)dt. We argue in what follows that we can find c > 0 with this property.
Indeed, by L’Hôpital’s rule,

lim
x→∞

∫ x
0 (t/ f (t))dt

x
= lim

x→∞
x

f (x)
= +∞. (1.161)
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This means that there exists x1 > 0 such that
∫ x

0 t/ f (t)dt ≥ Kx for all x ≥ x1. It follows
that for any c ≥ x1 we have Kc ≤ ∫ c0 t/ f (t)dt.

On the other hand, since w is decreasing, we deduce that v is a decreasing function,
too. Hence

∫ v(r)

0

t

f (t)
dt ≤

∫ v(0)

0

t

f (t)
dt = c ·w(0) = c · K ≤

∫ c
0

t

f (t)
dt. (1.162)

It follows that v(r) ≤ c for all r > 0.
From w(r) → 0 as r →∞ we deduce that v(r) → 0 as r → ∞.
By the choice of v we have

∇w = 1
c
· v
f (v)

∇v, Δw = 1
c

v
f (v)

Δv +
1
c

(
v
f (v)

)′
|∇v|2. (1.163)

Combining the fact that f (u)/u is a decreasing function on (0,∞) with relation (1.163),
we deduce that

Δv < c
f (v)
v

Δw = −c f (v)
v

Φ(r) ≤ − f (v)Φ(r). (1.164)

By (1.156) and (1.164) and using our hypothesis (f2), as already done for proving the
uniqueness in the case 
 > 0, we obtain that uk(x) ≤ v(x) for each |x| ≤ k and so, for all
x ∈ �N .

We have obtained a bounded increasing sequence

u1 ≤ u2 ≤ · · · ≤ uk ≤ uk+1 ≤ · · · ≤ v, (1.165)

with v vanishing at infinity. Thus, there exists a function u ≤ v such that uk(x) → u(x)
as k → ∞, for any x ∈ �N . A standard bootstrap argument implies that u is a classical
solution of the problem (1.138).

We argue in what follows that the solution found above is unique. For this purpose
we split the proof into two steps. Assume that u1 and u2 are solutions of problem (1.138).
We first prove that if u1 ≤ u2 then u1 = u2 in �N . In the second step, we find a positive
solution u ≤ min{u1,u2} and thus, using the first step, we deduce that u = u1 and u = u2,
which proves the uniqueness.

Step 1. We show that u1 ≤ u2 in �N implies u1 = u2 in �N . Indeed, since

u1Δu2 − u2Δu1 = ρ(x)u1u2

(
f
(
u2
)

u2
− f

(
u1
)

u1

)
≥ 0, (1.166)

it is sufficient to check that
∫
�N

(
u1Δu2 − u2Δu1

) = 0. (1.167)

Let ψ ∈ C∞0 (�N ) be such that ψ(x) = 1 for |x| ≤ 1 and ψ(x) = 0 for |x| ≥ 2, and denote
ψn := ψ(x/n) for any positive integer n. Set

In :=
∫
�N

(
u1Δu2 − u2Δu1

)
ψn dx. (1.168)
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We claim that In → 0 as n→∞. Indeed,

∣∣In∣∣ ≤
∫
�N

∣∣u1Δu2
∣∣ψn dx +

∫
�N

∣∣u2Δu1
∣∣ψn dx. (1.169)

So, by symmetry, it is enough to prove that Jn := ∫
�N |u1Δu2|ψndx → 0 as n → ∞. But,

from (1.138),

Jn =
∫
�N

∣∣u1 f
(
u2
)
ρ(x)

∣∣ψndx

=
∫ 2n

n

∫
|x|=r

∣∣u1(x) f
(
u2(x)

)
ρ(x)

∣∣dx dr

≤
∫ 2n

n
Φ(r)

∫
|x|=r

∣∣u1(x) f
(
u2(x)

)∣∣dx dr

≤
∫ 2n

n
Φ(r)

∫
|x|=r

∣∣u1(x)
∣∣M(

u2 + 1
)
dx dr.

(1.170)

Since u1(x), u2(x) → 0 as |x| → ∞, we deduce that u1 and u2 are bounded in �N .
Returning to (1.170), we have

Jn ≤M
(∥∥u2

∥∥
L∞(�N) + 1) sup

|x|≥n

∣∣u1(x)
∣∣ · ωN

N

∫ 2n

n
Φ(r)rN−1dr

≤ C
∫∞

0
Φ(r)rN−1dr · sup

|x|≥n

∣∣u1(x)
∣∣.

(1.171)

Since u1(x) → 0 as |x| → ∞, we have sup|x|≥n |u1(x)| → 0 as n → ∞ which shows that
Jn → 0. In particular, this implies In → 0 as n→∞.

Taking fn :=(u1Δu2−u2Δu1)ψn, we deduce fn(x)→u1(x)Δu2(x)−u2(x)Δu1(x) as n→
∞. To apply Lebesgue’s dominated convergence theorem, we need to show that u1Δu2 −
u2Δu1 ∈ L1(�N ). For this purpose it is sufficient to prove that u1Δu2 ∈ L1(�N ). Indeed,

∫
�N

∣∣u1Δu2
∣∣ ≤ ∥∥u1

∥∥
L∞(�N)

∫
�N

∣∣Δu2
∣∣ = C

∫
�N

∣∣ρ(x) f
(
u2
)∣∣. (1.172)

Thus, using f (u) ≤ f (1)(u + 1) and since u2 is bounded, the above inequality yields

∫
�N

∣∣u1Δu2
∣∣ ≤ C

∫
�N

∣∣ρ(x)
(
u2 + 1

)∣∣

≤ C
∫∞

0

∫
|x|=r

Φ(r)dx dr

≤ C
∫∞

0
Φ(r)rN−1 < +∞.

(1.173)

This shows that u1Δu2 ∈ L1(�N ) and the proof of Step 1 is completed.
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Step 2. Let u1, u2 be arbitrary solutions of problem (1.138). For all integer k ≥ 1, denote
Ωk := {x ∈ �N ; |x| < k}. Theorem 1.17 implies that the problem

−Δvk = ρ(x) f
(
vk
)

in Ωk,

vk = 0 on ∂Ωk

(1.174)

has a unique solution vk ≥ 0. Moreover, by the maximum principle, vk > 0 in Ωk. We
define vk = 0 for |x| > k. Applying again the maximum principle we deduce that vk ≤
vk+1 in �N . Now we prove that vk ≤ u1 in �N , for all k ≥ 1. Obviously, this happens
outside Ωk. On the other hand,

−Δu1 = ρ(x) f
(
u1
)

in Ωk ,

u1 > 0 on ∂Ωk,
(1.175)

Arguing by contradiction, we assume that there exists x ∈ Ωk such that vk(x) > u1(x).
Consider the function h : Ωk → �, h(x) = ln vk(x) − lnu(x). Since u1 is bounded in Ωk

and inf ∂Ωk u1 > 0, we have lim|x|→k h(x) = −∞. We deduce that maxΩk (ln vk(x)−lnu1(x))
exists and is positive. Using the same argument as in the case 
 > 0 we deduce that vk ≤ u1

in Ωk, so in �N . Similarly, we obtain vk ≤ u2 in �N . Hence vk ≤ u := min{u1,u2}.
Therefore vk ≤ vk+1 ≤ · · · ≤ u. Thus, there exists a function u such that vk → u a.e.
in �N . Repeating a previous argument we deduce that u ≤ u is a classical solution of
problem (1.138). Moreover, since u ≥ vk > 0 in Ωk and for all k ≥ 1, we deduce that
u > 0 in �N . This concludes the proof of Step 2.

Combining Steps 1 and 2, we conclude that u1 = u2 in �N .

1.9. Bibliographical notes

Theorem 1.2 goes back to Scorza Dragoni [209] who considered the solvability of Sturm-
Liouville problems of the type

y′′(x) + f
(
x, y(x), y′(x)

) = 0 in (a, b),

x(a) = A, x(b) = B,
(1.176)

by using comparison principles. The concepts of lower and upper solutions were intro-
duced by Nagumo [162] in 1937 who proved, using also the shooting method, the exis-
tence of at least one solution for problem (1.176).

The Krasnoselski theorem is a major tool for proving the uniqueness of the solution
for many classes of nonlinear elliptic problems. The Brezis-Oswald theorem formulates
a necessary and sufficient condition for the existence of a solution in the case of non-
linearities having a sublinear growth. In the same setting Theorem 1.17 establishes the
uniqueness of the solution in the case of sublinear problems on bounded domains. This
result is extended in Theorems 1.19 and 1.20 in the case of sublinear problems with
variable potential on the whole space. Brezis and Kamin studied in [32] the existence
of bounded solutions of sublinear elliptic equations without condition at infinity. We deal
with entire solutions decaying either to 0 or to 
 > 0 at infinity. We also point out that the
qualitative analysis we develop is strictly related to a class of variable potentials belonging
to a certain Kato class.



2
Bifurcation problems

Ce que l’on désire ardemment, constamment, on
l’obtient toujours.

Napoléon Bonaparte

2.1. Introduction

Bifurcation problems have a long history and their treatment goes back to the 18th cen-
tury. One of the first bifurcation problems is related to the buckling of a thin rod under
thrust and was investigated by Daniel Bernoulli and Euler around 1744. In the case in
which the rod is free to rotate at both end points, this yields the one-dimensional bifur-
cation problem:

u′′ + λ sinu = 0 in (0,L),

0 ≤ u ≤ π,

u′(0) = u′(L) = 0.

(2.1)

The role of bifurcation problems in applied mathematics has been synthesized by
Kielhöfer [120], who observed that “the buckling of the Euler rod, the appearance of
Taylor vortices, and the onset of oscillations in an electric circuit, for instance, all have
a common cause: a specific physical parameter crosses a threshold, and that event forces
the system to the organization of a new state that differs considerably from that observed
before.”

In this chapter, we develop some basic methods for the qualitative analysis of bifur-
cation problems. We are mainly concerned with the implicit function theorem, whose
germs appear in the writings of Newton, Leibniz, and Lagrange. In its simplest form, this
theorem involves solving an equation of the form

F(u, λ) = 0, F(0, 0) = 0 (2.2)

for a function u, where λ is a small parameter. The basic assumption is that Fu(u, λ) is
invertible for u and λ “close” to their respective origins, but with some loss of deriva-
tives when computing the inverse. In his celebrated proof of the result that any compact
Riemannian manifold may be isometrically embedded in some Euclidean space, Nash
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[165] developed a deep extension of the implicit function theorem. His ideas have been
extended by various people to a technique which is now called the Nash-Moser theory.
We point out that John F. Nash Jr. is an outstanding scientist with deep contributions
in many domains. He received the 1994 Nobel Prize in Economics for his “Pioneering
analysis of equilibria in the theory of non-cooperative games.”

2.2. Abstract theorems

Let X , Y be Banach spaces. Our aim is to develop a general method which will enable us
to solve equations of the type

F(u, λ) = v, (2.3)

where F : X × � → Y is a prescribed sufficiently smooth function and v ∈ Y is given.

Theorem 2.1. Let X , Y be real Banach spaces and let (u0, λ0) ∈ X × �. Consider a C1-
mapping F = F(u, λ) : X × � → Y such that the following conditions hold:

(i) F(u0, λ0) = 0;
(ii) the linear mapping Fu(u0, λ0) : X → Y is bijective.

Then there exists a neighborhood U0 of u0 and a neighborhood V0 of λ0 such that for every
λ ∈ V0 there is a unique element u(λ) ∈ U0 so that F(u(λ), λ) = 0.

Moreover, the mapping V0 � λ 
→ u(λ) is of class C1.

Proof . Consider the mapping Φ(u, λ) : X ×� → Y ×� defined by Φ(u, λ) = (F(u, λ), λ).
It is obvious that Φ ∈ C1. We apply to Φ the inverse function theorem. For this aim, it
remains to verify that the mapping Φ′(u0, λ0) : X × � → Y × � is bijective. Indeed, we
have

Φ
(
u0 + tu, λ0 + tλ

)
= (F(u0 + tu, λ0 + tλ

)
, λ0 + tλ

)

= (F(u0, λ0
)

+ Fu
(
u0, λ0

) · (tu) + Fλ
(
u0, λ0

) · (tλ) + o(1), λ0 + tλ
)
.

(2.4)

It follows that

F′
(
u0, λ0

) =
⎛
⎝Fu

(
u0, λ0

)
Fλ
(
u0, λ0

)
0 I

⎞
⎠ (2.5)

which is a bijective operator, by our hypotheses. Thus, by the inverse function theorem,
there exists a neighborhood U of the point (u0, λ0) and a neighborhood V of (0, λ) such
that the equation

Φ(u, λ) = ( f , λ0
)

(2.6)

has a unique solution, for every ( f , λ) ∈ V . Now it is sufficient to take here f = 0 and
our conclusion follows. �

With a similar proof one can justify the following global version of the implicit
function theorem.
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Theorem 2.2. Assume F : X × � → Y is a C1-function on X × � satisfying

(i) F(0, 0) = 0,
(ii) the linear mapping Fu(0, 0) : X → Y is bijective.

Then there exist an open neighborhood I of 0 and a C1 mapping I � λ 
→ u(λ) such that
u(0) = 0 and F(u(λ), λ) = 0.

The following result will be of particular importance in the next applications.

Theorem 2.3. Assume the same hypotheses on F as in Theorem 2.2. Then there exists an
open and maximal interval I containing the origin and there exists a unique C1-mapping
I � λ 
→ u(λ) such that the following hold:

(a) F(u(λ), λ) = 0, for every λ ∈ I ;
(b) the linear mapping Fu(u(λ), λ) is bijective, for any λ ∈ I ;
(c) u(0) = 0.

Proof . Let u1, u2 be solutions and consider the corresponding open intervals I1 and I2 on
which these solutions exist, respectively. It follows that u1(0) = u2(0) = 0 and

F
(
u1(λ), λ

) = 0, for every λ ∈ I1,

F
(
u2(λ), λ

) = 0, for every λ ∈ I2.
(2.7)

Moreover, the mappings Fu(u1(λ), λ) and Fu(u2(λ), λ) are one-to-one and onto on I1,
respectively. I2. But, for λ sufficiently close to 0 we have u1(λ) = u2(λ). We wish to show
that we have global uniqueness. For this aim, let

I = {λ ∈ I1 ∩ I2; u1(λ) = u2(λ)
}
. (2.8)

Our aim is to show that I = I1 ∩ I2. We first observe that 0 ∈ I , so I �= ∅. A standard
argument then shows that I is closed in I1 ∩ I2. In order to show that I = I1 ∩ I2, it is
sufficient now to prove that I is an open set in I1 ∩ I2. The proof of this statement follows
by applying Theorem 2.1 for λ instead of 0. Thus, I = I1 ∩ I2.

Now, in order to justify the existence of a maximal interval I , we consider the C1-
curves un(λ) defined on the corresponding open intervals In, such that 0 ∈ In, un(0) = u0,
F(un(λ), λ) = 0 and Fu(un(λ), λ) is an isomorphism, for any λ ∈ In. Now a standard
argument enables us to construct a maximal solution on the set ∪nIn. �

Corollary 2.4. Let X , Y be Banach spaces and let F : X → Y be a C1-function. Assume that
the linear mapping Fu(u) : X → Y is bijective, for every u ∈ X and there exists C > 0 such
that ‖(Fu(u))−1‖ ≤ C, for any u ∈ X . Then F is onto.

Proof . Assume, without loss of generality, that F(0) = 0 and fix arbitrarily f ∈ Y .
Consider the operator F(u, λ) = F(u)−λ f , defined onX×�. Then, by Theorem 2.3, there
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exists a C1-function u(λ) which is defined on a maximal interval I such that F(u(λ)) =
λ f . In particular, u := u(1) is a solution of the equation F(u) = f . We assert that I = �.
Indeed, we have

uλ(λ) = (Fu(u)
)−1

f , (2.9)

so u is a Lipschitz map on I , which implies I = �.
The implicit function theorem is used to solve equations of the type F(u) = f , where

F ∈ C1(X ,Y). A simple method for proving that F is onto, that is, ImF = Y is to prove
the following:

(i) ImF is open;
(ii) ImF is closed.

For showing (i), usually we use the inverse function theorem, more exactly, if Fu(u)
is one-to-one, for every u ∈ X , then (i) holds. A sufficient condition for that (ii) holds is
that F is a proper map. �

Another variant of the implicit function theorem is stated in the following result.

Theorem 2.5. Let F(u, λ) be a C1-mapping in a neighborhood of (0, 0) and such that
F(0, 0) = 0. Assume that

(i) ImFu(0, 0) = Y ;
(ii) the space X1 := KerFu(0, 0) has a closed complement X2.

Then there exist B1 = {u1 ∈ X ;‖u1‖ < δ}, B2 = {λ ∈ �; |λ| < r}, B3 = {g ∈ Y ;‖g‖ <
R}, and a neighborhood U of the origin inX2 such that, for any u1 ∈ B1, λ ∈ B2, and g ∈ B3,
there exists a unique solution u2 = ϕ(u1, λ, g) ∈ U of the equation

F
(
u1 + ϕ

(
u1, λ, g

)
, λ
) = g. (2.10)

Proof . Let Γ = X × � × Y , that is, every element ν ∈ Γ has the form ν = (u1, λ, g). It
remains to apply then implicit function theorem to the mapping G : X × Γ→ Y which is
defined by G(u2, ν) = F(u1 + u2, λ)− g . �

We conclude this section with the following elementary example: let Ω be a smooth
bounded domain in �N and let g be a C1 real function defined on a neighborhood of 0
and such that g(0) = 0. Consider the problem

−Δu = g(u) + f (x) in Ω

u = 0 on ∂Ω.
(2.11)

Assume that g′(0) is not a real number of −Δ in H1
0 (Ω), say g′(0) ≤ 0. If f is sufficiently

small, then the problem (2.11) has a unique solution, by the implicit function theorem.
Indeed, it is enough to apply Theorem 2.1 to the operator F(u) = −Δu − g(u) and
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after observing that Fu(0) = −Δ − g′(0). There are at least two distinct possibilities for
defining F :

(i) F : C2,α
0 (Ω)→ Cα

0 (Ω), for some α ∈ (0, 1), or
(ii) F : W2,p(Ω) ∩W

1,p
0 (Ω) → Lp(Ω); In order to obtain classical solutions (by

a standard bootstrap argument that we will describe later), it is sufficient to
choose p > N/2.

2.3. A basic bifurcation theorem

Let f : � → � be a C2 mapping which is convex, positive and such that f ′(0) > 0.
Consider the problem

−Δu = λ f (u) in Ω

u = 0 on ∂Ω,
(2.12)

where λ is a positive parameter. We are looking for classical solutions of this problem,
that is, u ∈ C2(Ω)∩ C(Ω).

Trying to apply the implicit function theorem to our problem (2.12), set

X = {u ∈ C2,α(Ω);u = 0 on ∂Ω
}

(2.13)

and Y = C0,α(Ω), for some 0 < α < 1. Define F(u, λ) = −Δu − λ f (u). It is clear that F
verifies all the assumptions of the implicit function theorem. Hence, there exist a maximal
neighborhood of the origin I and a unique map u = u(λ) which is solution of the problem
(P) and such that the linearized operator −Δ − λ f ′(u(λ)) is bijective. In other words,
for every λ ∈ I , problem (2.12) admits a stable solution which is given by the implicit
function theorem. Let λ� := sup I ≤ +∞. We will denote from now on by λ1(−Δ− a) the
first eigenvalue in H1

0 (Ω) of the operator −Δ− a, where a ∈ L∞(Ω).
Our main purpose in this section is to prove the following basic bifurcation theorem.

To the best of our knowledge, this result is due to Keller and Cohen [119]; we also refer
to Amann [9] for applications to nonlinear partial differential equations.

Theorem 2.6. Assume that f : � → � is a C2 which is convex, positive and such that
f ′(0) > 0. Then the following hold:

(i) λ� < +∞;
(ii) λ1(−Δ− λ f ′(u(λ))) > 0;

(iii) the mapping I � λ 
→ u(x, λ) is increasing, for every x ∈ Ω;
(iv) for every λ ∈ I and x ∈ Ω, one has u(x, λ) > 0;
(v) there is no solution of problem (2.12), provided that λ > λ�;

(vi) u(λ) is a minimal solution of problem (2.12);
(vii) u(λ) is the unique stable solution of the problem (2.12).

Proof . (i) It is obvious, by the variational characterization of the first eigenvalue, that if
a, b ∈ L∞(Ω) and a ≤ b then

λ1
(− Δ− a(x)

) ≥ λ1
(− Δ− b(x)

)
. (2.14)
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Assume (iv) is already proved. Thus, by the convexity of f , f ′(u(λ)) ≥ f ′(0) > 0, which
implies that

λ1
(− Δ− λ f ′(0)

) ≥ λ1
(−Δ− λ f ′(u(λ)

))
> 0, (2.15)

for every λ ∈ I . This implies λ1−λ f ′(0) > 0, for any λ < λ�, that is, λ� ≤ λ1/ f ′(0) < +∞.
(ii) Set ϕ(λ) = λ1(−Δ−λ f ′(u(λ))). So, ϕ(0) = λ1 > 0 and, for every λ < λ�, ϕ(λ) �= 0,

since the linearized operator−Δ−λ f ′(u(λ)) is bijective, by the implicit function theorem.
Now, by the continuity of the mapping λ 
→ λ f ′(u(λ)), it follows that ϕ is continuous,
which implies, by the above remarks, ϕ > 0 on [0, λ�).

(iii) We differentiate in (2.12) with respect to λ. Thus

−Δuλ = f
(
u(λ)

)
+ λ f ′

(
u(λ)

) · uλ in Ω (2.16)

and uλ = 0 on ∂Ω. Hence

(−Δ− λ f ′(u(λ)
))
uλ = f

(
u(λ)

)
in Ω. (2.17)

But the operator (−Δ− λ f ′(u(λ))) is coercive. So, by Stampacchia’s maximum principle,
either uλ ≡ 0 in Ω, or uλ > 0 in Ω. The first variant is not convenient, since it would imply
that f (u(λ)) = 0, which is impossible, by our initial hypotheses. It remains that uλ > 0 in
Ω.

(iv) follows from (iii).
(v) Assume that there exists some ν > λ� and there exists a corresponding solution v

to our problem (2.12). �

Claim 3. u(λ) < v in Ω, for every λ < λ�.

Proof of Claim 3. By the convexity of f it follows that

−Δ(v − u(λ)
) = ν f (v) − λ f (u(λ)

) ≥ λ
(
f (v)− f

(
u(λ)

)) ≥ λ f ′
(
u(λ)

)(
v − u(λ)

)
.

(2.18)

Hence

−Δ(v − u(λ)
)−λ f ′(u(λ)

)(
v − u(λ)

) = (−Δ−λ f ′(u(λ)
))(

v − u(λ)
) ≥ 0 in Ω,

(2.19)

since the operator −Δ− λ f ′(u(λ)) is coercive. Thus, by Stampacchia’s maximum princi-
ple, v ≥ u(λ) in Ω, for every λ < λ�.

Hence, u(λ) is bounded in L∞ by v. Passing to the limit as λ → λ� we find that
u(λ) → u� < +∞ and u� = 0 on ∂Ω.

We prove in what follows that

λ1
(−Δ− λ� f ′(u�)) = 0. (2.20)

We already know that λ1(−Δ − λ� f ′(u�)) ≥ 0. Assume that λ1(−Δ − λ� f ′(u�)) > 0,
so, this operator is coercive. We apply the implicit function theorem to F(u, λ) = −Δu−
λ f (u) at the point (u�, λ�). We obtain that there is a curve of solutions of problem (2.12)
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passing through (u�, λ�), which contradicts the maximality of λ�. We have obtained that
λ1(−Δ− λ� f ′(u�)) = 0. So, there exists ϕ1 > 0 in Ω, ϕ1 = 0 on ∂Ω, so that

−Δϕ1 − λ� f ′
(
u�
)
ϕ1 = 0 in Ω. (2.21)

Passing to the limit as λ → λ� in the relation

(−Δ− λ f ′(u(λ)
))(

v − u(λ)
) ≥ 0, (2.22)

we find

(− Δ− λ� f ′(u�))(v − u�) ≥ 0. (2.23)

Multiplying this inequality by ϕ1 and integrating, we obtain

−
∫
Ω

(
v − u�)Δϕ1dx − λ�

∫
Ω
f ′
(
u�
)(
v − u�)ϕ1dx ≥ 0. (2.24)

In fact, by (2.21), the above relation is an equality, which implies that

−Δ(v − u�) = λ� f ′
(
u�
)(
v − u�) in Ω. (2.25)

It follows that ν f (v) = λ� f (u�) in Ω. But ν > λ� and f (v) ≥ f (u�). So, f (v) = 0 which
is impossible.

(vi) Fix an arbitrary λ < λ�. Assume that v is another solution of problem (2.12). We
have

−Δ(v − u(λ)
) = λ f (v)− λ f (u(λ)

) ≥ λ f ′
(
u(λ)

)(
v − u(λ)

)
in Ω. (2.26)

Again, by Stampacchia’s maximum principle applied to the coercive operator −Δ
− λ f ′(u(λ)), we find that v ≥ u(λ) in Ω.

(vii) Let v be another stable solution, for some λ < λ�. With the same reasoning as
in (vi), but applied to the coercive operator −Δ − λ f ′(v), we get that u(λ) ≥ v. Finally,
u(λ) = v. �

2.4. Qualitative properties of the minimal solution
near the bifurcation point

We assume, throughout this section, that

lim
t→∞

f (t)
t
= a > 0. (2.27)

We impose in this section a supplementary hypothesis to f , which essentially means
that as t → ∞, then f increases faster than ta, for some a > 1. In this case, we will prove
that problem (2.12) has a weak solution u∗ ∈ H1

0 (Ω) provided λ = λ∗. However, we
cannot obtain in this case a supplementary regularity of u∗.
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Theorem 2.7. Assume that f satisfies the following additional condition: there is some a > 0
and μ > 1 such that, for every t ≥ a,

t f ′(t) ≥ μ f (t). (2.28)

The following hold

(i) problem (2.12) has a solution u∗, provided that λ = λ∗;
(ii) u∗ is the weak limit in H1

0 (Ω) of stable solutions u(λ), if λ ↗ λ∗;
(iii) for every v ∈ H1

0 (Ω),

f ′
(
u∗
)
v2 ∈ L1(Ω), λ∗

∫
Ω
f ′
(
u∗
)
v2dx ≤

∫
Ω
|∇v|2dx. (2.29)

Proof . For every v ∈ H1
0 (Ω) and λ ∈ [0, λ∗) we have, by Theorem 2.6,

λ∗
∫
Ω
f ′
(
u(λ)

)
v2dx ≤

∫
Ω
|∇v|2dx. (2.30)

Choosing here v = u(λ), we find

λ∗
∫
Ω
f ′
(
u(λ)

)
u2(λ)dx ≤

∫
Ω

∣∣∇u(λ)
∣∣2
dx = λ

∫
Ω
f
(
u(λ)

)
u(λ)dx. (2.31)

So, if for a as in our hypothesis we define

Ω(λ) = {x ∈ Ω; u(λ)(x) > a
}

, (2.32)

then
∫
Ω
f ′
(
u(λ)

)
u2(λ)dx ≤ λ

λ∗

∫
Ω
f
(
u(λ)

)
u(λ)dx

≤ λ

λ∗

[∫
Ω(λ)

f
(
u(λ)

)
u(λ)dx + a · |Ω| · f (a)

]
.

(2.33)

By our hypotheses on f , we have

f ′
(
u(λ)

)
u2(λ) ≥ μ f

(
u(λ)

)
u(λ) in Ω(λ). (2.34)

Therefore,

(μ− 1)
∫
Ω(λ)

f
(
u(λ)

)
u(λ)dx ≤ C, (2.35)

where the constant C depends only on λ. This constant can be chosen sufficiently large so
that

∫
Ω\Ω(λ)

f
(
u(λ)

)
u(λ)dx ≤ C. (2.36)

By (2.35), (2.36), and μ > 1 it follows that there exists C > 0 independent of λ such that
∫
Ω
f
(
u(λ)

)
u(λ)dx ≤ C. (2.37)



Qualitative properties of the minimal solution near the bifurcation point 39

From here and from ∫
Ω

∣∣∇u(λ)
∣∣2
dx = λ

∫
Ω
f
(
u(λ)

)
u(λ)dx, (2.38)

it follows that u(λ) is bounded in H1
0 (Ω), independently with respect to λ. Consequently,

up to a subsequence, we may suppose that there exists u∗ ∈ H1
0 (Ω) such that

u(λ) u∗ weakly in H1
0 (Ω) if λ �→ λ∗, (2.39)

u(λ) �→ u∗ a.e. in Ω if λ �→ λ∗. (2.40)

Hence

f
(
u(λ)

)
�→ f

(
u∗
)

a.e. in Ω if λ �→ λ∗. (2.41)

By (2.37) we get
∫
Ω
f
(
u(λ)

)
dx ≤ C. (2.42)

Since the mapping λ 
→ f (u(λ)) is increasing and the integral is bounded, we find, by
the monotone convergence theorem, f (u∗) ∈ L1(Ω) and

f
(
u(λ)

)
�→ f

(
u∗
)

in L1(Ω) if λ �→ λ∗. (2.43)

Let us now choose v ∈ H1
0 (Ω), v ≥ 0. So,

∫
Ω
∇u(λ) · ∇v dx = λ

∫
Ω
f
(
u(λ)

)
v dx. (2.44)

On the other hand, we have already remarked that

f
(
u(λ)

)
v �→ f

(
u∗
)
v a.e. in Ω, if λ �→ λ∗,

λ 
 �→ f
(
u(λ)

)
v is increasing .

(2.45)

By (2.39), it follows that
∫
Ω
f
(
u(λ)

)
v ≤ C. (2.46)

Now, again by the monotone convergence theorem,

f
(
u(λ)

)
v �→ f

(
u∗
)
v in L1(Ω) if λ �→ λ∗,

∫
Ω
∇u∗ · ∇v dx = λ∗

∫
Ω
f
(
u∗
)
v dx.

(2.47)

If v ∈ H1
0 (Ω) is arbitrary, we find the same conclusion if we consider v = v+ − v−.

So, for every v ∈ H1
0 (Ω),

f
(
u(λ)

)
v �→ f

(
u∗
)
v in L1(Ω),

∫
Ω
∇u∗ · ∇v dx = λ∗

∫
Ω
f
(
u∗
)
v dx

(2.48)
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and u∗ ∈ H1
0 (Ω). Consequently, u∗ is a weak solution of problem (2.12). Moreover, for

every v ∈ H1
0 (Ω),

λ∗
∫
Ω
f ′
(
u(λ)

)
v2dx ≤

∫
Ω
|∇v|2dx. (2.49)

Applying again the monotone convergence theorem, we find that

f ′
(
u∗
)
v2 ∈ L1(Ω), λ∗

∫
Ω
f ′
(
u∗
)
v2dx ≤

∫
Ω
|∇v|2dx. (2.50)

�

The facts that

f
(
u∗
) ∈ L1(Ω), f

(
u∗
)
u∗ ∈ L1(Ω), (2.51)

f ′
(
u∗
)
v2 in L1(Ω) for every v ∈ H1

0 (Ω) (2.52)

imply a supplementary regularity of u∗. In many concrete situations one may show that
there exists n0 such that, if N ≤ n0, then u∗ ∈ L∞(Ω) and f (u∗) ∈ L∞(Ω).

We will deduce in what follows some known results, for the special case f (t) = et.

Theorem 2.8. Let f (t) = et . Then

f
(
u(λ)

)
�→ f

(
u∗
)

in Lp(Ω), if λ �→ λ∗, (2.53)

for every p ∈ [1, 5).
Consequently,

u(λ) �→ u∗ in W2,p(Ω), if λ �→ λ∗, (2.54)

for every p ∈ [1, 5).
Moreover, if N ≤ 9, then

u∗ ∈ L∞(Ω), f
(
u∗
) ∈ L∞(Ω). (2.55)

Proof . As we have already remarked, for every v ∈ H1
0 (Ω),

∫
Ω
∇u(λ) · ∇v dx = λ

∫
Ω
eu(λ)v dx, (2.56)

λ
∫
Ω
eu(λ)v2dx ≤

∫
Ω
|∇v|2dx. (2.57)

In (2.57) we choose v = e(p−1)u(λ) − 1 ∈ H1
0 (Ω), for p > 1 arbitrary. We find

(p − 1)
∫
Ω
e(p−1)u(λ)

∣∣∇u(λ)
∣∣2
dx = λ

∫
Ω
eu(λ)[e(p−1)u(λ) − 1

]
dx. (2.58)

In (2.57) we put

v = e(p−1)/2u(λ) − 1 ∈ H1
0 (Ω). (2.59)
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Hence

λ
∫
Ω
eu(λ)[e(p−1)/2u(λ) − 1

]2
dx ≤ (p − 1)2

4

∫
Ω
e(p−1)u(λ)

∣∣∇u(λ)
∣∣2
dx. (2.60)

Taking into account the relation (2.58), our relation (2.60) becomes

λ
∫
Ω
epu(λ)dx − 2λ

∫
Ω
e(p+1)/2u(λ)dx + λ

∫
Ω
eu(λ)dx

≤ p − 1
4

[
λ
∫
Ω
epu(λ)dx − λ

∫
Ω
eu(λ)dx

]
.

(2.61)

We now recall a basic inequality which will be used several times in our arguments.

Hölder’s inequality. Let p and p′ be dual indices, that is, 1/p + 1/p′ = 1 with 1 < p < ∞.
Assume that f ∈ Lp(Ω) and g ∈ Lp

′
(Ω), where Ω is an open subset of �N . Then f g ∈

L1(Ω) and

∣∣∣∣
∫
Ω
f (x)g(x)dx

∣∣∣∣ ≤
(∫

Ω

∣∣ f (x)
∣∣pdx

)1/p

·
(∫

Ω

∣∣g(x)
∣∣p′dx

)1/p′

. (2.62)

The particular case p = p′ = 2 is known as the Cauchy-Schwarz inequality.
By Hölder’s inequality, our relation (2.61) yields

λ
(

1− p − 1
4

)∫
Ω
epu(λ)dx + λ

(
1 +

p − 1
4

)∫
Ω
eu(λ)dx

≤ 2λ
∫
Ω
e(p+1)/2u(λ)dx ≤ C

(∫
Ω
epu(λ)dx

)2

,

(2.63)

where C is a constant which does not depend on λ.
So, if 1− (p − 1)/4 > 0, that is, p < 5, then the mapping eu(λ) is bounded in Lp(Ω).
We have already proved that if λ→ λ∗, then

eu(λ) �→ eu
∗

a.e. in Ω. (2.64)

Moreover,

eu(λ) ≤ eu
∗

in Ω. (2.65)

We recall in what follows a basic result in measure theory which will be applied
several times in this book. We refer to Brezis [30] for a complete proof and further
comments.

Lebesgue’s dominated convergence theorem. Let fn : �N → � be a sequence of functions
in L1(�N ). We assume that

(i) fn(x)→ f (x) a.e. in �N ,
(ii) there exists g ∈ L1(�N ) such that, for all n ≥ 1, | fn(x)| ≤ g(x) a.e. in �N .

Then f ∈ L1(�N ) and ‖ fn − f ‖L1 → 0 as n →∞.
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By the Lebesgue dominated convergence theorem, we find that for every 1 ≤ p < 5,

eu
∗ ∈ Lp(Ω),

eu(λ) �→ eu
∗

in Lp(Ω).
(2.66)

Taking into account the relation (2.12) which is fulfilled by u(λ), and using a standard
regularity theorem for elliptic equations, it follows that

u(λ) �→ u∗ in W2,p(Ω) if λ �→ λ∗. (2.67)

On the other hand, by Sobolev inclusions,

W2,p ⊂ L∞(Ω) if N < 2p. (2.68)

So, if N ≤ 9,

u(λ) �→ u∗ in L∞(Ω) if λ �→ λ∗. (2.69)

Hence

u∗ ∈ L∞(Ω), eu
∗ ∈ L∞(Ω). (2.70)

This concludes our proof. �

Remark 2.9. The above result is optimal, since Joseph and Lundgren showed in [114] that
if N = 10 and Ω is an open ball, then u∗ /∈ L∞(Ω).

2.5. Bifurcation for the logistic equation on the whole space

Nevertheless, each time I can, I aim the absolute rigor for two
reasons. In the first place, it is always hard for a geometer to
consider a problem without resolving it completely. In the second
place, these equations that I will study are susceptible, not only
to physical applications, but also to analytical applications. And
who will say that the other problems of mathematical physics
will not, one day, be called to play in analysis a considerable
role, as has been the case of the most elementary of them?

Henri Poincaré

In this section, we are concerned with the existence, uniqueness, or the nonexistence of
positive solutions of the eigenvalue logistic problem with absorption

−Δu = λ
(
V(x)u − f (u)

)
in �N , N ≥ 3, (2.71)

where V is a smooth sign-changing potential and f : [0,∞) → [0,∞) is a smooth
function. Equations of this type arise in the study of population dynamics. In this case,
the unknown u corresponds to the density of a population, the potential V describes
the birth rate of the population, while the term − f (u) in (2.71) signifies the fact that
the population is self-limiting. In the region where V is positive (resp., negative) the



Bifurcation for the logistic equation on the whole space 43

population has positive (resp., negative) birth rate. Since u describes a population density,
we are interested in investigating only positive solutions of problem (2.71).

Our main results in this section, but also in other chapters of this book, concern
some classes of nonlinear eigenvalue problems associated to linear or quasilinear elliptic
operators. Our interest for spectral problems is also motivated by the following quotation
of Gould [100] which asserts, in fact, that the mathematical spectrum is partly made of
“eigenvalues,” a strange word which has not been immediately adopted: The concept of
an eigenvalue is of great importance in both pure and applied mathematics. The German
word “eigen” means “characteristic” and the hybrid word eigenvalue is used for characteristic
numbers in order to avoid confusion with the many other uses in English of the word “char-
acteristic.” There can be no doubt that “eigenvalue” will soon find its way into the standard
dictionaries. The English language has many such hybrids: for example “liverwurst.” We
conclude these historical comments with the following deep remarks which are due to
M. Zworski [225]: Eigenvalues describe, among other things, the energies of bound states,
states that exist forever if unperturbed. These do exist in real life [· · ·]. In most situation
however, states do not exist for ever, and a more accurate model is given by a decaying state
that oscillates at some rate. Eigenvalues are yet another expression of humanity’s narcissist
desire for immortality.

Our results are related to a certain linear eigenvalue problem. We recall in what
follows the results that we need in the sequel. Let Ω be an arbitrary open set in �N ,
N ≥ 3. Consider the eigenvalue problem

−Δu = λV(x)u in Ω, u ∈ H1
0 (Ω). (2.72)

Problems of this type have a long history. If Ω is bounded and V ≡ 1, problem (2.72)
is related to the Riesz-Fredholm theory of self adjoint and compact operators (see, e.g.,
[30, Theorem VI.11] by Brezis). The case of a nonconstant potential V has been first con-
sidered in the pioneering papers of Bocher [27], Hess and Kato [104], Minakshisundaran
and Pleijel [176], and Pleijel [150]. For instance, Minakshisundaran and Pleijel [150, 176]
studied the case where Ω is bounded, V ∈ L∞(Ω), V ≥ 0 in Ω, and V > 0 in Ω0 ⊂ Ω
with |Ω0| > 0. An important contribution in the study of (2.72) if Ω is not necessarily
bounded has been given by Szulkin and Willem [217] under the assumption that the
sign-changing potentialsign-changing potential V satisfies

V ∈ L1
loc(Ω), V+ = V1 + V2 �= 0, V1 ∈ LN/2(Ω),

lim
x→y
x∈Ω
|x − y|2V2(x) = 0 for every y ∈ Ω, lim

|x|→∞
x∈Ω
|x|2V2(x) = 0.

(H)

We have denoted V+(x) = max{V(x), 0}. Obviously, V = V+ − V−, where V−(x) =
max{−V(x), 0}.

In order to find the principal eigenvalue of (2.72), Szulkin and Willem [217] proved
that the minimization problem

min
{∫

Ω
|∇u|2dx; u ∈ H1

0 (Ω),
∫
Ω
V(x)u2dx = 1

}
(2.73)

has a solution ϕ1 = ϕ1(Ω) ≥ 0 which is an eigenfunction of (2.72) corresponding to the
eigenvalue λ1(Ω) = ∫Ω |∇ϕ1|2dx.
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Throughout this section, the sign-changing potential sign-changing potential V :
�N → � is assumed to be a Hölder function that satisfies

V ∈ L∞
(
�
N ), V+ = V1 +V2 �= 0,

V1 ∈ LN/2
(
�
N ), lim

|x|→∞
|x|2V2(x) = 0.

(V)

We suppose that the nonlinear absorption term f : [0,∞) → [0,∞) is a C1-function
such that

(f1) f (0) = f ′(0) = 0 and lim infu↘0 f ′(u)/u > 0;
(f2) the mapping f (u)/u is increasing in (0, +∞).

This assumption implies limu→+∞ f (u) = +∞. We impose that f does not have a sublin-
ear growth at infinity. More precisely, we assume

(f3) limu→+∞ f (u)/u > ‖V‖L∞ .
Our framework includes the following cases: (i) f (u) = u2 that corresponds to

the Fisher equation (see Fisher [80]) and the Kolmogoroff-Petrovsky-Piscounoff equa-
tion [123] (see also Kazdan and Warner [117] for a comprehensive treatment of these
equations); (ii) f (u) = u(N+2)/(N−2) (for N ≥ 6) which is related to the conform scalar
curvature equation, cf. Li and Ni [135].

2.5.1. Exact value of the bifurcation parameter

For any R > 0, denote BR = {x ∈ �N ; |x| < R} and set

λ1(R) = min
{∫

BR
|∇u|2dx; u ∈ H1

0 (BR),
∫
BR
V(x)u2dx = 1

}
. (2.74)

Consequently, the mapping R 
→ λ1(R) is decreasing and so, there exists

Λ := lim
R→∞

λ1(R) ≥ 0. (2.75)

We first state a sufficient condition so that Λ is positive. For this aim we impose the
additional assumptions

there exist A,α > 0 such that V+(x) ≤ A|x|−2−α ∀x ∈ �N , (2.76)

lim
x→0
|x|2(N−1)/NV2(x) = 0. (2.77)

Theorem 2.10. Assume that V satisfies conditions (V), (2.76), and (2.77).
Then Λ > 0.

Proof . For any R > 0, we fix u ∈ H1
0 (BR) such that

∫
BR V(x)u2dx = 1. We have

1 =
∫
BR
V(x)u2dx ≤

∫
BR
V+(x)u2dx =

∫
BR
V1(x)u2dx +

∫
BR
V2(x)u2dx. (2.78)
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Since V1 ∈ LN/2(�N ), using the Cauchy-Schwarz inequality and Sobolev embeddings we
obtain

∫
BR
V1(x)u2dx ≤ ∥∥V1

∥∥
LN/2(BR)‖u‖2

L2∗ (BR) ≤ C1
∥∥V1

∥∥
LN/2(�N)

∫
BR
|∇u|2dx, (2.79)

where 2∗ denotes the critical Sobolev exponent, that is, 2∗ = 2N/(N − 2).
Fix ε > 0. By our assumption (V), there exist positive numbers δ, R1, and R such that

R−1 < δ < R1 < R such that for all x ∈ BR satisfying |x| ≥ R1 we have

|x|2V2(x) ≤ ε. (2.80)

On the other hand, by (V), for any x ∈ BR with |x| ≤ δ we have

|x|2(N−1)/NV2(x) ≤ ε. (2.81)

Define Ω := ω1 ∪ ω2, where ω1 := BR \ BR1 , ω2 := Bδ \ B1/R, and ω := BR1 \ Bδ .
We need in what follows the following celebrated inequality which is due to Hardy

(see [101]) and which can be viewed as an extension of the Poincaré inequality in the case
of singular potentials.

Hardy’s inequality. Assume that 1 < p < N . Then

∫
�N

∣∣u(x)
∣∣p

|x|p dx ≤ pp

(N − p)p

∫
�N

∣∣∇u(x)
∣∣pdx (2.82)

for any u ∈W1,p(�N ) such that u/|x| ∈ Lp(�N ). Moreover, the constant pp(N − p)−p is
optimal.

By (2.80) and Hardy’s inequality we find

∫
ω1

V2(x)u2dx ≤ ε
∫
ω1

u2

|x|2 dx ≤ C2ε
∫
BR
|∇u|2dx. (2.83)

Using now (2.81) and Hölder’s inequality we obtain

∫
ω2

V2(x)u2dx ≤ ε
∫
ω2

u2

|x|2(N−1)/N
dx

≤ ε
[∫

ω2

(
1

|x|2(N−1)/N
dx
)N/2

dx

]2/N

‖u‖2
L2� (BR)

≤ Cε
(∫ δ

1/R

1
sN−1

sN−1ωNds
)2/N ∫

BR
|∇u|2dx

≤ C3

(
δ − 1

R

)2/N ∫
BR
|∇u|2dx.

(2.84)

By compactness and our assumption (V), there exists a finite covering of ω by the closed
balls Br1 (x1), . . . ,Brk(xk) such that for all 1 ≤ j ≤ k,

if
∣∣x − xj∣∣ ≤ rj then

∣∣x − xj∣∣2(N−1)/N
V2(x) ≤ ε. (2.85)
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There exists r > 0 such that for any 1 ≤ j ≤ k,

if
∣∣x − xj∣∣ ≤ r then

∣∣x − xj∣∣2(N−1)/N
V2(x) ≤ ε

k
. (2.86)

Define A := ∪kj=1Br(xj). The above estimate, Hölder’s inequality, and Sobolev embed-
dings yield

∫
Br (xj )

V2(x)u2dx ≤ ε
k

∫
Br (xj )

u2

∣∣x − xj∣∣2(N−1)/N dx

≤ ε
k

[ ∫
Br (xj )

(∣∣x − xj∣∣−2(N−1)/N
)N/2

dx
]2/N

‖u‖2
L2� (BR)

≤ C
ε
k

(∫
Br

1
|x|N−1

dx
)2/N ∫

BR
|∇u|2dx

= C
ε
k

(∫ r
0

1
sN−1

sN−1ωNds
)2/N ∫

BR
|∇u|2dx

= C′
∫
BR
|∇u|2dx,

(2.87)

for any j = 1, . . . , k. By addition we find
∫
A
V2(x)u2dx ≤ C4

∫
BR
|∇u|2dx. (2.88)

It follows from (2.85) that V2 ∈ L∞(ω \ A). Actually, if x ∈ ω \ A it follows that there
exists j ∈ {1, . . . , k} such that rj > |x − xj| > r > 0. Thus

V2(x) ≤ r−2(N−1)/Nε. (2.89)

Hence ∫
ω\A

V2(x)u2dx ≤ εr−2(N−1)/N
∫
ω\A

u2dx ≤ C5

∫
BR
|∇u|2dx. (2.90)

Now, by inequalities (2.79), (2.83), (2.84), (2.88), and (2.90) we have

λ1(R) ≥
{
C1
∥∥V1

∥∥
LN/2(�N) + C2ε + C3

(
δ − R−1)2/N

+ C4 + C5

}−1
, (2.91)

and passing to the limit as R→∞ we conclude that

Λ ≥
(
C1
∥∥V1

∥∥
LN/2
(
�N
) + C2ε + C3δ2/N + C4 + C5

)−1
> 0. (2.92)

This completes the proof of Theorem 2.10. �

2.5.2. Bifurcation of entire solutions

Our main result asserts that the real number Λ > 0 defined by

Λ := lim
R→∞

λ1(R) (2.93)
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plays a crucial role for the nonlinear eigenvalue logistic problem

−Δu = λ
(
V(x)u − f (u)

)
in �N ,

u > 0 in �N ,

lim
|x|→∞

u(x) = 0.

(2.94)

The following existence and nonexistence results show that Λ serves as a bifurcation
point in our problem (2.94).

Theorem 2.11. Assume that V and f satisfy the assumptions (V), (2.76), ( f 1), ( f 2), and
( f 3).

Then the following hold:

(i) problem (2.94) has a unique solution for any λ > Λ;
(ii) problem (2.94) does not have any solution for all λ ≤ Λ.

The additional condition (2.76) implies that V+ ∈ LN/2(�N ), which does not follow
from the basic hypothesis (V). As we will see in the next section, this growth assumption
is essential in order to establish the existence of positive solutions of (2.71) decaying to
zero at infinity.

In particular, Theorem 2.11 shows that if V(x) < 0 for sufficiently large |x| (i.e., if
the population has negative birth rate) then any positive solution (i.e., the population
density) of (2.71) tends to zero as |x| → ∞.

Before giving the proof of Theorem 2.11, we show in what follows that the logistic
equation (2.71) has entire positive solutions if λ is sufficiently large. However, we are not
able to establish that this solution decays to zero at infinity. This will be proved thereafter
by means of the additional assumption (2.76). More precisely, we have the following
auxiliary result.

Proposition 2.12. Assume that the functions V and f satisfy conditions (V), ( f 1), ( f 2),
and ( f 3). Then the problem

−Δu = λ
(
V(x)u − f (u)

)
in �N ,

u > 0 in �N
(2.95)

has at least one solution, for any λ > Λ.

Proof . For any R > 0, consider the boundary value problem

−Δu = λ
(
V(x)u− f (u)

)
in BR,

u > 0 in BR,

u = 0 on ∂BR.

(2.96)

We first prove that problem (2.96) has at least one solution, for any λ > λ1(R). Indeed,
the function u(x) =M is a supersolution of (2.96), for any M large enough. This follows
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from ( f 3) and the boundedness of V . Next, in order to find a positive subsolution, we
consider the minimization problem

min
u∈H1

0 (BR)

∫
BR

(|∇u|2 − λV(x)u2)dx. (2.97)

Since λ > λ1(R), it follows that the least eigenvalue μ1 is negative. Moreover, the corre-
sponding eigenfunction e1 satisfies

−Δe1 − λV(x)e1 = μ1e1 in BR,

e1 > 0 in BR,

e1 = 0 on ∂BR.

(2.98)

Then the function u(x) = εe1(x) is a subsolution of problem (2.96). Indeed, it is enough
to check that

−Δ(εe1
)− λεVe1 + λ f

(
εe1
) ≤ 0 in BR, (2.99)

that is, by (2.98),

εμ1e1 + λ f
(
εe1
) ≤ 0 in BR. (2.100)

But

f
(
εe1
) = ε f ′(0)e1 + εe1o(1), as ε → 0. (2.101)

So, since f ′(0) = 0, relation (2.100) becomes

εe1
(
μ1 + o(1)

) ≤ 0 (2.102)

which is true, provided ε > 0 is small enough, due to the fact that μ1 < 0.
Fix λ > Λ and an arbitrary sequence R1 < R2 < · · · < Rn < · · · of positive numbers

such that Rn → ∞ and λ1(R1) < λ. Let un be the solution of (2.96) on BRn . Fix a positive
number M such that f (M)/M > ‖V‖L∞(�N). The above arguments show that we can
assume un ≤ M in BRn , for any n ≥ 1. Since un+1 is a supersolution of (2.96) for R = Rn,
we can also assume that un ≤ un+1 in BRn . Thus the function u(x) := limn→∞ un(x) exists
and is well-defined and positive in �N . Standard elliptic regularity arguments imply that
u is a solution of problem (2.95). �

The above result shows the importance of the assumption (2.76) in the statement
of Theorem 2.11. Indeed, assuming that V satisfies only hypothesis (V), it is not clear
whether or not the solution constructed in the proof of Proposition 2.12 tends to 0 as
|x| → ∞. However, it is easy to observe that if λ > Λ and V satisfies (2.76) then problem
(2.94) has at least one solution. Indeed, we first observe that

u(x) =
⎧⎪⎨
⎪⎩
εe1(x) if x ∈ BR,

0 if x �∈ BR
(2.103)
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is a subsolution of problem (2.94), for some fixed R > 0, where e1 satisfies (2.98). Next,
we observe that u(x) = n/(1 + |x|2) is a supersolution of (2.94). Indeed, u satisfies

−Δu(x) = 2
[
n
(
1 + |x|2)− 4|x|2](

1 + |x|2]2 u(x), x ∈ �N . (2.104)

It follows that u is a supersolution of (2.94) provided

2
[
n
(
1 + |x|2)− 4|x|2](

1 + |x|2)2 ≥ λV(x) − λ f
(

n
1 + |x|2

)
, x ∈ �N . (2.105)

This inequality follows from ( f 3) and (2.76), provided that n is large enough.
We split the proof of Theorem 2.11 into several steps.

Proposition 2.13. Let u be an arbitrary solution of problem (2.94). Then there exists C > 0
such that |u(x)| ≤ C|x|2−N for all x ∈ �N .

Proof . Let ωN be the surface area of the unit sphere in �N . Consider the function V+u as
a Newtonian potential and define

v(x) = 1
(N − 2)ωN

∫
�N

V+(y)u(y)
|x − y|N−2

dy. (2.106)

A straightforward computation shows that

−Δv = V+(x)u in �N . (2.107)

But, by (2.76) and since u is bounded,

V+(y)u(y) ≤ C|y|−2−α ∀y ∈ �N . (2.108)

So, by Lemma 2.3 in Li and Ni [135],

v(x) ≤ C|x|−α, ∀x ∈ �N , (2.109)

provided that α < N − 2. Set w(x) = Cv(x) − u(x). Hence w(x) → 0 as |x| → ∞. Let us
choose C sufficiently large so that w(0) > 0. We claim that this implies

w(x) > 0 ∀x ∈ �N . (2.110)

Indeed, if not, let x0 ∈ �N be a local minimum point of w. This means that w(x0) < 0,
∇w(x0) = 0 and Δw(x0) ≥ 0. But

Δw
(
x0
) = −CV+(x0

)
u
(
x0
)

+ λ
(
V
(
x0
)
u
(
x0
)− f

(
u
(
x0
)))

< 0, (2.111)

provided that C > λ. This contradiction implies (2.110). Consequently,

u(x) ≤ Cv(x) ≤ C|x|−α, for any x ∈ �N . (2.112)
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So, using again (2.76),

V+(x)u(x) ≤ C|x|−2−2α ∀x ∈ �N . (2.113)

Lemma 2.3 in [135] by Li and Ni yields the improved estimate

v(x) ≤ C|x|−2α ∀x ∈ �N , (2.114)

provided that 2α < N − 2, and so on. Let nα be the largest integer such that nαα < N − 2.
Repeating nα + 1 times the above argument based on Lemma 2.3(i) and (iii) in [135] by
Li and Ni, we obtain

u(x) ≤ C|x|2−N ∀x ∈ �N . (2.115)

This completes the proof of Proposition 2.13. �

Proposition 2.14. Let u be a solution of problem (2.94). Then V+u, V−u, f (u) ∈ L1(�N ),
and u ∈ H1(�N ).

Proof . For any R > 0, consider the average function

u(R) = 1
ωNRN−1

∫
∂BR

u(x)dσ = 1
ωN

∫
∂B1

u(rx)dσ , (2.116)

where ωN denotes the surface area of SN−1. Then

u′(R) = 1
ωN

∫
∂B1

∂u

∂ν
(rx)dσ = 1

ωNRN−1

∫
∂BR

∂u

∂ν
(x)dσ = 1

ωNRN−1

∫
BR
Δu(x)dx. (2.117)

Hence

ωNRN−1u′(R) = −λ
∫
BR

(
V(x)u − f (u)

)
dx

= −λ
∫
BR
V+(x)udx + λ

∫
BR

(
V−(x)u + f (u)

)
dx.

(2.118)

By Proposition 2.13, there exists C > 0 such that |u(r)| ≤ Cr−N+2, for any r > 0. So, by
(2.76),

∫
1≤|x|≤r

V+(x)udx ≤ CA
∫

1≤|x|≤r
|x|−N−αdx ≤ C, (2.119)

where C does not depend on r. This implies V+u ∈ L1(�N ).
By contradiction, assume that V−u + f (u) �∈ L1(�N ). So, by (2.118), u′(r) > 0 if r is

sufficiently large. It follows that u(r) does not converge to 0 as r → ∞, which contradicts
Proposition 2.13. So, V−u + f (u) ∈ L1(�N ). Next, in order to establish that u ∈ L2(�N ),
we observe that our assumption ( f 1) implies the existence of some positive numbers a
and δ such that f ′(t) > at, for any 0 < t < δ. This implies f (t) > at2/2, for any 0 < t < δ.
Since u decays to 0 at infinity, it follows that the set {x ∈ �N ; u(x) ≥ δ} is compact.
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Hence
∫
�N
u2dx =

∫
[u≥δ]

u2dx +
∫

[u<δ]
u2dx ≤

∫
[u≥δ]

u2dx +
2
a

∫
[u<δ]

f (u)dx < +∞, (2.120)

since f (u) ∈ L1(�N ).
It remains to prove that∇u ∈ L2(�N )N . We first observe that after multiplication by

u in (2.71) and integration we find

∫
BR
|∇u|2dx −

∫
∂BR

u(x)
∂u
∂ν

(x)dσ = λ
∫
BR

(
V(x)u − f (u)

)
dx, (2.121)

for any r > 0. Since Vu − f (u) ∈ L1(�N ), it follows that the left-hand side has a finite
limit as r → ∞. Arguing by contradiction and assuming that ∇u �∈ L2(�N )N , it follows
that there exists R0 > 0 such that

∫
∂BR

u(x)
∂u
∂ν

(x)dσ ≥ 1
2

∫
BR
|∇u|2dx, for any R ≥ R0. (2.122)

Define the functions

A(R) =
∫
∂BR

u(x)
∂u

∂ν
(x)dσ , B(R) =

∫
∂BR

u2(x)dσ ,

C(R) =
∫
BR

∣∣∇u(x)
∣∣2
dx.

(2.123)

Relation (2.122) can be rewritten as

A(R) ≥ 1
2
C(R), for any R ≥ R0. (2.124)

On the other hand, by the Cauchy-Schwarz inequality,

A2(R) ≤
(∫

∂BR
u2dσ

)(∫
∂BR

∣∣∣∣∂u∂ν
∣∣∣∣

2

dσ

)
≤ B(R)C′(R). (2.125)

Using now (2.124) we obtain

C′(R) ≥ C2(R)
4B(R)

, for any R ≥ R0. (2.126)

Hence

d
dr

[
4

C(r)
+
∫ r

0

dt
B(t)

]
r=R
≤ 0, for any R ≥ R0. (2.127)

But, since u ∈ L2(�N ), it follows that
∫∞

0 B(t)dt converges, so

lim
R→∞

∫ R
0

dt
B(t)

= +∞. (2.128)
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On the other hand, our assumption |∇u| �∈ L2(�N ) implies

lim
R→∞

1
C(R)

= 0. (2.129)

Relations (2.127), (2.128), and (2.129) yield a contradiction, so our proof is complete.
�

Proposition 2.15. Let u and v be two distinct solutions of problem (2.94). Then

lim
R→∞

∫
∂BR

u(x)
∂v
∂ν

(x)dσ = 0. (2.130)

Proof . By multiplication with v in (2.94) and integration on BR, we find

∫
BR
∇u · ∇v dx −

∫
∂BR

u
∂v

∂ν
dσ = λ

∫
BR

(
V(x)uv − f (u)v

)
dx. (2.131)

So, by Proposition 2.14, there exists and is finite limR→∞
∫
∂BR u(∂v/∂ν)dσ . But, by the

Cauchy-Schwarz inequality,

∣∣∣∣
∫
∂BR

u
∂v
∂ν
dσ
∣∣∣∣ ≤

(∫
∂BR

u2dσ
)1/2(∫

∂BR
|∇v|2dσ

)1/2

. (2.132)

Since u, |∇v| ∈ L2(�N ), it follows that
∫∞

0 (
∫
∂BR(u2 + |∇v|2)dσ)dx is convergent. Hence

lim
R→∞

∫
∂BR

(
u2 + |∇v|2)dσ = 0. (2.133)

Our conclusion now follows by (2.132) and (2.133). �

Proof of Theorem 2.11. (i) The existence of a solution follows with the arguments given in
the preceding section. In order to establish the uniqueness, let u and v be two solutions of
(2.94). We can assume without loss of generality that u ≤ v. This follows from the fact that
u = min{u, v} is a supersolution of (2.94) and u defined in (2.103) is an arbitrary small
subsolution. So, it sufficient to consider the ordered pair consisting of the corresponding
solution and v.

Since u and v are solutions we have, by Green’s formula,

∫
∂BR

(
u
∂v

∂ν
− v ∂u

∂ν

)
dσ = λ

∫
BR
uv
(
f (v)
v
− f (u)

u

)
dx. (2.134)

By Proposition 2.15, the left-hand side converges to 0 as R→∞. So, (f1) and our assump-
tion u ≤ v force u = v in �N .

(ii) By contradiction, let λ ≤ Λ be such that problem (2.94) has a solution for this λ.
So

∫
BR
|∇u|2dx −

∫
∂BR

u
∂u

∂ν
dσ = λ

∫
BR

(
V(x)u2 − f (u)u

)
dx. (2.135)
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By Propositions 2.14 and 2.15 and letting R→∞, we find
∫
�N
|∇u|2dx < λ

∫
�N
V(x)u2dx. (2.136)

On the other hand, using the definition of Λ and (2.74), we obtain

Λ

∫
�N
Vζ2dx ≤

∫
�N
|∇ζ|2dx, (2.137)

for any ζ ∈ C2
0(�N ) such that

∫
�N Vζ2dx > 0.

Fix ζ ∈ C2
0(�N ) such that 0 ≤ ζ ≤ 1, ζ(x) = 1 if |x| ≤ 1, and ζ(x) = 0 if |x| ≥ 2.

For any n ≥ 1 define Ψn(x) = ζn(x)u(x), where ζn(x) = ζ(|x|/n). Thus Ψn(x) → u(x) as
n → ∞, for any x ∈ �N . Since u ∈ H1(�N ), it follows by [30, Corollary IX.13] by Brezis
that u ∈ L2N/(N−2)(�N ). So, the Lebesgue dominated convergence theorem yields

Ψn �→ u in L2N/(N−2)(
�
N
)
. (2.138)

We claim that

∇Ψn �→ ∇u in L2(
�
N )N . (2.139)

Indeed, let Ωn := {x ∈ �N ; n < |x| < 2n}. Applying Hölder’s inequality we find

∥∥∇Ψn −∇u
∥∥
L2
(
�N
) ≤ ∥∥(ζn − 1

)∇u∥∥L2(�N) +
∥∥u∇ζn∥∥L2(Ωn)

≤ ∥∥(ζn − 1
)∇u∥∥L2(�N) + ‖u‖L2N/(N−2)(Ωn) ·

∥∥∇ζn∥∥LN (�N).
(2.140)

But, since |∇u| ∈ L2(�N ), it follows by Lebesgue’s dominated convergence theorem that

lim
n→∞

∥∥(ζn − 1
)∇u∥∥L2(�N) = 0. (2.141)

Next, we observe that

∥∥∇ζn∥∥LN (�N) = ‖∇ζ‖LN (�N). (2.142)

Since u ∈ L2N/(N−2)(�N ) then

lim
n→∞‖u‖L2N/(N−2)(Ωn) = 0. (2.143)

Relations (2.140)–(2.143) imply our claim (2.139).
Since V±u2 ∈ L1(�N ) and V±Ψ2

n ≤ V±u2, it follows by Lebesgue’s dominated
convergence theorem that

lim
n→∞

∫
�N
V±Ψ2

ndx =
∫
�N
V±u2dx. (2.144)

Consequently,

lim
n→∞

∫
�N
VΨ2

ndx =
∫
�N
Vu2dx. (2.145)
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So, by (2.136) and (2.145), it follows that there exists n0 ≥ 1 such that
∫
�N
VΨ2

ndx > 0, for any n ≥ n0. (2.146)

This means that we can write (2.137) for ζ replaced by Ψn ∈ C2
0(�N ). Using then (2.139)

and (2.145) we find
∫
�N
|∇u|2dx ≥ Λ

∫
�N
Vu2dx. (2.147)

Relations (2.136) and (2.147) yield a contradiction, so problem (2.94) has no solution if
λ ≤ Λ. �

2.6. Bibliographical notes

Augustin-Louis Cauchy is generally acknowledged as the discoverer of the implicit func-
tion theorem. However, the germs of this theorem appeared even in the works of Sir
Isaac Newton (1642–1727) and Gotffried Leibniz. Major advances of the implicit function
theorem are recently due to John Nash [165] and Jürgen Moser [157], in connection
with a big open problem of the last century: can an arbitrary Riemannian manifold be
isometrically imbedded in Euclidean space?

The implicit function theorem is applied in this section to prove Theorem 15, which
is a basic property in bifurcation theory. The roots of this theorem go back to the papers
by Keller and Cohen (see, e.g., [119]). Amann [9] applied this abstract result in many
concrete problems involving nonlinear partial differential equations of elliptic type.



3
Nonsmooth mountain pass theory

The strongest explosive is neither toluene nor the atomic
bomb, but the human idea.

Grigore Moisil (1906–1973)

3.1. Basic properties of locally Lipschitz functionals

Throughout this chapter, X denotes a real Banach space. Let X∗ be its dual and, for every
x ∈ X and x∗ ∈ X∗, let 〈x∗, x〉 be the duality pairing between X∗ and X .

Definition 3.1. A functional f : X → � is said to be locally Lipschitz provided that,
for every x ∈ X , there exists a neighborhood V of x and a positive constant k = k(V)
depending on V such that

∣∣ f (y)− f (z)
∣∣ ≤ k‖y − z‖, (3.1)

for each y, z ∈ V .

The set of all locally Lipschitz mappings defined on X with real values is denoted by
Liploc(X ,�).

Definition 3.2. Let f : X → � be a locally Lipschitz functional and x, v ∈ X , v �= 0. We call
the generalized directional derivative of f in x with respect to the direction v the number

f 0(x, v) = lim sup
y→x
λ↘0

f (y + λv)− f (y)
λ

. (3.2)

We first observe that if f is a locally Lipschitz functional, then f 0(x, v) is a finite
number and

∣∣ f 0(x, v)
∣∣ ≤ k‖v‖. (3.3)
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Moreover, if x ∈ X is fixed, then the mapping v 
→ f 0(x, v) is positive homogeneous
and subadditive, so it is convex continuous. By the Hahn-Banach theorem, there exists a
linear map x∗ : X → � such that for every v ∈ X ,

x∗(v) ≤ f 0(x, v). (3.4)

The continuity of x∗ is an immediate consequence of the above inequality and of (3.3).

Definition 3.3. Let f : X → � be a locally Lipschitz functional and x ∈ X . The generalized
gradient (Clarke subdifferential) of f at the point x is the nonempty subset ∂ f (x) of X∗

which is defined by

∂ f (x) = {x∗ ∈ X∗; f 0(x, v) ≥ 〈x∗, v
〉

, ∀v ∈ X
}
. (3.5)

We point out that if f is convex then ∂ f (x) coincides with the subdifferential of f in
x in the sense of the convex analysis, that is,

∂ f (x) = {x∗ ∈ X∗; f (y)− f (x) ≥ 〈x∗, y − x〉, ∀y ∈ X
}
. (3.6)

We list in what follows the main properties of the Clarke gradient of a locally Lips-
chitz functional. We refer to [41, 46, 47] for further details and proofs.

(a) For every x ∈ X , ∂ f (x) is a convex and σ(X∗,X)-compact set.
(b) For every x, v ∈ X , v �= 0, the following holds:

f 0(x, v) = max
{〈
x∗, v

〉
; x∗ ∈ ∂ f (x)

}
. (3.7)

(c) The multivalued mapping x 
→ ∂ f (x) is upper semicontinuous, in the sense
that for every x0 ∈ X , ε > 0 and v ∈ X there exists δ > 0 such that, for any
x∗ ∈ ∂ f (x) satisfying ‖x − x0‖ < δ, there is some x∗0 ∈ ∂ f (x0) satisfying
|〈x∗ − x∗0 , v〉| < ε.

(d) The functional f 0(·, ·) is upper semicontinuous.
(e) If x is an extremum point of f , then 0 ∈ ∂ f (x).
(f) The mapping

λ(x) = min
x∗∈∂ f (x)

∥∥x∗∥∥ (3.8)

exists and is lower semicontinuous.
(g) ∂(− f )(x) = −∂ f (x).
(h) Lebourg’s mean value theorem (see [132]): if x and y are two distinct point in

X then there exists a point z situated on the open segment joining x and y such
that

f (y)− f (x) ∈ 〈∂ f (z), y − x〉. (3.9)

(i) If f has a Gâteaux derivative f ′ which is continuous in a neighborhood of x,
then ∂ f (x) = { f ′(x)}. If X is finite dimensional, then ∂ f (x) reduces at one
point if and only if f is Fréchet-differentiable at x.
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Definition 3.4. A point x ∈ X is said to be a critical point of the locally Lipschitz func-
tional f : X → � if 0 ∈ ∂ f (x), that is, f 0(x, v) ≥ 0, for every v ∈ X \ {0}. A number c is
a critical value of f provided that there exists a critical point x ∈ X such that f (x) = c.

Remark that a minimum point is a critical point. Indeed, if x is a local minimum
point, then for every v ∈ X ,

0 ≤ lim sup
λ↘0

f (x + λv) − f (x)
λ

≤ f 0(x, v). (3.10)

We now introduce a compactness condition for locally Lipschitz functionals. This
condition was used for the first time, in the case of C1-functionals, by R. Palais and S.
Smale (in the global variant) and by H. Brezis, J. M. Coron and L. Nirenberg (in its local
variant).

Definition 3.5. If f : X → � is a locally Lipschitz functional and c is a real number, we say
that f satisfies the Palais-Smale condition at the level c (in short, (PS)c) if any sequence
(xn) in X satisfying f (xn) → c and λ(xn) → 0, contains a convergent subsequence. The
mapping f satisfies the Palais-Smale condition (in short, (PS)) if every sequence (xn)
which satisfies that ( f (xn)) is bounded and λ(xn)→ 0, has a convergent subsequence.

3.2. Ekeland’s variational principle

The following basic theorem is due to Ekeland [75].

Theorem 3.6. Let (M,d) be a complete metric space and assume that ψ : M → (−∞, +∞],
ψ �≡ +∞, is a lower semicontinuous function which is bounded from below.

Then the following properties hold true: for every ε > 0 and for any z0 ∈ M there exists
z ∈M such that

(i) ψ(z) ≤ ψ(z0)− εd(z, z0),
(ii) ψ(x) ≥ ψ(z)− εd(x, z), for any x ∈M.

Proof . We may assume without loss of generality that ε = 1. Define the following binary
relation on M:

y ≤ x if and only if ψ(y)− ψ(x) + d(x, y) ≤ 0. (3.11)

We verify that “≤” is an order relation, that is,

(a) x ≤ x, for any x ∈M;
(b) if x ≤ y and y ≤ x then x = y;
(c) if x ≤ y and y ≤ z then x ≤ z.

For arbitrary x ∈M, set

S(x) = {y ∈M; y ≤ x
}
. (3.12)
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Let (εn) be a sequence of positive numbers such that εn → 0 and fix z0 ∈ M. For any
n ≥ 0, let zn+1 ∈ S(zn) be such that

ψ
(
zn+1

) ≤ inf
S(zn)

ψ + εn+1. (3.13)

The existence of zn+1 follows by the definition of the set S(x). We prove that the sequence
(zn) converges to some element z which satisfies (i) and (ii).

Let us first remark that S(y) ⊂ S(x), provided that y ≤ x. Hence, S(zn+1) ⊂ S(zn). It
follows that, for any n ≥ 0,

ψ
(
zn+1

)− ψ(zn) + d
(
zn, zn+1

) ≤ 0, (3.14)

which implies ψ(zn+1) ≤ ψ(zn). Since ψ is bounded from below, it follows that the
sequence {ψ(zn)} converges.

We prove in what follows that (zn) is a Cauchy sequence. Indeed, for any n and p we
have

ψ
(
zn+p

)− ψ(zn) + d
(
zn+p, zn

) ≤ 0. (3.15)

Therefore,

d
(
zn+p, zn

) ≤ ψ
(
zn
)− ψ(zn+p

)
�→ 0, as n �→∞, (3.16)

which shows that (zn) is a Cauchy sequence, so it converges to some z ∈ M. Now, taking
n = 0 in (3.15), we find

ψ
(
zp
)− ψ(z0

)
+ d

(
zp, z0

) ≤ 0. (3.17)

So, as p →∞, we find (i).
In order to prove (ii), let us choose an arbitrary x ∈M. We distinguish the following

situations.

Case 1. x ∈ S(zn), for any n ≥ 0. It follows that ψ(zn+1) ≤ ψ(x) + εn+1 which implies that
ψ(z) ≤ ψ(x).

Case 2. There exists an integer N ≥ 1 such that x �∈ S(zn), for any n ≥ N or, equivalently,

ψ(x) − ψ(zn) + d
(
x, zn

)
> 0, for every n ≥ N. (3.18)

Passing at the limit in this inequality as n →∞ we find (ii). �

Corollary 3.7. Assume the same hypotheses on M and ψ. Then, for any ε > 0, there exists
z ∈M such that

ψ(z) < inf
M
ψ + ε,

ψ(x) ≥ ψ(z)− ε d(x, z), for any x ∈M.
(3.19)

The conclusion follows directly from Theorem 3.6.



Ekeland’s variational principle 59

The following consequence of Ekeland’s variational principle is of particular inter-
est in our next arguments. Roughly speaking, this property establishes the existence of
almost critical points for bounded from below C1-functionals defined on Banach spaces.
In order words, Ekeland’s variational principle can be viewed as a generalization of the
Fermat theorem which establishes that interior extrema points of a smooth functional
are, necessarily, critical points of this functional.

Corollary 3.8. Let E be a Banach space and let ψ : E → � be aC1 function which is bounded
from below. Then, for any ε > 0, there exists z ∈ E such that

ψ(z) ≤ inf
E
ψ + ε,

∥∥ψ′(z)
∥∥
E� ≤ ε. (3.20)

Proof . The first part of the conclusion follows directly from Theorem 3.6. For the second
part we have

∥∥ψ′(z)
∥∥
E� = sup

‖u‖=1

〈
ψ′(z),u

〉
. (3.21)

But

〈
ψ′(z),u

〉 = lim
δ→0

ψ(z + δu)− ψ(z)
δ‖u‖ . (3.22)

So, by Theorem 3.6,

〈
ψ′(z),u

〉 ≥ −ε. (3.23)

Replacing now u by −u we find

〈
ψ′(z),u

〉 ≤ ε, (3.24)

which concludes our proof. �

We give in what follows a variant of Ekeland’s variational principle in the case of finite
dimensional Banach spaces.

Theorem 3.9. Let ψ : �N → (−∞, +∞] be a lower semicontinuous function, ψ �≡ +∞,
bounded from below. Let xε ∈ �N be such that

inf ψ ≤ ψ
(
xε
) ≤ inf ψ + ε. (3.25)

Then, for every λ > 0, there exists zε ∈ �N such that

(i) ψ(zε) ≤ ψ(xε),
(ii) ‖zε − xε‖ ≤ λ,

(iii) ψ(zε) ≤ ψ(x) + (ε/λ)‖zε − x‖, for every x ∈ �N .

Proof . Given xε satisfying (3.25), let us consider the function ϕ : �N → (−∞, +∞]
defined by

ϕ(x) = ψ(x) +
ε
λ

∥∥x − xε∥∥. (3.26)
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By our hypotheses on ψ it follows that ϕ is lower semicontinuous and bounded from
below. Moreover, ϕ(x) → +∞ as ‖x‖ → +∞. Therefore, there exists zε ∈ �N which
minimizes ϕ on �N , that is, for every x ∈ �N ,

ψ
(
zε
)

+
ε

λ

∥∥zε − xε∥∥ ≤ ψ(x) +
ε

λ

∥∥x − xε∥∥. (3.27)

By letting x = xε, we find

ψ
(
zε
)

+
ε

λ

∥∥zε − xε∥∥ ≤ ψ
(
xε
)
, (3.28)

and (i) follows. Next, since ψ(xε) ≤ inf ψ + ε, we deduce from the above inequality that
‖zε − xε‖ ≤ λ.

We infer from (3.27) that, for every x ∈ �N ,

ψ
(
zε
) ≤ ψ(x) +

ε

λ

(∥∥x − xε∥∥− ∥∥zε − xε∥∥) ≤ ψ(x) +
ε

λ

∥∥x − zε∥∥ (3.29)

which is exactly the desired inequality (iii). �

The above result shows that, the closer to xε we desire zε to be, the larger the pertur-
bation of ψ that must be accepted. In practise, a good compromise is to take λ = √ε.

It is striking to remark that the Ekeland variational principle characterizes the com-
pleteness of a metric space in a certain sense. More precisely, we have the following
property.

Theorem 3.10. Let (M,d) be a metric space. ThenM is complete if and only if the following
holds: for every application ψ : M → (−∞, +∞], ψ �≡ +∞, which is bounded from below
and for every ε > 0, there exists zε ∈M such that

(i) ψ(zε) ≤ infM ψ + ε,
(ii) ψ(z) > ψ(zε)− εd(z, zε), for any z ∈M \ {zε}.

Proof . The “only if” part follows directly from Corollary 3.7.
For the converse, let us assume that M is an arbitrary metric space satisfying the

hypotheses. Let (vn) ⊂ M be an arbitrary Cauchy sequence and consider the function
f : M → � defined by

f (u) = lim
n→∞d

(
u, vn

)
. (3.30)

The function f is continuous and, since (vn) is a Cauchy sequence, then inf f = 0. In
order to justify the completeness of M it is enough to find v ∈M such that f (v) = 0. For
this aim, choose arbitrarily ε ∈ (0, 1). Now, from our hypotheses (i) and (ii), there exists
v ∈M such that f (v) ≤ ε and

f (w) + εd(w, v) > f (v), for any w ∈M \ {v}. (3.31)

From the definition of f and the fact that (vn) is a Cauchy sequence, we can take w = vk
for k large enough such that f (w) is arbitrarily small and d(w, v) ≤ ε + η, for any η > 0,
because f (v) ≤ ε. Using (ii) we obtain that, in fact, f (v) ≤ εk. Repeating the argument
we may conclude that f (v) ≤ εn, for all n ≥ 1 and so f (v) = 0, as required. �
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3.3. Nonsmooth mountain pass type theorems

As for everything else, so for a mathematical theory: beauty
can be perceived but not explained.

Arthur Cayley (1821–1895)

The mountain pass theorem of Ambrosetti and Rabinowitz [14] is a result of great intu-
itive appeal which is very useful to find the critical points of functionals, particularly
those that occur in the theory of ordinary and partial differential equations. In its main
form, as given originally by A. Ambrosetti and P. Rabinowitz, the mountain pass theorem
considers a function J : X → � of class C1 satisfying the following geometric conditions:

(a) there exist two numbers R > 0 and a such that J(u) ≥ a for every u ∈ X with
‖u‖ = R;

(b) J(0) < a and J(v) < a for some v ∈ X with ‖v‖ > R.

With an additional compactness condition of Palais-Smale type it then follows that
the functional J has a critical point u0 ∈ X\{0, v}with corresponding critical value c ≥ a.
Roughly speaking, this critical value occurs because the villages 0 and v are low points on
either side of the mountain SR := {u ∈ X ; ‖u‖ = R}, so that between 0 and v there should
exist a lowest critical point, the so-called mountain pass.

We give in what follows a generalization of the mountain pass theorem in the frame-
work of locally Lipschitz functionals.

Let f : X → � be a locally Lipschitz functional. Consider K a compact metric space
and K∗ a closed nonempty subset of K . If p∗ : K∗ → X is a continuous mapping, set

P = {p ∈ C(K ,X); p = p∗ on K∗
}
. (3.32)

By a celebrated theorem of Dugundji [70], the set P is nonempty.
Define

c = inf
p∈P

max
t∈K

f
(
p(t)

)
. (3.33)

Obviously, c ≥ maxt∈K∗ f (p∗(t)).

Theorem 3.11. Assume that

c > max
t∈K∗

f
(
p∗(t)

)
. (3.34)

Then there exists a sequence (xn) in X such that

(i) limn→∞ f (xn) = c;
(ii) limn→∞ λ(xn) = 0.

For the proof of this theorem, we need the following auxiliary result.
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Lemma 3.12. Let M be a compact metric space and let ϕ : M → 2X
∗

be an upper semicon-
tinuous mapping such that, for every t ∈ M, the set ϕ(t) is convex and σ(X∗,X)-compact.
For t ∈M, denote

γ(t) = inf
{∥∥x∗∥∥; x∗ ∈ ϕ(t)

}
,

γ = inf
t∈M

γ(t).
(3.35)

Then, for every fixed ε > 0, there exists a continuous mapping v : M → X such that for
every t ∈M and x∗ ∈ ϕ(t),

∥∥v(t)
∥∥ ≤ 1,

〈
x∗, v(t)

〉 ≥ γ − ε. (3.36)

Proof of Lemma 3.12. Assume, without loss of generality, that γ > 0 and 0 < ε < γ.
Denoting by Br the open ball in X∗ centered at the origin and with radius r then, for
every t ∈M we have

Bγ−ε/2 ∩ ϕ(t) = ∅. (3.37)

Since ϕ(t) and Bγ−ε/2 are convex, disjoint, and σ(X∗,X)-compact sets, it follows from
the separation theorem in locally convex spaces [204, Theorem 3.4], applied to the space
(X∗, σ(X∗,X)), and from the fact that the dual of this space is X , that for every t ∈ M,
there exists vt ∈ X such that

∥∥vt∥∥ = 1,
〈
ξ, vt

〉 ≤ 〈x∗, vt
〉
, (3.38)

for any ξ ∈ Bγ−ε/2 and for every x∗ ∈ ϕ(t).
Hence, for each x∗ ∈ ϕ(t),

〈
x∗, vt

〉 ≥ sup
ξ∈Bγ−ε/2

〈
ξ, vt

〉 = γ − ε
2
. (3.39)

Since ϕ is upper semicontinuous, there exists an open neighborhood V(t) of t such
that for every t′ ∈ V(t) and all x∗ ∈ ϕ(t′),

〈
x∗, vt

〉
> γ − ε. (3.40)

Therefore, since M is compact and M = ⋃
t∈M V(t), there exists an open covering

{V1, . . . .,Vn} of M. Let v1, . . . , vn be on the unit sphere of X such that

〈
x∗, vi

〉
> γ − ε, (3.41)

for every 1 ≤ i ≤ n, t ∈ Vi and x∗ ∈ ϕ(t).
If ρi(t) = dist(t, ∂Vi), define

ζi(t) = ρi(t)∑n
j=1 ρj(t)

, v(t) =
n∑
i=1

ζi(t)vi. (3.42)

A straightforward computation shows that v satisfies our conclusion. �
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Proof of Theorem 3.11. We apply Ekeland’s variational principle to the functional

ψ(p) = max
t∈K

f
(
p(t)

)
, (3.43)

defined on P , which is a complete metric space if it is endowed with the metric

d(p, q) = max
t∈K

∥∥p(t)− q(t)
∥∥, for any p, q ∈ P . (3.44)

The mapping ψ is continuous and bounded from below because, for every p ∈ P ,

ψ(p) ≥ max
t∈K∗

f
(
p∗(t)

)
. (3.45)

Since

c = inf
p∈P

ψ(p), (3.46)

it follows that for every ε > 0, there is some p ∈ P such that

ψ(q) − ψ(p) + εd(p, q) ≥ 0 ∀q ∈ P ,

c ≤ ψ(p) ≤ c + ε.
(3.47)

Set

B(p) = {t ∈ K ; f
(
p(t)

) = ψ(p)
}
. (3.48)

For concluding the proof, it is sufficient to show that there exists t′ ∈ B(p) such that

λ
(
p(t′)

) ≤ 2ε. (3.49)

Indeed, the conclusion of the theorem follows then easily by choosing ε = 1/n and
xn = p(t′). Applying Lemma 3.12 for M = B(p) and ϕ(t) = ∂ f (p(t)), we obtain a
continuous map v : B(p) → X such that for every t ∈ B(p) and x∗ ∈ ∂ f (p(t)) we
have

∥∥v(t)
∥∥ ≤ 1,

〈
x∗, v(t)

〉 ≥ γ − ε, (3.50)

where

γ = inf
t∈B(p)

λ
(
p(t)

)
. (3.51)

It follows that for every t ∈ B(p),

f 0(p(t),−v(t)
) = max

{〈
x∗,−v(t)

〉
; x∗ ∈ ∂ f

(
p(t)

)}

= −min
{〈x∗, v(t); x∗ ∈ ∂ f

(
p(t)

)} ≤ −γ + ε.
(3.52)

By (3.34) we have B(p)∩K∗ = ∅. So, there exists a continuous extensionw : K → X
of v such that w = 0 pe K∗ and, for every t ∈ K ,

∥∥w(t)
∥∥ ≤ 1. (3.53)
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Choose in the place of q in (3.47) small perturbations of the path p:

qh(t) = p(t) − hw(t), (3.54)

where h > 0 is small enough.
We deduce from (3.47) that, for every h > 0,

−ε ≤ −ε‖w‖∞ ≤ ψ
(
qh
)− ψ(p)
h

. (3.55)

In what follows, ε > 0 will be fixed, while h→ 0. Let th ∈ K be such that f (qh(th)) =
ψ(qh). We may also assume that the sequence (thn) converges to some t0, which, obviously,
is in B(p). Observe that

ψ
(
qh
)− ψ(p)
h

= ψ(p − hw)− ψ(p)
h

≤ f (p(th)− hw(th))− f
(
p
(
th
))

h
. (3.56)

It follows from this relation and from (3.55) that

−ε ≤ f (p(th)− hw(th))− f
(
p
(
th
))

h

≤ f
(
p
(
th
)− hw(t0))− f

(
p
(
th
))

h
+
f (p(th)− hw(th))− f

(
p
(
th
)− hw(t0))

h
.

(3.57)

Using the fact that f is a locally Lipschitz map and thn → t0, we find that

lim
n→∞

f (p(thn )− hnw(thn ))− f
(
p
(
thn
)− hnw(t0))

hn
= 0. (3.58)

Therefore,

−ε ≤ lim sup
n→∞

f
(
p
(
t0
)

+ zn − hnw
(
t0
))− f

(
p
(
t0
)

+ zn
)

hn
, (3.59)

where zn = p(thn )− p(t0). Consequently,

−ε ≤ f 0(p(t0),−w(t0)) = f 0(p(t0),−v(t0)) ≤ −γ + ε. (3.60)

It follows that

γ = inf
{∥∥x∗∥∥; x∗ ∈ ∂ f

(
p(t)

)
, t ∈ B(p)

} ≤ 2ε. (3.61)
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Taking into account the lower semicontinuity of λ, we deduce the existence of some
t′ ∈ B(p) such that

λ
(
p(t′)

) = inf
{∥∥x∗∥∥; x∗ ∈ ∂ f

(
p(t′)

)} ≤ 2ε. (3.62)

This concludes the proof. �

Corollary 3.13. If f satisfies the condition (PS)c and the hypotheses of Theorem 3.11, then
c is a critical value of f corresponding to a critical point which is not in p∗(K∗).

Proof . The proof of this result follows easily by applying Theorem 3.11 and the fact that
λ is lower semicontinuous. �

The following result generalizes the classical mountain pass theorem of A. Ambrosetti
and P. Rabinowitz.

Corollary 3.14. Let f : X → � be a locally Lipschitz functional such that f (0) = 0 and
there exists v ∈ X \ {0} so that f (v) ≤ 0. Set

P = {p ∈ C
(
[0, 1],X

)
; p(0) = 0, p(1) = v

}
,

c = inf
p∈P

max
t∈[0,1]

f
(
p(t)

)
.

(3.63)

If c > 0 and f satisfies the condition (PS)c , then c is a critical value of f .

Proof . For the proof of this result, it is sufficient to apply Corollary 3.13 for K = [0, 1],
K∗ = {0, 1}, p∗(0) = 0, and p∗(1) = v. �

Corollary 3.15. Let f : X → � be a locally Lipschitz mapping. Assume that there exists a
subset S of X such that, for every p ∈ P ,

p(K)∩ S �= ∅. (3.64)

If

inf
x∈S

f (x) > max
t∈K∗

f
(
p∗(t)

)
, (3.65)

then the conclusion of Theorem 3.11 holds.

Proof . It suffices to observe that

inf
p∈P

max
t∈K

f
(
p(t)

) ≥ inf
x∈S

f (x) > max
t∈K∗

f
(
p∗(t)

)
. (3.66)

Then our conclusion follows directly. �

Using now Theorem 3.11, we may prove the following result, which is originally due
to Brezis, Coron, and Nirenberg (see [31, Theorem 2]).
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Corollary 3.16. Let f : X → � be a Gâteaux differentiable functional such that f ′ : (X ,
‖ · ‖)→ (X∗, σ(X∗,X)) is continuous. If f satisfies (3.34), then there exists a sequence (xn)
in X such that

(i) limn→∞ f (xn) = c,
(ii) limn→∞ ‖ f ′(xn)‖ = 0.

Moreover, if f satisfies the condition (PS)c , then there exists x ∈ X such that f (x) = c and
f ′(x) = 0.

Proof . Observe first that f ′ is locally bounded. Indeed, if (xn) is a sequence converging
to x0, then

sup
n

∣∣〈 f ′(xn), v
〉∣∣ <∞, (3.67)

for every v ∈ X . Thus, by the Banach-Steinhaus theorem,

lim sup
n→∞

∥∥ f ′(xn)∥∥ <∞. (3.68)

For λ > 0 small enough and h ∈ X sufficiently small, we have

∣∣ f (x0 + h + λv
) − f

(
x0 + h

)∣∣ = ∣∣λ〈 f ′(x0 + h + λθv
)
, v
〉∣∣ ≤ C‖λv‖, (3.69)

where θ ∈ (0, 1). Therefore, f ∈ Liploc(X ,�) and f 0(x0, v) = 〈 f ′(x0), v〉, by the con-
tinuity assumption on f ′. In relation (3.69), the existence of C follows from the local
boundedness property of f ′.

Since f 0 is linear in v, we obtain

∂ f (x) = { f ′(x)
}
. (3.70)

To conclude the proof, it remains to apply Theorem 3.11 and Corollary 3.13. �

A very useful result in applications is the following variant of the saddle point theo-
rem of P. Rabinowitz.

Corollary 3.17. Assume that X admits a decomposition of the form X = X1 ⊕ X2, where
X2 is a finite dimensional subspace of X . For some fixed z ∈ X2, suppose that there exists
R > ‖z‖ such that

inf
x∈X1

f (x + z) > max
x∈K∗

f (x), (3.71)

where

K∗ = {x ∈ X2; ‖x‖ = R
}
. (3.72)

Set

K = {x ∈ X2; ‖x‖ ≤ R
}
,

P = {p ∈ C(K ,X); p(x) = x if ‖x‖ = R
}
.

(3.73)
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If c is chosen as in (3.33) and f satisfies the condition (PS)c , then c is a critical value
of f .

Proof . Applying Corollary 3.15 for S = z + X1, we observe that it is sufficient to prove
that, for every p ∈ P ,

p(K)∩ (z + X1
) �= ∅. (3.74)

If P : X → X2 is the canonical projection, then the above condition is equivalent to
the fact that for every p ∈ P , there exists x ∈ K such that

P
(
p(x)− z) = P

(
p(x)

) − z = 0. (3.75)

To prove this claim, we use an argument based on the topological degree theory.
Indeed, for every fixed p ∈ P we have

P ◦ p = Id on K∗ = ∂K. (3.76)

Hence

d(P ◦ p− z, IntK , 0) = d(P ◦ p, IntK , z) = d(Id, IntK , z) = 1. (3.77)

Now, by the existence property of the Brouwer degree, we may find x ∈ IntK such that

(P ◦ p)(x) − z = 0, (3.78)

which concludes our proof. �

3.3.1. Mountains of zero altitude

It is natural to ask us what happens if the condition (3.34) fails to be valid, more pre-
cisely, if

c = max
t∈K∗

f
(
p∗(t)

)
. (3.79)

The following example shows that in this case the conclusion of Theorem 3.11 does
not hold.

Example 3.18. Let X = �2 ,K = [0, 1]×{0},K∗ = {(0, 0), (1, 0)} and let p∗ be the identic
map of K∗. As locally Lipschitz functional we choose

f : X �→ �, f (x, y) = x + |y|. (3.80)

In this case,

c = max
t∈K∗

f
(
p∗(t)

) = 1. (3.81)
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An elementary computation shows that

∂ f (x, y) =
(

1

1

)
if y > 0,

∂ f (x, y) =
(

1

−1

)
if y < 0,

∂ f (x, 0) =
{(

1

a

)
if − 1 ≤ a ≤ 1

}
.

(3.82)

It follows that f satisfies the Palais-Smale condition. However, f has no critical point.
In the smooth framework, the mountain pass theorem in the zero altitude case was

proved by Pucci and Serrin [180]. They consider a function J : X → � of class C1

satisfying the following geometric conditions:

(a) there exist real numbers a, r, R such that 0 < r < R and J(u) ≥ a for every
u ∈ X with r < ‖u‖ < R;

(b) J(0) ≤ a and J(v) ≤ a for some v ∈ X with ‖v‖ > R.

Under these hypotheses, combined with the standard Palais-Smale compactness condi-
tion, Pucci and Serrin established the existence of a critical point u0 ∈ X \ {0, v} of J
with corresponding critical value c ≥ a. Moreover, if c = a then the critical point can be
chosen with r < ‖u0‖ < R. Roughly speaking, the mountain pass theorem continues to
hold for a mountain of zero altitude, provided it also has nonzero thickness; in addition,
if c = a, then the pass itself occurs precisely on the mountain, in the sense that it satisfies
r < ‖u0‖ < R.

The following result gives a sufficient condition so that Theorem 3.11 holds provided
that condition (3.34) fails.

Theorem 3.19. Assume that for every p ∈ P there exists t ∈ K \K∗ such that f (p(t)) ≥ c.
Then there exists a sequence (xn) in X such that

(i) limn→∞ f (xn) = c;
(ii) limn→∞ λ(xn) = 0.

Moreover, if f satisfies the condition (PS)c, then c is a critical value of f . Furthermore, if
(pn) is an arbitrary sequence in P satisfying

lim
n→∞

max
t∈K

f
(
pn(t)

) = c, (3.83)

then there exists a sequence (tn) in K such that

lim
n→∞ f

(
pn
(
tn
)) = c, lim

n→∞ λ
(
pn
(
tn
)) = 0. (3.84)

Proof . For every ε > 0 we apply Ekeland’s variational principle to the perturbed func-
tional

ψε : P �→ �, ψε(p) =max
t∈K

(
f
(
p(t)

)
+ εd(t)

)
, (3.85)
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where

d(t) = min
{

dist
(
t,K∗

)
, 1
}
. (3.86)

If

cε = inf
p∈P

ψε(p), (3.87)

then

c ≤ cε ≤ c + ε. (3.88)

Thus, by Ekeland’s variational principle, there exists a path p ∈ P such that for every
q ∈ P ,

ψε(q) − ψε(p) + εd(p, q) ≥ 0,

c ≤ cε ≤ ψε(p) ≤ cε + ε ≤ c + 2ε.
(3.89)

Denoting

Bε(p) = {t ∈ K ; f
(
p(t)

)
+ εd(t) = ψε(p)

}
, (3.90)

it remains to show that there is some t′ ∈ Bε(p) such that λ(p(t′)) ≤ 2ε. Indeed, the
conclusion of the first part of the theorem follows easily, by choosing ε = 1/n and xn =
p(t′).

Now, by Lemma 3.12 applied for M = Bε(p) and ϕ(t) = ∂ f (p(t)), we find a contin-
uous mapping v : Bε(p)→ X such that, for every t ∈ Bε(p) and all x∗ ∈ ∂ f (p(t)),

∥∥v(t)
∥∥ ≤ 1,

〈
x∗, v(t)

〉 ≥ γε − ε, (3.91)

where

γε = inf
t∈Bε(p)

λ
(
p(t)

)
. (3.92)

On the other hand, it follows by our hypothesis that

ψε(p) > max
t∈K∗

f
(
p(t)

)
. (3.93)

Hence

Bε(p) ∩K∗ = ∅. (3.94)

So, there exists a continuous extension w of v, defined on K and such that

w = 0 on K∗,
∥∥w(t)

∥∥ ≤ 1, for any t ∈ K. (3.95)
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Choose as paths q in relation (3.89) small variations of the path p:

qh(t) = p(t) − hw(t), (3.96)

for h > 0 sufficiently small.
In what follows ε > 0 will be fixed, while h→ 0.
Let th ∈ Bε(p) be such that

f
(
q
(
th
))

+ εd
(
th
) = ψε

(
qh
)
. (3.97)

There exists a sequence (hn) converging to 0 and such that the corresponding se-
quence (thn) converges to some t0, which, obviously, lies in Bε(p). It follows that

−ε ≤ −ε‖w‖∞

≤ ψε
(
qh
)− ψε(p)
h

= f
(
qh
(
th
))

+ εd
(
th
)− ψε(p)

h

≤ f
(
qh
(
th
))− f

(
p
(
th
))

h

= f
(
p
(
th
)− hw(th))− f

(
p
(
th
))

h
.

(3.98)

With the same arguments as in the proof of Theorem 3.11 we obtain the existence of some
t′ ∈ Bε(p) such that

λ
(
p(t′)

) ≤ 2ε. (3.99)

Furthermore, if f satisfies (PS)c then c is a critical value of f , since λ is lower semi-
continuous.

For the second part of the proof, applying again Ekeland’s variational principle, we
deduce the existence of a sequence of paths (qn) in P such that, for every q ∈ P ,

ψε2
n
(q) − ψε2

n

(
qn
)

+ εnd
(
q, qn

) ≥ 0,

ψε2
n

(
qn
) ≤ ψε2

n

(
pn
)− εnd(pn, qn

)
,

(3.100)

where (εn) is a sequence of positive numbers converging to 0 and (pn) are paths in P such
that

ψε2
n

(
pn
) ≤ c + 2ε2

n. (3.101)

Applying the same argument for qn, instead of p, we find tn ∈ K such that

c − ε2
n ≤ f

(
qn
(
tn
)) ≤ c + 2ε2

n,

λ
(
qn
(
tn
)) ≤ 2εn.

(3.102)

We argue that this is the desired sequence (tn). Indeed, by the Palais-Smale condition
(PS)c , there exists a subsequence of (qn(tn)) which converges to a critical point. The
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corresponding subsequence of (pn(tn)) converges to the same limit. A standard argument,
based on the continuity of f and the lower semicontinuity of λ, shows that for all the
sequence we have

lim
n→∞ f

(
pn
(
tn
)) = c,

lim
n→∞ λ

(
pn
(
tn
)) = 0.

(3.103)

This concludes our proof. �

Corollary 3.20. Let f : X → � be a locally Lipschitz functional which satisfies the Palais-
Smale condition.

If f has two different minimum points, then f possesses a third critical point.

Proof . Let x0 and x1 be two different minimum points of f .

Case 1 ( f (x0) = f (x1) = a). Choose 0 < R < (1/2)‖x1−x0‖ such that f (x) ≥ a, for all
x ∈ B(x0,R)∪ B(x1,R).

Set A = B(x0,R/2)∪ B(x1,R/2).

Case 2 ( f (x0) > f (x1)). Choose 0 < R < ‖x1 − x0‖ such that f (x) ≥ f (x0), for every
x ∈ B(x0,R). Put A = B(x0,R/2)∪ {x1}.

In both cases, fix p∗ ∈ C([0, 1],X) such that p∗(0) = x0 and p∗(1) = x1. If K∗ =
(p∗)−1(A) then, by Theorem 3.19, we obtain the existence of a critical point of f , which is
different from x0 and x1, as we can easily deduce by examining the proof of Theorem 3.19.

�

With the same proof as of Corollary 3.16 one can deduce the following mountain
pass property which extends the Pucci and Serrin theorem [180, Theorem 1].

Corollary 3.21. Let X be a Banach space and let f : X → � be a Gâteaux-differentiable
functional such that the operator f ′ : (X ,‖ · ‖) → (X∗, σ(X∗,X)) is continuous. Assume
that for every p ∈ P there exists t ∈ K \ K∗ such that f (p(t))≥c.

Then there exists a sequence (xn) in X so that

(i) limn→∞ f (xn) = c,
(ii) limn→∞ ‖ f ′(xn)‖ = 0.

If, furthermore, f satisfies (PS)c, then there exists x ∈ X such that f (x) = c and
f ′(x) = 0.

3.3.2. The nonsmooth Ghoussoub-Preiss theorem

The following result is a strengthened variant of Theorems 3.11 and 3.19. The smooth
case corresponding to C1-functionals is due to Ghoussoub and Preiss [98].
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Theorem 3.22. Let f : X → � be a locally Lipschitz functional and let F be a closed subset
of X , with no common point with p∗(K∗). Assume that

f (x) ≥ c, for every x ∈ F (3.104)

p(K)∩ F �= ∅ ∀p ∈ P . (3.105)

Then there exists a sequence (xn) in X such that

(i) limn→∞ dist(xn,F) = 0,
(ii) limn→∞ f (xn) = c,

(iii) limn→∞ λ(xn) = 0.

Proof . Fix ε > 0 such that

ε < min
{

1; dist
(
p∗
(
K∗

)
,F
)}
. (3.106)

Choose p ∈ P so that

max
t∈K

f
(
p(t)

) ≤ c +
ε2

4
. (3.107)

The set

K0 =
{
t ∈ K ; dist

(
p(t),F

) ≥ ε
}

(3.108)

is bounded and contains K∗. Define

P0 =
{
q ∈ C(K ,X); q = p on K0

}
. (3.109)

Set

η : X �→ �, η(x) = max
{

0; ε2 − ε dist(x,F)
}
. (3.110)

Define ψ : P0 → � by

ψ(q) = max
t∈K

( f + η)
(
q(t)

)
. (3.111)

The functional ψ is continuous and bounded from below. By Ekeland’s variational prin-
ciple, there exists p0 ∈ P0 such that for every q ∈ P0,

ψ
(
p0
) ≤ ψ(q), (3.112)

d
(
p0, q

) ≤ ε
2

, (3.113)

ψ
(
p0
) ≤ ψ(q) +

ε
2
d
(
q, p0

)
. (3.114)

The set

B
(
p0
) = {t ∈ K ; ( f + η)

(
p0(t

)
) = ψ

(
p0
)}

(3.115)
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is closed. To conclude the proof, it is sufficient to show that there exists t ∈ B(p0) such
that

dist
(
p0(t),F

) ≤ 3ε
2

, (3.116)

c ≤ f
(
p0(t)

) ≤ c +
5ε2

4
, (3.117)

λ
(
p0(t)

) ≤ 5ε
2
. (3.118)

Indeed, it is enough to choose then ε = 1/n and xn = p0(t). �

Proof of (3.116). It follows by the definition of P0 and (3.105) that, for every q ∈ P0, we
have

q
(
K \ K0

)∩ F �= ∅. (3.119)

Therefore, for any q ∈ P0,

ψ(q) ≥ c + ε2. (3.120)

On the other hand,

ψ(p) ≤ c +
ε2

4
+ ε2 = c +

5ε2

4
. (3.121)

Hence

c + ε2 ≤ ψ
(
p0
) ≤ ψ(p) ≤ c +

5ε2

4
. (3.122)

So, for each t ∈ B(p0),

c + ε2 ≤ ψ
(
p0
) = ( f + η)

(
p0(t)

)
. (3.123)

Moreover, if t ∈ K0, then

( f + η)
(
p0(t)

) = ( f + η)
(
p(t)

) = f
(
p(t)

) ≤ c +
ε2

4
. (3.124)

This implies that

B
(
p0
) ⊂ K \ K0. (3.125)

By the definition of K0 it follows that for every t ∈ B(p0) we have

dist
(
p(t),F

) ≤ ε. (3.126)

Now, the relation (3.113) yields

dist
(
p0(t),F

) ≤ ε

2
. (3.127)

�
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Proof of (3.117). For every t ∈ B(p0) we have

ψ
(
p0
) = ( f + η)

(
p0(t)

)
. (3.128)

Using (3.122) and taking into account that

0 ≤ η ≤ ε2, (3.129)

it follows that

c ≤ f
(
p0(t)

) ≤ c +
5ε2

4
. (3.130)

�

Proof of (3.118). Applying Lemma 3.12 for ϕ(t) = ∂ f (p0(t)), we find a continuous map-
ping v : B(p0)→ X such that for every t ∈ B(p0),

∥∥v(t)
∥∥ ≤ 1. (3.131)

Moreover, for any t ∈ B(p0) and x∗ ∈ ∂ f (p0(t)),

〈
x∗, v(t)

〉 ≥ γ − ε, (3.132)

where

γ = inf
t∈B(p0)

λ
(
p0(t)

)
. (3.133)

Hence for every t ∈ B(p0),

f 0(p0(t),−v(t)
) = max

{〈
x∗,−v(t)

〉
; x∗ ∈ ∂ f

(
p0(t)

)}

= −min
{〈
x∗, v(t)

〉
; x∗ ∈ ∂ f

(
p0(t)

)}

≤ −γ + ε.

(3.134)

Since B(p0) ∩ K0 = ∅, there exists a continuous extension w of v to the set K such
that w = 0 on K0 and ‖w(t)‖ ≤ 1, for all t ∈ K .

Now, by relation (3.114), it follows that for every λ > 0,

− ε
2
≤ − ε

2
‖w‖∞ ≤ ψ

(
p0 − λw

)− ψ(p0
)

λ
. (3.135)

For every n, there exists tn ∈ K such that

ψ
(
p0 − 1

n
w
)
= ( f + η)

(
p0
(
tn
)− 1

n
w
(
tn
))
. (3.136)

Passing eventually to a subsequence, we may suppose that (tn) converges to t0, which,
clearly, lies in B(p0). On the other hand, for every t ∈ K and λ > 0 we have

f
(
p0(t)− λw(t)

) ≤ f
(
p0(t)

)
+ λε. (3.137)



Nonsmooth mountain pass type theorems 75

Hence

n
[
ψ
(
p0 − λw

) − ψ(p0
)] ≤ n

[
f
(
p0
(
tn
)− 1

n
w
(
tn)
)

+
ε

n
− f

(
p0
(
tn
))]

. (3.138)

Therefore, by (3.135), it follows that

−3ε
2
≤ n

[
ψ
(
p0
(
tn
)− 1

n
w
(
tn
))− f

(
p0
(
tn
))]

≤ n
[
ψ
(
p0
(
tn
)− 1

n
w
(
t0
))− f

(
p0
(
tn
))]

+ n
[
f
(
p0
(
tn
)− 1

n
w
(
tn
))− f

(
p0
(
tn
)− 1

n
w
(
t0
)]
.

(3.139)

Since f is locally Lipschitz and tn → t0, we deduce that

lim sup
n→∞

n
[
f
(
p0
(
tn
)− 1

n
w
(
tn
))− f

(
p0
(
tn
)− 1

n
w
(
t0
))] = 0. (3.140)

Therefore,

−3ε
2
≤ lim sup

n→∞
n
[
f
(
p0
(
t0
)

+ zn − 1
n
w
(
t0
))− f

(
p0
(
t0
)

+ zn
)]

, (3.141)

where zn = p0(tn)− p0(t0). Hence

−3ε
2
≤ f 0(p0

(
t0
)
,−w(t0)) ≤ −γ + ε. (3.142)

So

γ = inf
{∥∥x∗∥∥; x∗ ∈ ∂ f

(
p0(t)

)
, t ∈ B

(
p0
)} ≤ 5ε

2
. (3.143)

Now, by the lower semicontinuity of λ, we find t ∈ B(p0) such that

λ
(
p0(t)

) = inf
x∗∈∂ f

(
p0(t)

)
∥∥x∗∥∥ ≤ 5ε

2
, (3.144)

which concludes our proof. �

Corollary 3.23. Assume hypotheses of Theorem 3.22 are fulfilled and, moreover, f satisfies
the Palais-Smale condition (PS)c. Then c is a critical value of f .

Remark 3.24. If

inf
x∈X1

f (x + z) = max
x∈K∗

f (x), (3.145)

then the conclusion of Corollary 3.17 remains valid, with an argument based on
Theorem 1.20.
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Corollary 3.25 (Ghoussoub-Preiss theorem). Let f :X → � be a locally Lipschitz Gâteaux-
differentiable functional such that f ′ : (X ,‖ · ‖)→ (X∗, σ(X∗,X)) is continuous. Let a and
b be in X and define

c = inf
p∈P

max
t∈[0,1]

f
(
p(t)

)
, (3.146)

where P is the set of continuous paths p : [0, 1] → X such that p(0) = a and p(1) = b.
Let F be a closed subset of X which does not contain a and b and f (x) ≥ c, for all x ∈ F .
Suppose, in addition, that, for every p ∈ P ,

p
(
[0, 1]

)∩P �= ∅. (3.147)

Then there exists a sequence (xn) in X so that

(i) limn→∞ dist(xn,F) = 0,
(ii) limn→∞ f (xn) = c,

(iii) limn→∞ ‖ f ′(xn)‖ = 0.

Moreover, if f satisfies (PS)c , then there exists x ∈ F such that f (x) = c and f ′(x) = 0.

Proof . With the same arguments as in the proof of Corollary 3.16, we deduce that the
functional f is locally Lipschitz and

∂ f (x) = { f ′(x)
}
. (3.148)

Applying Theorem 3.22 for K = [0, 1], K∗ = {0, 1}, p∗(0) = a, p∗(1) = b, our
conclusion follows.

The last part of the theorem follows from Corollary 3.23. �

3.4. Applications of the mountain pass theorem

3.4.1. The subcritical Lane-Emden equation

Let 1 < p < (N + 2)/(N − 2), ifN ≥ 3, and 1 < p < +∞, provided that N = 1, 2. Consider
the nonlinear elliptic boundary value problem

−Δu = up in Ω,

u > 0 in Ω,

u = 0 on ∂Ω.

(3.149)

This equation is called the Lane-Emden equation and the existence results are related not
only to the values of p, but also to the geometry of Ω. For instance, problem (3.149) has
no solution if p ≥ (N + 2)/(N − 2) and if Ω is a star-shaped domain with respect to a
certain point (the proof uses the Pohozaev identity, which is obtained after multiplication
in (3.149) with x · ∇u and integration by parts). If Ω is not star-shaped, Kazdan and
Warner proved in [118] that problem (3.149) has a solution for any p > 1, where Ω is an
annulus in �N .

If p = (N + 2)/(N − 2) then the energy functional associated to problem (3.149)
does not have the Palais-Smale property. The case p ≥ (N + 2)/(N − 2) is difficult; for
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instance, there is no solution even in the simplest case where Ω = B(0, 1). If p = 1
then the existence of a solution depends on the geometry of the domain: if 1 is not an
eigenvalue of (−Δ) in H1

0 (Ω), then there is no solution to our problem (3.149). If 0 <
p < 1, then there exists a unique solution (since the mapping u 
→ f (u)/u = up−1 is
decreasing) and, moreover, this solution is stable. The arguments may be done in this
case by using the method of sub- and supersolutions.

Under the same assumptions on the subcritical exponent p, similar arguments show
that the boundary value problem

−Δu− λu = up in Ω,

u > 0 in Ω,

u = 0 on ∂Ω

(3.150)

has a solution for any λ < λ1, where λ1 denotes the first eigenvalue of (−Δ) in H1
0 (Ω).

The proof of this result relies on the fact that the operator (−Δ− λI) is coercive if λ < λ1.
Moreover, by multiplication with ϕ1 and integration on Ω we deduce that there is no
solution if λ ≥ λ1, where ϕ1 stands for the first eigenfunction of the Laplace operator.

Our aim is to prove in what follows the following result.

Theorem 3.26. There exists a solution of problem (3.149), which is not necessarily unique.
Furthermore, this solution is unstable.

Proof . We first establish the instability of an arbitrary solution u. So, in order to argue
that λ1(−Δ− pup−1) < 0, let ϕ > 0 be an eigenfunction corresponding to λ1. We have

−Δϕ− pup−1ϕ = λ1ϕ in Ω. (3.151)

Integrating by parts this equality, we find

(1− p)
∫
Ω
upϕ = λ1

∫
Ω
ϕu, (3.152)

which implies λ1 < 0, since u > 0 in Ω and p > 1.
Next, we prove the existence of a solution by using two different methods.

(1) A variational proof. Let

m = inf
{∫

Ω
|∇v|2; v ∈ H1

0 (Ω), ‖v‖Lp+1 = 1
}
. (3.153)

First step (m is achieved). Let (un) ⊂ H1
0 (Ω) be a minimizing sequence. Since p <

(N + 2)/(N − 2), then H1
0 (Ω) is compactly embedded in Lp+1(Ω). It follows that

∫
Ω

∣∣∇un∣∣2
�→ m as n �→∞ (3.154)

and, for all positive integer n,

∥∥un∥∥Lp+1 = 1. (3.155)
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So, up to a subsequence,

un u, weakly in H1
0 (Ω),

un �→ u, strongly in Lp+1(Ω).
(3.156)

By the lower semicontinuity of the functional ‖ · ‖L2 , we find that
∫
Ω
|∇u|2 ≤ lim inf

n→∞

∫
Ω

∣∣∇un∣∣2 = m (3.157)

which implies
∫
Ω |∇u|2 = m. Since ‖u‖Lp+1 = 1, it follows that m is achieved by u.

We remark that we have even un → u, strongly in H1
0 (Ω). This follows by the weak

convergence of (un) in H1
0 (Ω) and by ‖un‖H1

0
→ ‖u‖H1

0
.

Second step (u ≥ 0, a.e. in Ω). We may assume that u ≥ 0, a.e. in Ω. Indeed, if not,
we may replace u by |u|. This is possible since |u| ∈ H1

0 (Ω) and so, by Stampacchia’s
theorem,

∇|u| = (signu)∇u if u �= 0. (3.158)

Moreover, on the level set [u = 0] we have∇u = 0, so
∣∣∇|u|∣∣ = |∇u|, a.e. in Ω. (3.159)

Third step (u verifies −Δu = up in the weak sense). We have to prove that for every w ∈
H1

0 (Ω),
∫
Ω
∇u∇w = m

∫
Ω
upw. (3.160)

Put v = u + εw in the definition of m. It follows that∫
Ω
|∇v|2 =

∫
Ω
|∇u|2 + 2ε

∫
Ω
∇u∇w + ε2

∫
Ω
|∇w|2,

∫
Ω
|u + εw|p+1 =

∫
Ω
|u|p+1 + ε(p + 1)

∫
Ω
upw + o(ε)

= 1 + ε(p + 1)
∫
Ω
upw + o(ε).

(3.161)

Therefore,

‖v‖2
Lp+1 =

(
1 + ε(p + 1)

∫
Ω
upw + o(ε)

)2/(p+1)

= 1 + 2ε
∫
Ω
upw + o(ε). (3.162)

Hence

m =
∫
Ω
|u|2

≤ m + 2ε
∫
Ω∇u∇w + o(ε)

1 + 2ε
∫
Ω u

pw + o(ε)

= m + 2ε
(∫

Ω
∇u∇w −m

∫
Ω
upw

)
+ o(ε),

(3.163)
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which implies

∫
Ω
∇u∇w = m

∫
Ω
upw, for every w ∈ H1

0 (Ω). (3.164)

Consequently, the function u1 = mαu, where α = (p−1)−1, is a weak solution of problem
(3.149). Thus, u = u1m−α is a weak solution of problem (3.149).

Fourth step (regularity of u). We know until now that u ∈ H1
0 (Ω) ⊂ L2�(Ω). In a general

framework, assuming that u ∈ Lq , it follows that up ∈ Lq/p, that is, by Schauder regularity
and Sobolev embeddings, u ∈ W2,q/p ⊂ Ls, where 1/s = p/q − 2/N . So, assuming that
q1 > (p − 1)(N/2), we have u ∈ Lq2 , where 1/q2 = p/q1 − 2/N . In particular, q2 > q1. Let
(qn) be the increasing sequence we may construct in this manner and set q∞ = limn→∞ qn.
Assuming, by contradiction, that qn < N p/2, we obtain, passing at the limit as n → ∞,
that q∞ = N(p − 1)/2 < q1, contradiction. This shows that there exists r > N/2 such that
u ∈ Lr(Ω) which implies u ∈ W2,r(Ω) ⊂ L∞(Ω). Therefore, u ∈ W2,r(Ω) ⊂ Ck(Ω),
where k denotes the integer part of 2−N/r. Now, by Hölder continuity, u ∈ C2(Ω).

(2) Second proof. The below arguments rely upon the mountain pass theorem. Set

F(u) = 1
2

∫
Ω
|∇u|2 − 1

p + 1

∫
Ω

(u+)p+1, u ∈ H1
0 (Ω). (3.165)

Standard arguments show that F is a C1 functional and u is a critical point of F if and only
if u is a solution to problem (3.149). We observe that F′(u) = −Δu − (u+)p ∈ H−1(Ω).
So, if u is a critical point of F , then −Δu = (u+)p ≥ 0 in Ω and hence, by the maximum
principle, u ≥ 0 in Ω.

We verify the hypotheses of the mountain pass theorem. Obviously, F(0) = 0. On
the other hand,

∫
Ω

(
u+)p+1 ≤

∫
Ω
|u|p+1 = ‖u‖p+1

Lp+1 ≤ C‖u‖p+1
H1

0
. (3.166)

Therefore,

F(u) ≥ 1
2
‖u‖2

H1
0
− C
p + 1

‖u‖p+1
H1

0
≥ ρ > 0, (3.167)

provided that ‖u‖H1
0
= R is small enough.

Let us now prove the existence of some v0 such that ‖v0‖ > R and F(v0) ≤ 0. For this
aim, choose an arbitrary w0 ≥ 0, w0 �≡ 0. We have

F
(
tw0

) = t2

2

∫
Ω

∣∣∇w0
∣∣2 − tp+1

p + 1

∫
Ω

(
w+

0

)p+1 ≤ 0, (3.168)

for t > 0 large enough. �
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3.4.2. A bifurcation problem

Let us consider a C1 convex function f : � → � such that f (0) > 0 and f ′(0) > 0. We
assume that f has a subcritical growth, that is, there exists 1 < p < (N + 2)/(N − 2) such
that for all u ∈ �,

∣∣ f (u)
∣∣ ≤ C

(
1 + |u|p). (3.169)

We also suppose that there exist μ > 2 and A > 0 such that

μ
∫ u

0
f (t)dt ≤ u f (u), for every u ≥ A. (3.170)

A standard example of function satisfying these conditions is f (u) = (1 + u)p.
Consider the bifurcation problem

−Δu = λ f (u) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω.

(3.171)

We already know (by the implicit function theorem) that there exists λ� > 0 such
that for every λ < λ�, there exists a minimal and stable solution u to problem (3.171).

Theorem 3.27. Under the above hypotheses on f , for every λ ∈ (0, λ�), there exists a second
solution u ≥ u and, furthermore, u is unstable.

Proof . We find a solution u of the form u = u + v with v ≥ 0. It follows that v satisfies

−Δv = λ
(
f (u + v)− f (u)

)
in Ω,

v > 0 in Ω,

v = 0 on ∂Ω.

(3.172)

Hence v fulfills an equation of the form

−Δv + a(x)v = g(x, v) in Ω, (3.173)

where a(x) = −λ f ′(u) and

g(x, v) = λ
(
f
(
u(x) + v

)− f
(
u(x)

))− λ f ′(u(x)
)
v. (3.174)

We verify easily the following properties:

(i) g(x, 0) = gv(x, 0) = 0;
(ii) |g(x, v)| ≤ C(1 + |v|p);

(iii) μ
∫ v

0 g(x, t)dt ≤ vg(x, v), for every v ≥ A large enough;
(iv) the operator −Δ − λ f ′(u) is coercive, since λ1(−Δ − λ f ′(u)) > 0, for every

λ < λ�.

So, by the mountain pass theorem, problem (3.171) has a solution which is, a fortiori,
unstable. �
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3.5. Critical points and coerciveness of locally Lipschitz functionals
with the strong Palais-Smale property

The Palais-Smale property for C1 functionals appears as the most natural compactness
condition. In order to obtain corresponding results for nondifferentiable functionals,
the Palais-Smale condition introduced in Definition 3.5 is not always an efficient tool,
because of the nonlinearity of the Clarke subdifferential. For this aim, we define a stronger
Palais-Smale type condition, which is very useful in applications. In many cases, our
compactness condition is a local one, similar to (PS)c introduced in Definition 3.5. The
most efficient tool in our reasonings will be, as in the preceding paragraph, the Ekeland
variational principle. As we will remark, the new Palais-Smale condition is in closed link
with coerciveness properties of locally Lipschitz functionals.

As above, X denotes a real Banach space.

Definition 3.28. The locally Lipschitz functional f : X → � is said to satisfy the strong
Palais-Smale condition at the point c (notation: (s−PS)c) provided that for every sequence
(xn) in X satisfying

lim
n→∞ f

(
xn
) = c, (3.175)

f 0(xn, v
) ≥ −1

n
‖v‖, for every v ∈ X , (3.176)

contains a convergent subsequence.
If this property holds for any real number c, we say that f satisfies the strong Palais-

Smale condition (s− PS)).

Remark 3.29. It follows from the continuity of f and the upper semicontinuity of f 0(·, ·)
that if f satisfies the condition (s− PS)c and there exist sequences (xn) and (εn) such that
the conditions (3.175) and (3.176) are fulfilled, then c is a critical value of f . Indeed, up
to a subsequence, xn → x. It follows that f (x) = c and, for every v ∈ X ,

f 0(x, v) ≥ lim sup
n→∞

f 0(xn, v
) ≥ 0, (3.177)

that is, 0 ∈ ∂ f (x).

Definition 3.30. A mapping f : X → � is said to be coercive provided that

lim
‖x‖→∞

f (x) = +∞. (3.178)

For each a ∈ � and f : X → �, we denote

[ f = a] = {x ∈ X ; f (x) = a
}

,

[ f ≤ a] = {x ∈ X ; f (x) ≤ a
}

,

[ f ≥ a] = {x ∈ X ; f (x) ≥ a
}
.

(3.179)



82 Nonsmooth mountain pass theory

Proposition 3.31. Let f : X → � be a locally Lipschitz bounded from below functional. If
a = infX f and f satisfies the condition (s − PS)a, then there exists α > 0 such that the set
[ f ≤ a + α] is bounded.

Proof . We assume, by contradiction, that for everyα > 0, the set [ f ≤a+α] is unbounded.
So, there exists a sequence (zn) in X such that for every n ≥ 1,

a ≤ f
(
zn
) ≤ a +

1
n2

,

∥∥zn∥∥ ≥ n.
(3.180)

Using Ekeland’s variational principle, for every n ≥ 1 there is some xn ∈ X such that for
any x ∈ X ,

a ≤ f
(
xn
) ≤ f

(
zn
)
,

f (x)− f
(
xn
)

+
1
n

∥∥x − xn∥∥ ≥ 0,

∥∥xn − zn∥∥ ≤ 1
n
.

(3.181)

Therefore,

∥∥xn∥∥ ≥ n− 1
n
�→∞,

f
(
xn
)
�→ a,

(3.182)

and, for each v ∈ X ,

f 0(xn, v
) ≥ −1

n
‖v‖. (3.183)

Now, by the Palais-Smale condition (s − PS)a we deduce that the unbounded sequence
(xn) contains a convergent subsequence, contradiction. �

The following property is an immediate consequence of the above result.

Corollary 3.32. If f is a locally Lipschitz bounded from below functional satisfying the
strong Palais-Smale condition, then f is coercive.

This result was proved by Li [134] for C1 functionals. He used in his proof the
deformation lemma. Corollary 3.32 also follows from the following property.

Proposition 3.33. Let f : X → � be a locally Lipschitz functional satisfying

a = lim inf
‖x‖→∞

f (x) < +∞. (3.184)

Then there exists a sequence (xn) in X such that

∥∥xn∥∥ �→∞, f
(
xn
)
�→ a (3.185)
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and, for every v ∈ X ,

f 0(xn, v
) ≥ −1

n
‖v‖. (3.186)

Proof . For every r > 0 we define

m(r) = inf
‖x‖≥r

f (x). (3.187)

Obviously, the mapping m is nondecreasing and limr→∞m(r) = a. For any integer n ≥ 1,
there exists rn > 0 such that for every r ≥ rn,

m(r) ≥ a− 1
n2
. (3.188)

Remark that we can choose rn so that rn ≥ n/2 + 1/n. Choose zn ∈ X such that
‖zn‖ ≥ 2rn and

f
(
zn
) ≤ m

(
r2n
)

+
1
n2
≤ a +

1
n2
. (3.189)

Applying Ekeland’s variational principle to the functional f restricted to the set {x ∈
X ; ‖x‖ ≥ rn} and for ε = 1/n, z = zn, we find xn ∈ X such that ‖xn‖ ≥ rn and, for every
x ∈ X with ‖x‖ ≥ rn,

f (x) ≥ f
(
xn
)− 1

n

∥∥x − xn∥∥, (3.190)

a− 1
n2
≤ m

(
rn
) ≤ f

(
xn
) ≤ f

(
zn
)− 1

n

∥∥zn − xn∥∥. (3.191)

It follows from (3.189) and (3.191) that ‖xn − zn‖ ≤ 2/n, which implies

∥∥xn∥∥ ≥ 2rn − 2
n
�→ +∞. (3.192)

On the other hand, f (xn)→ a. For every v ∈ X and λ > 0, putting x = xn + λv in (3.190),
we find

f 0(xn, v
) ≥ lim sup

λ↘0

f
(
xn + λv

)− f
(
xn
)

λ
≥ −1

n
‖v‖, (3.193)

which concludes our proof. �

Proposition 3.34. Let f : X → � be a locally Lipschitz bounded from below functional.
Assume there exists c ∈ � such that f satisfies (s− PS)c and, for every a < c, the set [ f ≤ a]
is bounded.

Then there exists α > 0 such that the set [ f ≤ c + α] is bounded.

Proof . Arguing by contradiction, we assume that the set [ f ≤ c + α] is unbounded, for
every α > 0. It follows by our hypothesis that, for every n ≥ 1, there exists rn ≥ n such
that

[
f ≤ c − 1

n2

]
⊂ B

(
0, rn

)
. (3.194)
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Set

cn = inf
X\B(0,rn)

f ≥ c − 1
n2
. (3.195)

Since the set [ f ≤ c + 1/n2] is unbounded, we obtain the existence of a sequence (zn) in
X such that

∥∥zn∥∥ ≥ rn + 1 +
1
n

,

f
(
zn
) ≤ c +

1
n2
.

(3.196)

So, zn ∈ X \ B(0, rn) and

f
(
zn
) ≤ cn +

2
n2
. (3.197)

Applying Ekeland’s variational principle to the functional f restricted to X \ B(0, rn), we
find xn ∈ X \ B(0, rn) such that for every x ∈ X with ‖x‖ ≥ rn, we have

cn ≤ f
(
xn
) ≤ f

(
zn
)
,

f (x) ≥ f
(
xn
)− 2

n

∥∥x − xn∥∥,

∥∥xn − zn∥∥ ≤ 1
n
.

(3.198)

Hence
∥∥xn∥∥ ≥ ∥∥zn∥∥− ∥∥xn − zn∥∥ ≥ rn + 1 �→ +∞,

f
(
xn
)
�→ c

(3.199)

and, for every v ∈ X ,

f 0(xn, v
) ≥ −2

n
‖v‖. (3.200)

Now, by (s − PS)c , we deduce that the unbounded sequence (xn) contains a convergent
subsequence, contradiction. �

Proposition 3.35. Let f : X → � be a locally Lipschitz bounded from below functional.
Assume that f is not coercive and denote

c = sup
{
a ∈ �; [ f ≤ a] is bounded

}
. (3.201)

Then f does not satisfy the condition (s− PS)c .

Proof . Set

A = {a ∈ �; [ f ≤ a] is bounded
}
. (3.202)
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It follows from the lower boundedness of f that the set A is nonempty. Since f is not
coercive, it follows that

c = supA < +∞. (3.203)

Assume, by contradiction, that f satisfies (s− PS)c. Then, by Proposition 3.34, there
exists α > 0 such that the set [ f ≤ a + α] is bounded, which contradicts the maximality
of c. �

Remark 3.36. The real number c defined in Proposition 3.34 may also be characterized
by

c = inf
{
b ∈ �; [ f ≤ b] is unbounded

}
. (3.204)

Proposition 3.37. Let f : X → � be a locally Lipschitz functional satisfying (s − PS).
Assume there exists a ∈ � such that the set [ f ≤ a] is bounded.

Then the functional f is coercive.

Proof . Without loss of generality, we may assume that a = 0. It follows now from our
hypothesis that there exists an integer n0 such that f (x) > 0, for any x ∈ X with ‖x‖ ≥ n0.
We assume, by contradiction, that

0 ≤ c = lim inf
‖x‖→∞

f (x) < +∞. (3.205)

Applying Proposition 3.33, we find a sequence (xn) in X such that ‖xn‖ → ∞, f (xn) → c
and, for every v ∈ X ,

f 0(xn, v
) ≥ −1

n
‖v‖. (3.206)

Using now the condition (s−PS), we deduce that the unbounded sequence (xn) contains
a convergent subsequence, contradiction. So, the functional f is coercive. �

Corollary 3.38. Let f : X → � be a locally Lipschitz bounded from below functional which
satisfies (s− PS).

Then every minimizing sequence of f contains a convergent subsequence.

Proof . Let (xn) be a minimizing sequence of f . Passing eventually at a subsequence, we
have

f
(
xn
) ≤ inf

X
f +

1
n2
. (3.207)

By Ekeland’s variational principle, there exists zn ∈ X such that for every x ∈ X ,

f (x) ≥ f
(
zn
)− 1

n

∥∥x − zn∥∥,

f
(
zn
) ≤ f

(
xn
)− 1

n

∥∥xn − zn∥∥.
(3.208)
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With an argument similar to that used in the proof of Proposition 3.33, we find

∥∥xn − zn∥∥ ≤ 2
n

, (3.209)

f
(
zn
) ≤ inf

X
f +

1
n2

, (3.210)

and, for every v ∈ X ,

f 0(zn, v
) ≥ −1

n
‖v‖. (3.211)

Using now the condition (s−PS), we deduce that the sequence (zn) is relatively compact.
By (3.209) it follows that the corresponding subsequence of (xn) is convergent, too. �

Define the map

M : [0, +∞) �→ �, M(r) = inf
‖x‖=r

f (x). (3.212)

We prove in what follows some elementary properties of this functional.

Proposition 3.39. Let f : X → � be a locally Lipschitz bounded from below functional
which satisfies the condition (s − PS). Assume there exists R > 0 such that all the critical
points of f are in the closed ball of radius R.

Then the functional M is increasing and continuous at the right on the set (R, +∞).

For the proof of this result, we use an auxiliary property. First we introduce a weaker
variant of the condition (s− PS) for functionals defined on a circular crown.

Definition 3.40. Let 0 < a < b and let f be a locally Lipschitz map defined on

A = {x ∈ X ; a ≤ ‖x‖ ≤ b
}
. (3.213)

We say that f satisfies the Palais-Smale-type condition (PS)A provided that every
sequence (xn) satisfying

a + δ ≤ ∥∥xn∥∥ ≤ b − δ, for some δ > 0,

sup
n

∣∣ f (xn)∣∣ < +∞,

f 0(xn, v
) ≥ −1

n
‖v‖, for some v ∈ X ,

(3.214)

contains a convergent subsequence.

Lemma 3.41. Let A be as in Definition 3.40 and let f be a locally Lipschitz bounded from
below functional defined on A. Assume that f satisfies (PS)A and f does not have critical
points which are interior points of A.

Then, for every a < r1 < r < r2 < b,

M(r) > min
{
M
(
r1
)
,M

(
r2
)}
. (3.215)
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Proof . Without loss of generality, let us assume that f takes only positive values. Arguing
by contradiction, let r1 < r < r2 be such that inequality (3.215) is not fulfilled. There
exists a sequence (xn) such that ‖xn‖ = r and

f
(
xn
)
< M(r) +

1
n2
. (3.216)

Applying now Ekeland’s variational principle to f restricted to the set

B = {x ∈ X ; r1 ≤ ‖x‖ ≤ r2
}

, (3.217)

we find zn ∈ B such that, for every x ∈ B,

f (x) ≥ f
(
zn
)− 1

n

∥∥x − zn∥∥,

f (zn) ≤ f
(
xn
)− 1

n

∥∥xn − zn∥∥.
(3.218)

Moreover, r1 < ‖zn‖ < r2, for n large enough. Indeed, if it would exist n ≥ 1 such that
‖zn‖ = r1, then

M
(
r1
) ≤ f

(
xn
)− 1

n

∥∥xn − zn∥∥ ≤M(r) +
1
n2
− 1
n

∥∥xn − zn∥∥

≤M(r) +
1
n2
− 1
n

(
r − r1

) ≤M
(
r1
)

+
1
n2
− 1
n

(
r − r1

)
.

(3.219)

It follows that r − r1 ≤ 1/n, which is not possible if n is sufficiently large. Therefore,

sup
n

∣∣ f (zn)∣∣ = sup
n

f
(
zn
) ≤M(r) (3.220)

and, for every v ∈ X ,

f 0(zn, v
) ≥ −1

n
‖v‖. (3.221)

Using now (PS)A, the sequence (zn) contains a subsequence which converges to a
critical point of f belonging to B. This contradicts one of the hypotheses imposed to
f . �

Proof of Proposition 3.39. If M is not increasing, there exists r1 < r2 such that M(r2) ≤
M(r1). On the other hand, by Corollary 3.32 we have

lim
r→∞M(r) = +∞. (3.222)

Choosing now r > r2 so that M(r) ≥M(r1), we find that r1 < r2 < r and

M
(
r2
) ≤M

(
r1
) = min

{
M
(
r1
)
,M(r)

}
, (3.223)

which contradicts Lemma 3.41. So, M is an increasing map.
The continuity at the right of M follows from its upper semicontinuity. �
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There exists a local variant of Proposition 3.39 for locally Lipschitz functionals
defined on the set {x ∈ X ; ‖x‖ ≤ R0}, for some R0 > 0.

Assume f satisfies the condition (s− PS) in the following sense: every sequence (xn)
with the properties

∥∥xn∥∥ ≤ R < R0,

sup
n

∣∣ f (xn)∣∣ < +∞,

f 0(xn, v
) ≥ −1

n
‖v‖, for every v ∈ X , n ≥ 1,

(3.224)

is relatively compact.

Proposition 3.42. Let f be a locally Lipschitz functional defined on ‖x‖ ≤ R0 and satisfying
the condition (s − PS). Assume f (0) = 0, f (x) > 0 provided 0 < ‖x‖ < R0, and assume f
does not have critical point in the set {x ∈ X ; 0 < ‖x‖ < R0}.

Then there exists 0 < r0 ≤ R0 such that M is increasing on [0, r0) and decreasing on
[r0,R0).

Proof . Let (Rn) be an increasing sequence of positive numbers which converges to R0. By
the upper semicontinuity of M restricted to [0,Rn] it follows that there exists rn ∈ (0,Rn]
such that M achieves its maximum in rn. Let r0 ∈ (0,R0] be the limit of the increasing
sequence (rn). Our conclusion now follows from Lemma 3.41. �

3.6. Bibliographical notes

The mountain pass theorem was established by Ambrosetti and Rabinowitz in [14]. Their
original proof relies on some deep deformation techniques developed in the papers of
Palais (see, e.g., [174]). Brezis and Nirenberg provided in [33] a simpler proof which com-
bines two major tools: Ekeland’s variational principle and the pseudo-gradient lemma.
Ekeland’s variational principle is the nonlinear version of the Bishop-Phelps theorem and
it may be also viewed as a generalization of Fermat’s theorem. The case of mountains of
zero altitude (Corollary 10) is due to Pucci and Serrin [179, 180]. Another important
generalization is due to Ghoussoub and Preiss (see Corollary 3.25 in this section).

In the framework of locally Lipschitz functionals, Theorems 3.11, 3.19, and 3.22 are
due to Rădulescu [191]. The relationship between critical points and coerciveness is also
due to Rădulescu [191].



4 Nonsmooth Ljusternik-Schnirelmann
theory

We believe that the human mind is a “meteor” in the same
way as the rainbow—a natural phenomenon; and that
Hilbert realizing the “spectral decomposition” of linear
operators, Perrin analyzing the blue color of the sky,
Monet, Debussy, and Proust recreating, for our wonder, the
scintillation of the light on the see, all worked for the same
aim, which will also be that of the future: the knowledge of
thewhole Universe.

Roger Godement

A great impact in the calculus of variations, in connection with differential equations, is
the work of Ljusternik and Schnirelmann [140], which is a generalization of the min-max
theory of Birkhoff [26]. In 1930, Ljusternik [139] proved that a C1 even function on the
sphere Sn−1 has at least n pairs of critical points. This result is related to the antipodal
theorem of Borsuk [28]. Ljusternik and Schnirelmann [140] introduced important min-
max methods for obtaining multiple critical points of functions defined on manifolds.

In this chapter, we establish two Ljusternik-Schnirelmann-type theorems for non-
smooth functionals defined on real Banach spaces. The first result relies on the notion
of critical point for a pairing of operators, which was introduced by Fucik et.al. [82].
The second theorem is related to locally Lipschitz functionals which are periodic with
respect to a discrete subgroup. Our framework in this case uses the notion of Clarke
subdifferential associated to a locally Lipschitz functional.

4.1. Genus and Ljusternik-Schnirelmann category

One of the most interesting problems related to the extremum problems is how to find
estimates of the eigenvalues and eigenfunctions of a given operator. In this field, the
Ljusternik-Schnirelmann theory plays a very important role. The starting point of this
theory is the eigenvalue problem

Ax = λx, λ ∈ �, x ∈ �n , (4.1)

where A ∈Mn(�) is a symmetric matrix. This problem may be written, equivalently,

F′(x) = λx, λ ∈ �, x ∈ �n , (4.2)
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where

F(x) = 1
2

n∑
i, j=1

ai jxixj , (4.3)

provided that A = (ai j) and x = (x1, . . . , xn).
The eigenvalues of the operator A are, by Courant’s min-max principle,

λk = max
M∈Vk

min
x∈M

〈Ax, x〉
‖x‖2

= 2 max
A∈Vk

min
x∈M

F(x), (4.4)

for 1 ≤ k ≤ n, where Vk denotes the set of all vector subspaces of �n with the dimension
k.

The first result in the Ljusternik-Schnirelmann theory was proved in 1930 and is the
following.

Ljusternik-Schnirelmann theorem. Let f : �n → � be a C1 even functional. Then f ′ has
at least 2n distinct eigenfunctions on the sphere Sn−1.

The ulterior achievements in mathematics showed the significance of this theorem.
We only point out that the variational arguments play at this moment a very strong
instrument in the study of potential operators. Hence it is not a coincidence the detail
that the solutions of such a problem are found by analyzing the extrema of a suitable
functional.

L. Ljusternik and L. Schnirelmann developed their theory using the notion of
Ljusternik-Schnirelmann category of a set. A simpler notion is that of genus, which is due
to Coffman [49], but equivalent to that introduced by M. A. Krasnoselski.

Let X be a real Banach space and denote by F the family of all closed and symmetric
with respect to the origin subsets of X \ {0}.

Definition 4.1. A nonempty subset A of F has the genus k provided k is the least integer
with the property that there exists a continuous odd mapping h : A→ �k \ {0}.

We will denote from now on by γ(A) the genus of the set A ∈ F .
By definition, γ(∅) = 0 and γ(A) = +∞, if γ(A) �= k, for every integer k.

Lemma 4.2. Let D ⊂ �n be a bounded open and symmetric set which contains the origin.
Let f : D → �n be a continuous function which does not vanish on the boundary of D. Then
f (D) contains a neighborhood of the origin.

Proof . By Borsuk’s theorem, the Brouwer degree d[ f ;D, 0] is an odd number, so it is
different from 0. Now, by the existence theorem for the topological degree, it follows that
0 ∈ f (D). Next, the property of continuity of the topological degree implies the existence
of some ε > 0 such that a ∈ f (D), for all a ∈ �n with ‖a‖ < ε. �

Lemma 4.3. Let D be as in Lemma 4.2 and assume that g : ∂D → �n is a continuous odd
function, such that the set g(∂D) is contained in a proper subspace of �n .

Then there exists z ∈ ∂D such that g(z) = 0.
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Proof . We may suppose that g(∂D) ⊂ �n−1 . If g does not vanish on ∂D, then, by Tietze’s
theorem, there exists an extension h of g at the setD. By Lemma 4.2, the set h(D) contains
a neighborhood of the origin in �n , which is not possible, because h(D) ⊂ �n−1 . Thus,
there is some z ∈ ∂D such that g(z) = 0. �

Lemma 4.4. LetA ∈ F a set which is homeomorphic with Sn−1 by an odd homeomorphism.
Then γ(A) = n.

Proof . Obviously, γ(A) ≤ n. If γ(A) = k < n, then there exists h : A → �k \ {0}
continuous and odd. Let f : A → Sn−1 the homeomorphism given in the hypothesis.
Then h ◦ f −1 : Sn−1 → �k \ {0} is continuous and odd, which contradicts Lemma 4.3.
Therefore, γ(A) = n. �

The main properties of the notion of genus of a closed and symmetric set are listed
in what follows.

Lemma 4.5. Let A,B ∈ F .

(i) If there exists f : A→ B continuous and odd then γ(A) ≤ γ(B).
(ii) If A ⊂ B, then γ(A) ≤ γ(B).

(iii) If the sets A and B are homeomorphic, then γ(A) = γ(B).
(iv) γ(A∪ B) ≤ γ(A) + γ(B).
(v) If γ(B) < +∞, then

γ(A)− γ(B) ≤ γ(A \ B). (4.5)

(vi) If A is compact, then γ(A) < +∞.
(vii) If A is compact, then there exists ε > 0 such that

γ
(
Vε(A)

) = γ(A), (4.6)

where

Vε(A) = {x ∈ X ; dist(x,A) ≤ ε
}
. (4.7)

Proof . (i) If γ(B) = n, let h : B → �n \ {0} continuous and odd. Then the mapping
h ◦ f : A→ �n \ {0} is also continuous and odd, that is, γ(A) ≤ n.

If γ(B) = +∞, the result is trivial.
(ii) We choose f = Id in the preceding proof.
(iii) It follows from (i), by interchanging the sets A and B.
(iv) Let γ(A) = m, γ(B) = n and let f : A→ �m \{0}, g : B → �n \{0} be continuous

and odd. By Tietze’s theorem let F : X → �m and G : X → �n be continuous extensions
of f and g . Moreover, let us assume that F and G are odd. If not, we replace the function
F with

x 
 �→ F(x)− F(−x)
2

. (4.8)

Let

h = (F ,G) : A∪ B �→ �
m+n \ {0}. (4.9)
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Clearly, h is continuous and odd, that is γ(A ∪ B) ≤ γ(A) + γ(B).
(v) Follows from (ii), (iv), and the fact that A ⊂ (A \ B)∪ B.
(vi) If x �= 0 and r < ‖x‖, then Br(x)∩ Br(−x) = ∅. So,

γ
(
Br(x)∪ Br(−x)

) = 1. (4.10)

By compactness arguments, we can cover the setAwith a finite number of open balls,
that is γ(A) < +∞.

(vii) Let γ(A) = n and f : A → �n \ {0} be continuous and odd. With the same
arguments as in (iv), let F : X→�n be a continuous and odd extension of f .

Since f does not vanish on the compact set A, there is some ε > 0 such that F does
not vanish in Vε(A). Thus γ(Vε(A)) ≤ n = γ(A).

The reversed inequality follows from (ii). �

We give in what follows the notion of Ljusternik-Schnirelmann category of a set. For
further details and proof we refer to the monograph by Mawhin and Willem [144] and
the pioneering paper by Palais [174].

A topological space X is said to be contractible provided that the identic map is
homotopic with a constant map, that is, there exist u ∈ X and a continuous function
F : [0, 1]× X → X such that, for every x ∈ X ,

F(0, x) = x, F(1, x) = u. (4.11)

A subset M of X is said to be contractible in X is there exist u ∈ X and a continuous
function F : [0, 1]×M → X such that, for every x ∈M,

F(0, x) = x, F(1, x) = u. (4.12)

If A is a subset of X , define the category of A in X , denoted by CatX(A), as follows:

(i) CatX(A) = 0, if A = ∅;
(ii) CatX(A) = n, if n is the smallest integer such that A may be covered with n

closed sets which are contractible in X ;
(iii) CatX(A) = ∞, if contrary.

Lemma 4.6. Let A and B be subsets of X .

(i) If A ⊂ B, then CatX(A) ≤ CatX(B).
(ii) CatX(A∪ B) ≤ CatX(A) + CatX(B).

(iii) Let h : [0, 1] × A → X be a continuous mapping such that h(0, x) = x, for every
x ∈ A.

If A is closed and B = h(1,A), then CatX(A) ≤ CatX(B).

The proof is straightforward and follows from the definition of CatX(A). We refer to
the monograph by Mawhin and Willem [144] for complete details.
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4.2. A finite dimensional version of the Ljusternik-Schnirelmann theorem

The first version of the celebrated Ljusternik-Schnirelmann theorem, published in [140],
was generalized in several directions. We prove in what follows a finite dimensional vari-
ant, by using the notion of genus of a set. Other variants of the Ljusternik-Schnirelmann
theorem may be found in Krasnoselski [126], Palais [174], Rabinowitz [186], Struwe
[214].

Let f , g ∈ C1(�n ,�) and let a > 0 be a fixed real number.

Definition 4.7. We say that the functional f has a critical point with respect to g and a if
there exist x ∈ �n and λ ∈ � such that

f ′(x) = λg′(x),

g(x) = a.
(4.13)

In this case, x is said to be a critical point of f (with respect to the mapping g and
the number a), while f (x) is called a critical value of f .

We say that the real number c is a critical value of f if problem (2.11) admits a
solution x ∈ �n such that f (x) = c.

Lemma 4.8. Let g : �n → � be an even map which is Fréchet differentiable and such that

(1) Ker g = {0},
(2) 〈g′(x), x〉 > 0, for every x �= 0,
(3) lim‖x‖→∞ g(x) = ∞.

Then the sets [g = a] and Sn−1 are homeomorphic.

Proof . Let

h : [ g = a] �→ Sn−1, h(x) = x

‖x‖ . (4.14)

Evidently, h is well defined and continuous. We prove in what follows that h is one-
to-one and onto.

Let y ∈ Sn−1. Consider the mapping

f : [0,∞) �→ �, f (t) = g(ty). (4.15)

Then f is differentiable and, for every t > 0,

f ′(t) = 〈g′(ty), y
〉
> 0. (4.16)

Since f (0) > 0 and limt→∞ f (t) = ∞, it follows that there exists a unique t0 > 0
such that f (t0) = a, that is, g(t0 y) = a. Thus, t0y ∈ [g = a] and h(t0y) = y. Thus, h is
surjective.

Let now x, y ∈ [g = a] be such that h(x) = h(y), that is,

x

‖x‖ =
y

‖y‖ . (4.17)
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If x �= y, then there is some t0 > 0, t �= 1 such that y = t0x.
Consider the mapping

ψ : [0,∞) �→ �, ψ(t) = g(tx). (4.18)

It follows that ψ(1) = ψ(t0). But, for every t > 0,

ψ′(t) = 〈g′(tx), x
〉
> 0, (4.19)

which implies that the equality ψ(1) = ψ(t) is not possible provided t �= 1. We deduce
that x = y, that is, h is one-to-one.

Condition (3) from our hypotheses implies the continuity of h−1. Moreover, h−1 is
odd, because g is even. Thus, h is the desired homeomorphism. �

For every 1 ≤ k ≤ n define the set

Vk =
{
A; A ⊂ [g = a], A compact, symmetric and γ(A) ≥ k

}
. (4.20)

Let F be a vector subspace of �n and of dimension k. If Sk = F ∩ Sn−1, it follows by
Lemma 4.8 that the set A = h−1(Sk) lies in Vk, that is, Vk �= ∅, for every 1 ≤ k ≤ n.
Moreover,

Vn ⊂ Vn−1 ⊂ V1. (4.21)

Theorem 4.9. Let f , g : �n → � be two even functionals of class C1 and a > 0 fixed. Assume
that g satisfies the following assumptions:

(1) Kerg = {0},
(2) 〈g′(x), x〉 > 0, for every x ∈ �n \ {0},
(3) lim‖x‖→∞ g(x) = ∞.

Then f admits at least 2n critical points with respect to the application g and the number a.

Proof . Observe first that the critical points appear in pairs, because of the evenness of the
mappings f and g .

Step 1. Characterization of the critical values of f . Let, for every 1 ≤ k ≤ n,

ck = sup
A∈Vk

min
x∈A

f (x). (4.22)

We propose to show that ck are critical values of f . This is not enough for concluding
the proof, since it is possible that the numbers ck are not distinct.

If c is a real number, let

Ac =
{
x ∈ [g = a]; f (x) ≥ c

}
. (4.23)

We will prove that, for every 1 ≤ k ≤ n,

ck = sup
{
r ∈ �; γ

(
Ar
) ≥ k

}
. (4.24)
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Set

xk = sup
{
r ∈ �; γ

(
Ar
) ≥ k

}
. (4.25)

From γ(Ar) ≥ k it follows that inf{ f (x); x ∈ Ar} ≤ ck, that is, xk ≤ ck.
If xk < ck, then there exists A ∈ Vk such that

ck > inf
x∈A

f (x) = α > xk. (4.26)

Thus, A ⊂ Aα and k ≤ γ(A) ≤ γ(Aα), which contradicts the definition of xk. Conse-
quently, ck = xk.

Using now the fact that, for every ε > 0, it follows that

γ
(
Ack−ε

) ≥ k. (4.27)

Let Kc be the set of critical values of f corresponding to the critical value c. By the
deformation lemma (see [186, Theorem A.4]), if V is a neighborhood of Kc, there exist
ε > 0 and η ∈ C([0, 1]× �n ,�n ) such that, for every fixed t ∈ [0, 1], the mapping

x 
 �→ η(t, x) (4.28)

is odd and

η
(
1,Ac−ε \V

) ⊂ Ac+ε. (4.29)

Now, putting for every x ∈ �n ,

s(x) = η(1, x), (4.30)

we obtain

s
(
Ac−ε \ V

) ⊂ Ac+ε. (4.31)

In particular, if Kc = ∅, then

s
(
Ac−ε

) ⊂ Ac+ε. (4.32)

Step 2. For every 1 ≤ k ≤ n, the number ck is a critical value of f .
Indeed, if not, using the preceding result, there exists ε > 0 such that

s
(
Ack−ε

) ⊂ Ack+ε. (4.33)

From γ(Ack−ε) ≥ k. By Lemma 4.5(ii), it follows that

γ
(
s
(
Ack−ε

)) ≥ k. (4.34)

The definition of ck yields

ck ≥ inf
x∈s(Ack−ε)

f (x). (4.35)

By (4.31) and (4.35), it follows that ck ≥ ck + ε, contradiction.
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Step 3. A multiplicity argument. We study in what follows the case of multiple critical
values. Let us assume that

ck+1 = · · · = ck+p = c, p > 1. (4.36)

In this case, we prove that γ(Kc) ≥ p.
If, by contradiction, γ(Kc) ≤ p−1, then, by Lemma 4.5(vii), there is some ε > 0 such

that

γ
(
Vε
(
Kc
)) ≤ p − 1. (4.37)

Let V = Int Vε(Kc). By (4.31), it follows that

s
(
Ac−ε \ V

) ⊂ Ac+ε. (4.38)

Observe that

B = Ac−ε −Vε(Kc) = Ac−ε \ IntVε
(
Kc
)
. (4.39)

But γ(Ac−ε) ≥ k + p. Using now Lemma 4.5(v), we have

γ(B) ≥ γ
(
Ac−ε

)− γ(Vε
(
Kc
)) ≥ k + 1. (4.40)

By Lemma 4.5(i), it follows that

γ
(
s(B)

) ≥ k + 1. (4.41)

The definition of c = ck+1 shows that

inf
x∈s(B)

f (x) ≤ c. (4.42)

The inclusion s(B) ⊂ Ac+ε implies

inf
x∈s(B)

f (x) ≥ c + ε, (4.43)

which contradicts (4.42). �

4.3. Critical points of locally Lipschitz Z-periodic functionals

Let X be a Banach space and let Z be a discrete subgroup of it. Therefore,

inf
z∈Z\{0}

‖z‖ > 0. (4.44)

Definition 4.10. A function f : X → � is said to be Z-periodic provided that f (x + z) =
f (x), for every x ∈ X and z ∈ Z.

If the locally Lipschitz functional f : X → � is Z-periodic, then, for every v ∈ X , the
mapping x 
→ f 0(x, v) is Z-periodic and ∂ f is Z-periodic, that is, for every x ∈ X and
z ∈ Z,

∂ f (x + z) = ∂ f (x). (4.45)
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Thus, the functional λ inherits the property of Z-periodicity.
If π : X → X/Z is the canonical surjection and x is a critical point of f , then the set

π−1(π(x)) contains only critical points. Such a set is said to be a critical orbit of f . We also
remark that X/Z becomes a complete metric space if it is endowed with the metric

d
(
π(x),π(y)

) = inf
z∈Z
‖x − y − z‖. (4.46)

A locally Lipschitz functional which is Z-periodic f : X → � satisfies the Palais-
Smale (PS)Z condition provided that, for every sequence (xn) in X such that ( f (xn)) is
bounded and λ(xn) → 0, there exists a convergent subsequence of (π(xn)). Equivalently,
this means that, up to a subsequence, there exists zn ∈ Z such that the sequence (xn − zn)
is convergent. If c is a real number, then f satisfies the local condition of type Palais-Smale
(PS)Z,c if, for every sequence (xn) in X such that f (xn) → c and λ(xn) → 0, there exists a
convergent subsequence of (π(xn)).

Theorem 4.11. Let f : X → � be a locally Lipschitz functional which is Z-periodic and
satisfies the assumption (3.34).

If f satisfies the condition (PS)Z,c, then c is a critical value of f , corresponding to a
critical point which is not in π−1(π(p∗(K∗))).

Proof . With the same arguments as in the proof of Theorem 3.11, we find a sequence
(xn) in X such that

lim
n→∞ f (xn) = c, lim

n→∞ λ(xn) = 0. (4.47)

The Palais-Smale condition (PS)Z,c implies the existence of some x such that, up
to a subsequence, π(xn) �→ π(x). Passing now to the equivalence class mod Z, we may
assume that xn → x in X . Moreover, x is a critical point of f , because

f (x) = lim
n→∞ f (xn) = c,

λ(x) ≤ lim inf
n→∞ λ(xn) = 0.

(4.48)

This concludes our proof. �

Lemma 4.12. If n is the dimension of the vector space spanned by the discrete subgroup Z of
X , then, for every 1 ≤ i ≤ n + 1, the set

Ai =
{
A ⊂ X ; A is compact and Catπ(X) π(A) ≥ i

}
(4.49)

is nonempty. Moreover

A1 ⊃A2 ⊃ · · · ⊃An+1. (4.50)

The proof of this result may be found in Mawhin and Willem [144].
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Lemma 4.13. For every 1 ≤ i ≤ n + 1, the set Ai becomes a complete metric space if it is
endowed with the Hausdorff metric

δ(A,B) = max
{

sup
a∈A

dist(a,B), sup
b∈B

dist(b,A)
}
. (4.51)

The proof of this result may be found in Kuratowski [129].

Lemma 4.14. If f : X → � is continuous, then, for every 1 ≤ i ≤ n + 1, the mapping
η : Ai → � defined by

η(A) = max
x∈A

f (x) (4.52)

is lower semicontinuous.

Proof . For any fixed i, let (An) be a sequence in Ai and A ∈Ai such that δ(An,A)→ 0.
For every x ∈ A there exists a sequence (xn) in X such that xn ∈ An and xn → x.

Thus,

f (x) = lim
n→∞ f

(
xn
) ≤ lim inf

n→∞ η(An). (4.53)

Since x ∈ A is arbitrary, it follows that

η(A) ≤ lim inf
n→∞ η(An), (4.54)

which concludes that the mapping η is lower semicontinuous. �

In what follows, f : X → � is a locally Lipschitz functional which is Z-periodic
and satisfies the condition (PS)Z . Moreover, we assume that f is bounded from below.
Let Cr( f , c) be the set of critical points of f having the real number c as corresponding
critical value. Thus,

Cr( f , c) = {x ∈ X ; f (x) = c and λ(x) = 0
}
. (4.55)

If n is the dimension of the vector space spanned by the discrete group Z, then, for
every 1 ≤ i ≤ n + 1, let

ci = inf
A∈Ai

η(A). (4.56)

It follows by Lemma 4.12 and the boundedness from below of f that

−∞ < c1 ≤ c2 ≤ · · · ≤ cn+1 < +∞. (4.57)

The following abstract result is a Ljusternik-Schnirelmann-type theorem for locally
Lipschitz Z-periodic functionals.

Theorem 4.15. Under the above hypotheses, the functional f has at least n + 1 distinct
critical orbits.
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Proof . It is enough to show that if 1 ≤ i ≤ j ≤ n + 1 and ci = c j = c, then the set
Cr( f , c) contains at least j − i + 1 distinct critical orbits. Arguing by contradiction, let
us assume that there exists i ≤ j such that the set Cr( f , c) has k ≤ j − i distinct critical
orbits, generated by x1, . . . , xk. We first choose an open neighborhood of Cr( f , c) defined
by

Vr =
k⋃
l=1

⋃
z∈Z

B
(
xl + z, r

)
. (4.58)

Moreover we may assume that r > 0 is chosen so that π restricted to the set B (xl , 2r)
is one-to-one. This contradiction shows that, for every 1 ≤ l ≤ k,

Catπ(X) π
(
B
(
xl , 2r

)) = 1. (4.59)

In the above arguments, Vr = ∅ if k = 0.

Step 1. We prove that there exists 0 < ε < min{1/4, r} such that, for every x ∈ [c − ε ≤
f ≤ c + ε] \Vr , we have

λ(x) >
√
ε. (4.60)

Indeed, if not, there exists a sequence (xm) in X \Vr such that, for every m ≥ 1,

c − 1
m
≤ f

(
xm
) ≤ c +

1
m

,

λ
(
xm
) ≤ 1√

m
.

(4.61)

Since f satisfies the condition (PS)Z , passing eventually to a subsequence, we can
assume that π(xm)→ π(x), for some x ∈ V \Vr . Moreover, by the Z-periodicity property
of f and λ, we can assume that xm → x. The continuity of f and the lower semicontinuity
of λ imply f (x) = 0 and λ(x) = 0, contradiction, because x ∈ V \Vr .

Step 2. For ε found above and taking into account the definition of c j , there existsA ∈A j

such that

max
x∈A

f (x) < c + ε2. (4.62)

Putting B = A \V2r and applying Lemma 4.6, we find

j ≤ Catπ(X) π(A) ≤ Catπ(X)
(
π(B)∪ (V2r

))

≤ Catπ(X) π(B) + Catπ(X) π
(
V2r

) ≤ Catπ(X) π(B) + k

≤ Catπ(X) π(B) + j − i.
(4.63)

Therefore,

Catπ(X) π(B) ≥ i, (4.64)

that is, B ∈Ai.
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Step 3. For ε and B as above, we apply Ekeland’s variational principle to the functional η
defined in Lemma 4.14. Thus, there exists C ∈Ai such that, for every D ∈Ai, D �= C,

η(C) ≤ η(B) ≤ η(A) ≤ c + ε2,

δ(B,C) ≤ ε,
(4.65)

η(D) > η(C) − εδ(C,D). (4.66)

Since B ∩ V2r = ∅ and δ(B,C) ≤ ε < r, we have C ∩ Vr = ∅. In particular, the set
F = [ f ≥ c − ε] is contained in [c − ε ≤ f ≤ c + ε] and F ∩ Vr = ∅. Applying now
Lemma 3.12 for ϕ = ∂ f defined on F , we find a continuous map v : F → X such that, for
every x ∈ F and x∗ ∈ ∂ f (x),

∥∥v(x)
∥∥ ≤ 1,

〈
x∗, v(x)

〉 ≥ inf
x∈F

λ(x)− ε ≥ inf
x∈C

λ(x) − ε ≥ √ε− ε, (4.67)

the last inequality being justified by relation (4.60). Thus, for every x ∈ F and x∗ ∈
∂ f (x),

f 0(x,−v(x)
) = max

x∗∈∂ f (x)

〈
x∗,−v(x)

〉 = − min
x∗∈∂ f (x)

〈
x∗, v(x)

〉 ≤ ε−√ε < −ε, (4.68)

by the choice of ε.
By the upper semicontinuity of f 0 and the compactness of F there exists δ > 0 such

that, for every x ∈ F , y ∈ X , ‖y − x‖ ≤ δ, we have

f 0(y,−v(x)
)
< −ε. (4.69)

Since C ∩ Cr( f , c) = ∅ and C is compact and Cr( f , c) is closed, there exists a
continuous extension w : X → X of v such that the restriction of w to Cr( f , c) is the
identic map and, for every x ∈ X , ‖w(x)‖ ≤ 1.

Let α : X → [0, 1] be a continuous function which is Z-periodic and such that α = 1
on [ f ≥ c] and α = 0 on [ f ≤ c − ε]. Let h : [0, 1] × X → X be the continuous map
defined by

h(t, x) = x − tδα(x)w(x). (4.70)

If D = h(1,C), it follows by Lemma 4.6 that

Catπ(X) π(D) ≥ Catπ(X) π(C) ≥ i, (4.71)

which shows that D ∈Ai, because D is compact.

Step 4. By Lebourg’s mean value theorem we deduce that for every x ∈ X , there is some
θ ∈ (0, 1) such that

f
(
h(1, x)

) − f
(
h(0, x)

) ∈ 〈∂ f (h(θ, x)
)
,−δα(x)w(x)

〉
. (4.72)

Thus, there exists x∗ ∈ ∂ f (h(θ, x)) such that

f
(
h(1, x)

) − f
(
h(0, x)

) = α(x)
〈
x∗,−δw(x)

〉
. (4.73)
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It follows now by (4.69) that if x ∈ F , then

f
(
h(1, x)

) − f
(
h(0, x)

) = δα(x)
〈
x∗,−w(x)

〉

≤ δα(x) f 0〈x − θδα(x)w(x),−v(x)
〉

≤ −εδα(x).

(4.74)

Thus, for every x ∈ C,

f
(
h(1, x)

) ≤ f (x). (4.75)

Let x0 ∈ C be such that f (h(1, x0)) = η(D). Therefore,

c ≤ f
(
h
(
1, x0

)) ≤ f
(
x0
)
. (4.76)

By the definitions of α and F it follows that α(x0) = 1 and x0 ∈ F . Thus, by (4.74),
we have

f
(
h
(
1, x0

))− f
(
x0
) ≤ −εδ. (4.77)

Hence

η(D) + εδ ≤ f
(
x0
) ≤ η(C). (4.78)

Now, by the definition of D,

δ(C,D) ≤ δ. (4.79)

Thus

η(D) + εδ(C,D) ≤ η(C), (4.80)

that is, by (4.66), we find C = D, which contradicts the relation (4.78). �

4.4. A nonlinear eigenvalue problem arising in earthquake initiation

The main purpose of this section is to consider a nonlinear eigenvalue variational inequal-
ity arising in earthquake initiation and to establish, in the setting of the nonsmooth
Ljusternik-Schnirelmann theory, the existence of infinitely many solutions. The main
novelty in our framework is the presence of the convex cone of functions with nonnega-
tive jump across an internal boundary which is composed of a finite number of bounded
connected arcs.

Under some natural assumptions, we prove the existence of infinitely many solu-
tions, as well as further properties of eigensolutions and eigenvalues. Since the associated
energy functional is included neither in the theory of monotone operators nor in their
Lipschitz perturbations, we employ the notion of lower subdifferential which is origi-
nally due to De Giorgi. Next, we are concerned with the study of the effect of a small
nonsymmetric perturbation and we prove that the number of solutions of the perturbed
problem becomes greater and greater if the perturbation tends to zero with respect to an
appropriate topology.
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Let Ω be a smooth, bounded open set in �N (N ≥ 2) containing a finite number of
cuts. The internal boundary is denoted by Γ and the exterior one by Γd. On Γ we denote
by [ ] the jump across Γ, that is, [w] = w+ − w−, and by ∂n = ∇ · n the corresponding
normal derivative with the unit normal n outwards the positive side. On the contact zone
Γ, we have [∂nw] = 0. Denote by ‖ · ‖ the norm in the space

V = {v ∈ H1(Ω); v = 0 on Γd
}

(4.81)

and by Λ0 : L2(Ω)→ L2(Ω)∗ and Λ1 : V → V∗ the duality isomorphisms defined by

Λ0u(v) =
∫
Ω
uv dx, for any u, v ∈ L2(Ω),

Λ1u(v) =
∫
Ω
∇u · ∇v dx, for any u, v ∈ V.

(4.82)

Consider the Lipschitz map γ = i ◦ η : V → L2(Γ), where η : V → H1/2(Γ) is the
trace operator, η(v) = [v] on Γ and i : H1/2(Γ) → L2(Γ) is the embedding operator. Stan-
dard arguments in the theory of Sobolev spaces imply that the space L2(Γ) is compactly
embedded in V through the operator γ.

We are concerned with the following inequality problem:

find u ∈ K , λ ∈ � such that
∫
Ω
∇u·∇(v − u)dx +

∫
Γ
j′
(
γ(u(x)

)
; γ
(
v(x)

) − γ(u(x)
))
dσ +λ

∫
Ω
u(v − u)dx ≥0

∀v ∈ K ,
(4.83)

where

j : � → �; j(t) = −β
2
t2 (4.84)

and j′(·; ·) stands for the Gâteaux directional derivative.
Due to the homogeneity of (4.83), we can reformulate this problem in terms of a

constrained inequality problem as follows. For any fixed r > 0, set

M =
{
u ∈ V ;

∫
Ω
u2dx = r2

}
. (4.85)

Then M is a smooth manifold in the Hilbert space V . We study the following problem:

find u ∈ K ∩M, λ ∈ � such that
∫
Ω
∇u·∇(v − u)dx+

∫
Γ
j′
(
γ
(
u(x)

)
; γ
(
v(x)

)−γ(u(x)
))
dσ+λ

∫
Ω
u(v − u)dx ≥ 0

∀v ∈ K.
(4.86)

We prove the following multiplicity result.



A nonlinear eigenvalue problem arising in earthquake initiation 103

Theorem 4.16. Problem (4.86) has infinitely many solutions (u, λ) and the set of eigenvalues
{λ} is bounded from above and its infimum equals to−∞. Let λ0 = sup{λ}. Then there exists
u0 such that (u0, λ0) is a solution of (4.86). Moreover the function β 
→ λ0(β) is convex and
the following inequality holds:

∫
Ω
|∇v|2dx + λ0(β)

∫
Ω
v2dx ≥ β

∫
Γ
[v]2dσ ∀v ∈ K. (4.87)

Next, we study the effect of an arbitrary perturbation in problem (4.83). More pre-
cisely, we consider the following inequality problem:

find uε ∈ K , λε ∈ � such that for any v ∈ K
∫
Ω
∇uε · ∇

(
v − uε

)
dx

+
∫
Γ
( j′ + εg′)

(
γ
(
uε(x)

)
; γ
(
v(x)

) − γ(uε(x)
))
dσ

+ λε

∫
Ω
uε
(
v − uε

)
dx ≥ 0,

(4.88)

where ε > 0 and g : � → � is a continuous function with no symmetry hypothesis, but
satisfying the growth assumption

∃a > 0, ∃2 ≤ p ≤ 2(N − 1)
N − 2

such that
∣∣g(t)

∣∣ ≤ a
(
1 + |t|p), if N ≥ 3,

∃a > 0, ∃2 ≤ p < +∞ such that
∣∣g(t)

∣∣ ≤ a
(
1 + |t|p), if N = 2.

(4.89)

We prove that the number of solutions of problem (4.88) becomes greater and greater
if the perturbation “tends” to zero. This is a very natural phenomenon that occurs often
in concrete situations. We illustrate it with the following elementary example: consider
on the real axis the equation sin x = 1/2. This is a “symmetric” problem (due to the peri-
odicity) with infinitely many solutions. Let us now consider an arbitrary nonsymmetric
“small” perturbation of the above equation, say sin x = 1/2 + εx2. This equation has
finitely many solutions, for any ε �= 0. However, the number of solutions of the perturbed
equation tends to infinity if the perturbation (i.e., |ε|) becomes smaller and smaller.

More precisely, the following perturbation result holds.

Theorem 4.17. For every positive integer n, there exists εn > 0 such that problem (4.88) has
at least n distinct solutions (uε, λε) if ε < εn. There exists and is finite λ0ε = sup{λε} and
there exists u0ε such that (u0ε, λ0ε) is a solution of (4.88). Moreover, λ0ε converges to λ0 as ε
tends to 0, where λ0 is defined in Theorem 4.16.

Before giving the proofs of the above results we recall some basic definitions and
properties. We start with the following Sobolev-type inequality (we refer to [110] for a
complete proof).
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Proposition 4.18. Let 2 ≤ α ≤ 2(N−1)/(N −2) if N ≥ 3 and 2 ≤ α < +∞ if N = 2. Then
for β = [(α− 2)N + 2]/(2α) if N ≥ 3 or if N = 2 and α = 2 and for all (α− 1)/α < β < 1 if
N = 2 and α > 2, there exists C = C(β) such that for any u ∈ V ,

(∫
Γ

∣∣[u]
∣∣αdσ

)1/α

≤ C
(∫

Ω
u2dx

)(1−β)/2(∫
Ω
|∇u|2dx

)β/2
. (4.90)

An important role in our arguments in order to locate the solution of problem (4.86)
will be played by the indicator function of M, that is,

IM(u) =
⎧⎪⎨
⎪⎩

0 if u ∈M,

+∞ if u ∈ V \M.
(4.91)

Then IM is lower semicontinuous. However, since the natural energy functional associ-
ated to problem (4.86) is neither smooth nor convex, it is necessary to introduce a more
general concept of gradient.

We use the following notion of lower subdifferential which is due to De Giorgi,
Marino, and Tosques [59]. The following definition agrees with the corresponding
notions of gradient and critical point in the sense of Fréchet (for C1 mappings), Clarke
(for locally Lipschitz functionals) or in the sense of the convex analysis.

Definition 4.19. Let X be a Banach space and let f : X → �∪{+∞} be an arbitrary proper
functional. Let x ∈ D( f ). The gradient of f at x is the (possibly empty) set

∂− f (x) =
{
ξ ∈ X∗; lim inf

y→x
f (y)− f (x) − ξ(y − x)

‖y − x‖ ≥ 0
}
. (4.92)

An element ξ ∈ ∂− f (x) is called a lower subdifferential of f at x.
Accordingly, we say that x ∈ D( f ) is a critical (lower stationary) point of f if 0 ∈

∂− f (x).

Then ∂− f (x) is a convex set. If ∂− f (x) �= ∅ we denote by grad− f (x) the element of
minimal norm of ∂− f (x), that is,

grad− f (x) = min
{‖ξ‖X∗ ; ξ ∈ ∂− f (x)

}
. (4.93)

This notion plays a central role in the statement of our basic compactness condition.

Definition 4.20. Let f : X → � ∪ {+∞} be an arbitrary functional. We say that (xn) ⊂
D( f ) is a Palais-Smale sequence if

sup
n

∣∣ f (xn)∣∣ < +∞, lim
n→∞ grad− f

(
xn
) = 0. (4.94)

The functional f is said to satisfy the Palais-Smale condition provided that any Palais-
Smale sequence is relatively compact.
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Remark 4.21. (i) Definition 4.19 implies that if g : X → � is Fréchet differentiable and
f : X → � ∪ {+∞} is an arbitrary proper function, then

∂−( f + g)(x) = {ξ + g′(x); ξ ∈ ∂− f (x)
}

, (4.95)

for any x ∈ D( f ).
(ii) Similarly, if f : X → � ∪ {+∞} is an arbitrary proper functional and g : X →

� ∪ {+∞} is proper, convex and lower semicontinuous, then

∂−( f + g)(x) = {ξ + g′(x); ξ ∈ ∂− f (x)
}

, (4.96)

for any x ∈ D( f )∩D(g).

As established in [43] by Chobanov, Marino, and Scolozzi,

∂−IM(u) = {λΛ0u; λ ∈ �} ⊂ L2(Ω)∗ ⊂ V∗, for any u ∈M. (4.97)

Let (X ,d) be a metric space. Consider h : X → �∪{+∞} an arbitrary functional and
set, as usually, D(h) := {u ∈ X ; h(u) < +∞}. We recall the following definitions which
are due essentially to De Giorgi (see [59] by De Giorgi, Marino, and Tosques).

Definition 4.22. (i) For u ∈ D(h) and ρ > 0, let hu(ρ) = inf{h(v); d(v,u) < ρ}. Then
the number −D+hu(0) is called the slope of h at u, where D+ denotes the right lower
derivative.

(ii) Let I ⊂ � be an arbitrary nontrivial interval and consider a curve U : I → X . We
say that U is a curve of maximal slope for h if the following properties hold true:

(a) U is continuous,
(b) h ◦U(t) < +∞, for any t ∈ I ,
(c) d(U(t2),U(t1)) ≤ ∫ t2t1 [D+hU(t)(0)]2dt, for any t1, t2 ∈ I , t1 < t2,

(d) h ◦U(t2)− h ◦U(t1) ≤ − ∫ t2t1 [D+hU(t)(0)]2dt, for any t1, t2 ∈ I , t1 < t2.

In what follows, X denotes a metric space, A is a subset of X and i stands for the
inclusion map of A in X .

Definition 4.23. (i) A map r : X → A is said to be a retraction if it is continuous, surjective
and r|A = Id.

(ii) A retraction r is called a strong deformation retraction provided that there exists
a homotopy ζ : X × [0, 1] → X of i ◦ r and IdX which satisfies the additional condition
ζ(x, t) = ζ(x, 0), for any (x, t) ∈ A× [0, 1].

(iii) The metric space X is said to be weakly locally contractible, if for every u ∈ X
there exists a neighborhood U of u contractible in X .

For every a ∈ �, denote

f a = {u ∈ X : f (u) ≤ a
}
, (4.98)

where f : X → � is a continuous function.
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Definition 4.24. (i) Let a, b ∈ � with a ≤ b. The pair ( f b, f a) is said to be trivial provided
that, for every neighborhood [a′, a′′] of a and [b′, b′′] of b, there exists some closed sets
A and B such that f a

′ ⊆ A ⊆ f a
′′
, f b

′ ⊆ B ⊆ f b
′′

and such that A is a strong deformation
retraction of B.

(ii) A real number c is an essential value of f provided that, for every ε > 0 there
exists a, b ∈ (c − ε, c + ε) with a < b such that the pair ( f b, f a) is not trivial.

The following property of essential values is due to Degiovanni and Lancelotti (see
[60, Theorem 2.6]).

Proposition 4.25. Let c be an essential value of f . Then for every ε > 0 there exists δ > 0
such that every continuous function g : X → � with

sup
{∣∣g(u) − f (u)

∣∣ : u ∈ X
}
< δ (4.99)

admits an essential value in (c − ε, c + ε).

For every n ≥ 1, define

Γn =
{
S ⊂ Sr ; S ⊂ F , γ(S) ≥ n

}
, (4.100)

where F is the class of closed symmetric subsets of the sphere Sr of radius r in a certain
Banach space. We recall that γ(S) stands for the Krasnoselski genus of S ∈ Γn, that is, γ(S)
is the smallest k ∈ � ∪ {+∞} for which there exists a continuous and odd map from S
into �k \ {0}.

Define

E = F +G : V �→ � ∪ {+∞}, (4.101)

where

F(u) =
⎧⎪⎨
⎪⎩

1
2

∫
Ω
|∇u|2dx if u ∈ K ,

+∞ if u �∈ K ,

G(u) = −β
2

∫
Γ

[
γ
(
u(x)

)]2
dσ.

(4.102)

Then E + IM is lower semicontinuous.
The following auxiliary result shows that E + IM is the canonical energy functional

associated to problem (4.86).

Proposition 4.26. If (u, λ) is a solution of problem (4.86), then 0 ∈ ∂−(E + IM)(u). Con-
versely, let u be a critical point of E+IM and denote λ = −2E(u)r−2. Then (u, λ) is a solution
of problem (4.86).

Proof . Let (u, λ) be a solution of problem (4.86). So, by the definition of the lower subd-
ifferential,

−λu ∈ ∂−E(u). (4.103)
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On the other hand,

∂−
(
E + IM

)
(u) = ∂−E(u) + ∂−IM(u), for any u ∈ K ∩M. (4.104)

So, by relations (4.97) and (4.103), 0 ∈ ∂−(E + IM)(u).
Conversely, let 0 ∈ ∂−(E + IM)(u). Thus, by (4.97) and (4.104), there exists λ ∈ �

such that (u, λ) is a solution of problem (4.86). If we put v = 0 in (4.86) then we deduce
λr2 ≤ −2E(u) and for v = 2u we get λr2 ≥ −2E(u), that is, λ = −2E(u)r−2. �

The above result reduces our study to finding the critical points of E + IM. In order
to estimate the number of lower stationary points of this functional we will apply a
nonsmooth version of the Ljusternik-Schnirelmann theorem. For this purpose we need
some preliminary results.

We first observe that a direct argument combined with Proposition 4.26 show that
problem (4.86) has at least one solution. Indeed, the associated energy functional is
bounded from below. This follows directly by our basic inequality (4.90) since

(
E + IM

)
(u) ≥ 1

2
‖u‖2 − |β| · ∥∥[u]

∥∥2
L2(Γ) ≥

1
2
‖u‖2 − C‖u‖ ≥ C0, (4.105)

for any u ∈ V . So, by standard minimization arguments based on the compactness of
the embedding i ◦ η : V → L2(Γ) we deduce that there exists a global minimum point
u0 ∈ K ∩M of E + IM . Let λ0 = −2E(u0)/r2. Hence 0 ∈ ∂−(E + IM)(u0) and (u0, λ0)
is a solution of problem (4.86). Since for any eigenvalue λ there exists u ∈ K such that
λ = −2E(u)r−2 we deduce that λ0 = sup{λ}.

The next step in the proof of Theorem 2.3 is the following.

Proposition 4.27. The functional E + IM satisfies the Palais-Smale condition.

Proof . Let (un) be an arbitrary Palais-Smale sequence of E + IM. So, by (4.105), (un) is
bounded in V . Thus, by the Rellich-Kondratchov theorem and passing eventually at a
subsequence,

un u weakly in V , (4.106)

un �→ u strongly in L2(Ω), (4.107)

un �→ u strongly in L2(Γ). (4.108)

In particular, it follows that u ∈ K ∩M.
Using now the second information contained in the statement of the Palais-Smale

condition and applying (4.97), we obtain a sequence (λn) of real numbers such that

lim
n→∞

∥∥E′(un) + λnΛ0un
∥∥
V∗ = 0. (4.109)

On the other hand, by the compact embeddings V ⊂ L2(Ω) and V ⊂ L2(Γ), and using
(4.106)–(4.108) it follows that

E′
(
un) �→ E′(u), Λ1un �→ Λ1u in V∗. (4.110)
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So, by (4.109), the sequence (λn) is bounded. Hence we can assume that, up to a subse-
quence, λn → λ as n→∞. Therefore, 0 ∈ ∂−(E + IM)(u).

From (4.106) we get ‖u‖ ≤ lim infn→∞ ‖un‖, hence it follows that for concluding the
proof it is enough to show that

‖u‖ ≥ lim sup
n→∞

∥∥un∥∥. (4.111)

But, since F is convex,

F(u) ≥ F
(
un
)

+ F′
(
un
)(
u− un

)
. (4.112)

It follows that

E(u) = F(u) + G(u) ≥ lim sup
n→∞

(
F
(
un
)

+ F′
(
un
)(
u− un

)
+ G

(
un
))

= lim sup
n→∞

(
F
(
un
)

+ F′
(
un
)(
u− un

)
+ G

(
un
)

+ G′
(
un
)(
u− un

))

= lim sup
n→∞

(
F
(
un
)

+ F′
(
un
)(
u− un

))
+ lim
n→∞G

(
un
)
.

(4.113)

Using now λn → λ combined with (4.106)–(4.109), relation (4.113) yields

E(u) ≥ lim sup
n→∞

F
(
un
)

+G(u). (4.114)

This inequality implies directly our claim (4.111), so the proof is completed. �

Due to the symmetry of our problem (4.86), we can extend our study to the symmet-
ric cone (−K). More precisely, if (u, λ) is a solution of (4.86) then u0 := −u ∈ (−K)∩M
satisfies

∫
Ω
∇u0 · ∇

(
v − u0

)
dx

+
∫
Γ
j′
(
γ
(
u0(x)

)
; γ
(
v(x)

) − γ(u0(x)
))
dσ

+ λ
∫
Ω
u0
(
v − u0

)
dx ≥ 0, ∀v ∈ (−K).

(4.115)

This means that we can extend the energy functional associated to problem (4.86) to the
symmetric set K̃ := K ∪ (−K). We put, by definition,

Ẽ(u) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

E(u) if u ∈ K ,

E(−u) if u ∈ (−K),

+∞ otherwise.

(4.116)

We are now interested in finding the lower stationary points of the extended energy
functional J := Ẽ + IM.
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We endow the set K̃ ∩M with the graph metric of Ẽ defined by

d(u, v) = ‖u− v‖ +
∣∣Ẽ(u)− Ẽ(v)

∣∣, for any u, v ∈ K̃ ∩M. (4.117)

Denote by χ the metric space (K̃ ∩M,d).
We are now in position to state the basic abstract result that we will apply for con-

cluding the proof of Theorem 4.16. More precisely, we use the following nonsmooth
variant of the Ljusternik-Schnirelmann theory that we reformulate in terms of our energy
functional J .

Theorem 4.28 (Marino and Scolozzi [141]). Assume that J satisfies the following proper-
ties:

(i) J is bounded from below;
(ii) J satisfies the Palais-Smale condition;

(iii) for any lower stationary point u of J there exists a neighborhood of u in χ which is
contractible in χ;

(iv) there exists Θ : (K̃ ∩M)× [0,∞) → K̃ ∩M such that Θ(·, 0) = Id, Θ(u, ·) is a
curve of maximal slope for J (with respect to the usual metric inV) and, moreover,
the mapping Θ : χ × [0,∞)→ χ is continuous.

Then J has at least Catχ(K̃ ∩M) lower stationary points.

Moreover, if Catχ(K̃ ∩M) = +∞, then J does not have a maximum and

sup
{
J(u); u ∈ K̃ ∩M, 0 ∈ ∂−J(u)

} = sup
{
J(u); u ∈ K̃ ∩M}

. (4.118)

We have already proved (i) and (ii). Property (iii) is proved in a more general frame-
work in De Giorgi, Marino, and Tosques [59], while (iv) is deduced in Chobanov, Marino
and Scolozzi [43]. So, using Theorem 4.28, it follows that for concluding the proof of
Theorem 4.16 it remains to prove the following result.

Proposition 4.29. One has

Catχ(K̃ ∩M) = +∞. (4.119)

Proof . Fix ψ ∈ K \ {0} such that ‖ψ‖L2(Ω) > r and let (en)n≥1 ⊂ V be an orthonormal
basis of L2(Ω). Fix arbitrarily an integer n ≥ 1 and denote

M(n) =
{ n∑

i=1

αiei;
n∑
i=1

α2
i = r2

}
. (4.120)

As usually, we denote a+ = max{a, 0} and a− = max{−a, 0}, for any real number a.
Define the mapping ϕ1 : M(n) × [0, 1]→ V \ {0} by

ϕ1(u, t) = (1− t)[(u− ψ)+ − (u + ψ)−
]

+ PK
(
min

{
max(u,−ψ),ψ

})
, (4.121)

where PK denotes the canonical projection onto K . Then

ϕ1(u, 1) ∈ K ,
∥∥ϕ1(u, 1)

∥∥
L2 ≤ ‖u‖L2 ≤ r. (4.122)
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We also define ϕ2 : (K̃ \ {0})× [0, 1)→ K̃ \ {0} by

ϕ2(u, t) = min
[

max
(

1
1− t u,−ψ

)
,ψ
]
. (4.123)

Fix arbitrarily u ∈ ϕ1(M(n), 1). Then

lim
t↗1

∥∥∥∥ϕ2(u, t)
∥∥∥∥
L2
= ‖ψ‖L2 > r. (4.124)

The compactness of ϕ1(M(n), 1) implies that there exists t0 ∈ (0, 1) such that

∥∥ϕ2(u, t)
∥∥
L2 > r ∀t ∈ [t0, 1

)
, ∀u ∈ ϕ1

(
M(n), 1

)
. (4.125)

Let P be the canonical projection of V onto the closed ball of radius r in L2(Ω) centered
at the origin. Define the map Φ : M(n) × [0, 1 + t0]→ V \ {0} by

Φ(u, t) =
⎧⎪⎨
⎪⎩
ϕ1(u, t) if (u, t) ∈M(n) × [0, 1],

P
(
ϕ2
(
ϕ1(u, 1), t − 1

))
if (u, t) ∈M(n) × [0, 1 + t0

]
.

(4.126)

Then Φ(u, 0) = 0 and Φ(u, 1 + t0) ∈M. Since Φ(·, t) is odd and continuous from L2(Ω)
in the L2-topology, it follows by Lemma 4.6 that

n ≤ CatL2

(
M(n)) ≤ CatL2

(
Φ
(
M(n), 1 + t0

)) ≤ CatH1
0

(
Φ
(
M(n), 1 + t0

))
. (4.127)

Since the set Φ(M(n), 1 + t0) is compact in V and the topology of χ is stronger than the
H1

0 -topology, we obtain

n ≤ CatH1
0

(
Φ
(
M(n), 1 + t0

)) ≤ Catχ
(
Φ
(
M(n), 1 + t0

)) ≤ Catχ(K̃ ∩M). (4.128)

This completes the proof of Proposition 4.29. �

Proof of Theorem 4.16 completed. Until now, using Theorem 4.28, we have established
that problem (4.86) admits infinitely many solutions (u, λ). We first observe that the set
of eigenvalues is bounded from above. Indeed, if (u, λ) is a solution of our problem then
choosing v = 0 in (4.86) and using (4.90), it follows that

λr2 ≤ −2‖u‖2 +
β

2
‖u‖2

L2(Γ) ≤ C, (4.129)

where C does not depend on u.
It remains to prove that

inf
{
λ; λ is an eigenvalue of (4.86)

} = −∞. (4.130)

For this purpose, it is sufficient to show that

sup
{
J(u); u ∈ K̃ ∩M} = +∞. (4.131)
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But this follows directly from (4.90) and

sup
u∈K̃∩M

∫
Ω
|∇u|2dx = +∞. (4.132)

In order to prove the last part of the theorem we remark that −λ0, as a function of β, is
the upper bound of a family of affine functions

−λ0(β) = inf
v∈K∩M

1
r2

{∫
Ω
|∇v|2dx − β

∫
Γ
[v]2dσ

}
, (4.133)

hence it is a concave function. Thus, the mapping β 
→ λ0(β) is convex and the proof of
Theorem 4.16 is completed. �

Proof of Theorem 4.17. We will establish the multiplicity result with respect to a prescribed
level of energy. More precisely, let us fix r > 0. Consider the manifold

N =
{
u ∈ V ;

∫
Γ
[u]pdσ = r p

}
, (4.134)

where p is as in (4.89).
We reformulate problem (4.88) as follows:

find uε ∈ K ∩N , λε ∈ � such that for any v ∈ K ,
∫
Ω
∇uε · ∇

(
v − uε

)
dx

+
∫
Γ

(
j′ + εg′

)(
γ
(
uε(x)

)
; γ
(
v(x)

) − γ(uε(x)
))
dσ

+ λε

∫
Ω
uε
(
v − uε

)
dx ≥ 0.

(4.135)

�

We start with the following preliminary result.

Lemma 4.30. There exists a sequence (bn) of essential values of E such that bn → +∞ as
n→ ∞.

Proof . For any n ≥ 1, set an = infS∈Γn supu∈S E(u), where Γn is the family of compact
subsets of K ∩ N of the form φ(Sn−1), with φ : Sn−1 → K ∩ N continuous and odd.
The function E restricted to K ∩ N is continuous, even and bounded from below. So,
by Theorem 2.12 in [60], it is sufficient to prove that an → +∞ as n → ∞. But, by
Proposition 4.27, the functional E restricted to K∩N satisfies the Palais-Smale condition.
So, taking into account Theorem 3.5 in [51] and Theorem 3.9 in [60], we deduce that the
set Ec has finite genus for any c ∈ �. Using now the definition of the genus combined
with the fact that K ∩ N is a weakly locally contractible metric space, we deduce that
an → +∞. This completes our proof. �
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The canonical energy associated to problem (4.135) is the functional J restricted to
K ∩N , where J = E + Φ and Φ is defined by

Φ(u) = ε
∫
Γ
g
(
γ
(
u(x)

))
dσ. (4.136)

A straightforward computation with the same arguments as in the proof of Proposition
4.26 shows that if u is a lower stationary point of J then there exists λ ∈ � such that (u, λ)
is a solution of problem (4.135). In virtue of this result, it is sufficient for concluding the
proof of Theorem 4.17 to show that the functional J has at least n distinct critical values,
provided that ε > 0 is sufficiently small. We first prove that J is a small perturbation of E.
More precisely, we have

Lemma 4.31. For every η>0, there exists δ=δη >0 such that supu∈K∩N |J(u) − E(u)| ≤ η,
provided that ε ≤ δ.

Proof . We have

∣∣J(u) − E(u)
∣∣ = ∣∣Φ(u)

∣∣ ≤ ε
∫
Γ

∣∣g(γ(u(x)
))∣∣dσ. (4.137)

So, by (4.89) and Proposition 4.18,

∣∣J(u) − E(u)
∣∣ ≤ εa

∫
Γ

(
1 +

[
u(x)

]p)
dσ ≤ Cε ≤ η, (4.138)

if ε is sufficiently small.
By Lemma 4.30, there exists a sequence (bn) of essential values of E|K∩N such that

bn → +∞. Without loss of generality we can assume that bi < bj if i < j. Fix an integer n ≥
1 and choose ε0 > 0 such that ε0 < 1/2 min2≤i≤n(bi−bi−1). Applying now Proposition 4.25,
we obtain that for any 1 ≤ j ≤ n, there exists ηj > 0 such that if supK∩N |J(u)−E(u)| < ηj
then J|K∩N has an essential value c j ∈ (bj − ε0, bj + ε0). So, by Lemma 4.31 applied for
η = min{η1, . . . ,ηn}, there exists δn > 0 such that supK∩N |J(u) − E(u)| < η, provided
that ε ≤ δn. This shows that the energy functional J has at least n distinct essential values
c1, . . . , cn in (b1 − ε0, bn + ε0).

The next step consists in showing that c1, . . . , cn are critical values of J|K∩N . Arguing
by contradiction, let us suppose that c j is not a critical value of J|K∩N . We show in what
follows that

(A1) There exists δ̄ > 0 such that J|K∩N has no critical value in (c j − δ̄, c j + δ̄).
(A2) For every a, b ∈ (c j − δ̄, c j + δ̄) with a < b, the pair (Jb|K∩N , Ja|K∩N ) is trivial.

Suppose, by contradiction, that (A1) is no valid. Then there exists a sequence (dk) of
critical values of J|K∩N with dk → c j as k → ∞. Since dk is a critical value, it follows that
there exists uk ∈ K ∩N such that

J
(
uk
) = dk, 0 ∈ ∂−J

(
uk
)
. (4.139)

Using now the fact that J satisfies the Palais-Smale condition at the level c j , it follows that,
up to a subsequence, (uk) converges to some u ∈ K ∩N as k → ∞. So, by the continuity
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of J and the lower semicontinuity of gradJ(·), we obtain J(u) = c j and 0 ∈ ∂−J(u), which
contradicts the initial assumption on c j .

We now prove assertion (A2). For this purpose we apply the noncritical point theo-
rem (see [51, Theorem 2.15]). So, there exists a continuous map χ : (K ∩ N) × [0, 1] →
K ∩N such that

χ(u, 0) = u, J
(
χ(u, t)

) ≤ J(u),

J(u) ≤ b �⇒ J
(
χ(u, 1)

) ≤ a, J(u) ≤ a �⇒ χ(u, t) = u.
(4.140)

Define the map ρ : Jb|K∩N → Ja|K∩N by ρ(u) = χ(u, 1). From (4.140) we obtain that ρ is well
defined and it is a retraction. Set

J : Jb|K∩N × [0, 1] �→ Jb|K∩N , J(u, t) = χ(u, t). (4.141)

The definition of J implies that, for every u ∈ Jb|K∩N ,

J(u, 0) = u, J(u, 1) = ρ(u) (4.142)

and, for any (u, t) ∈ Ja|K∩N × [0, 1],

J(u, t) = J(u, 0). (4.143)

From (4.142) and (4.143) it follows that J is Ja|K∩N -homotopic to the identity of Ja|K∩N ,

that is, J is a strong deformation retraction, so the pair (Jb|K∩N , Ja|K∩N ) is trivial. Assertions
(A1), (A2), and Definition 4.24(ii) show that c j is not an essential value of J|K∩N . This
contradiction concludes our proof. �

4.5. Bibliographical notes

Min-max methods (or the calculus of variations in the large) were introduced by Birkhoff

[26] and later developed by Ljusternik and Schnirelmann [140] in the first half of the
last century. A basic tool to evaluate the size of a set in a topological space is the so-
called Ljusternik-Schnirelmann category. The multiplicity result stated in Theorem 4.15
(a Ljusternik-Schnirelmann type theorem for periodic functionals) is due to Mawhin and
Willem [144] for C1-functionals and to Rădulescu [192] in the locally Lipschitz setting
developed in this section. Theorems 4.16 and 4.17 are due to Rădulescu [196] (see also
Ionescu and Rădulescu [111] for further developments).





5 Multivalued elliptic problems

Inequality is the cause of all local movements.

Leonardo da Vinci

5.1. Introduction

The field of multivalued problems has seen a considerable development in mathematics
and applied sciences in a remarkably short time. This is mainly due to the fact that
the mathematical tools used in the qualitative analysis of inequality problems are very
efficient in the understanding of wide classes of concrete problems arising in applications.

In this chapter, we are concerned with various multivalued elliptic problems in a vari-
ational setting. The theory of variational inequalities appeared in the 1960s in connection
with the notion of subdifferential in the sense of convex analysis. For many details we refer
to the pioneering works by Brezis [29], Ekeland and Temam [77], and Kinderlehrer and
Stampacchia [121]. All the inequality problems treated to the beginning of 1980s were
related to convex energy functionals and therefore strictly connected to monotonicity: for
instance, only monotone (possibly multivalued) boundary conditions and stress-strain
laws could be studied.

Nonconvex inequality problems first appeared in the setting of global analysis and
were related to the subdifferential introduced by De Giorgi, Marino, and Tosques [59].
In the setting of continuum mechanics, P. D. Panagiotopoulos started the study of non-
convex and nonsmooth potentials by using Clarke’s subdifferential for locally Lipschitz
functionals. Due to the lack of convexity, new types of inequality problems, called hemi-
variational inequalities, have been generated. Roughly speaking, mechanical problems
involving nonmonotone stress-strain laws or boundary conditions derived by noncon-
vex superpotentials lead to hemivariational inequalities. We refer to the monographs by
Naniewicz and Panagiotopoulos [164] and Panagiotopoulos [175] for the main aspects
of this theory.

A typical feature of nonconvex problems is that, while in the convex case the station-
ary variational inequalities give rise to minimization problems for the potential or for the
energy, in the nonconvex case the problem of the stationarity of the potential emerges and
therefore it becomes reasonable to expect results also in the line of critical point theory.
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For hemivariational inequalities, the associated energy functional E is typically of the
form E = E0 + E1, where E0 is the principal part satisfying some standard coerciveness
condition and f1 is locally Lipschitz. In such a setting, the main abstract tool is constituted
by the nonsmooth critical point theory for locally Lipschitz functionals.

5.2. A multivalued version of the Brezis-Nirenberg problem

Truth lies neither in the narrow frame of doctrines
nor outside them. Attempt to find it must carry us
beyond all boundaries and dogmatic limitations.

Stelian Mihalaş (1975)

Let Ω be an open bounded set with the boundary sufficiently smooth in �N . Let g be a
measurable function defined on Ω× � and such that

∣∣g(x, t)
∣∣ ≤ C

(
1 + |t|p), a.e. (x, t) ∈ Ω× �, (5.1)

where C is a positive constant and 1 ≤ p < (N + 2)/(N − 2) if N ≥ 3, while 1 ≤ p < ∞ if
N = 1, 2.

Define the functional ψ : Lp+1(Ω)→ � by

ψ(u) =
∫
Ω

∫ u(x)

0
g(x, t)dt dx. (5.2)

We first prove that ψ is a locally Lipschitz map. Indeed the growth condition (5.1)
and Hölder’s inequality yield

∣∣ψ(u)− ψ(v)
∣∣ ≤ C′

(|Ω|p/(p+1) + max
w∈U

‖w‖p/(p+1)
Lp+1(Ω)

) · ‖u− v‖Lp+1(Ω), (5.3)

where U is an open ball containing u and v.
Set

g(x, t) = lim
ε↘0

ess inf
{
g(x, s); |t − s| < ε},

g(x, t) = lim
ε↘0

ess sup
{
g(x, s); |t − s| < ε}. (5.4)

Lemma 5.1. The mappings g and g are measurable.

Proof . Observe that

g(x, t) = lim
ε↘0

ess sup
{
g(x, s); s ∈ [t − ε, t + ε]

}

= lim
n→∞ ess sup

{
g(x, s); s ∈

[
t − 1

n
, t +

1
n

]}
.

(5.5)
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Replacing, locally, the map g by g + M, for M large enough, we may assume that
g ≥ 0. It follows that

g(x, t) = lim
n→∞

∥∥g(x, ·)∥∥L∞([t−1/n,t+1/n])

= lim
n→∞ lim

m→∞
∥∥g(x, ·)∥∥Lm([t−1/n,t+1/n])

= lim
n→∞ lim

m→∞ gm,n(x, t),

(5.6)

where

gm,n(x, t) =
(∫ t+1/n

t−1/n

∣∣g(x, s)
∣∣mds

)1/m

(5.7)

Thus, it is sufficient to prove that if h ∈ L∞loc(Ω× �) and a > 0, then the mapping

k : Ω× � �→ �, k(x, t) =
∫ t+a
t−a

h(x, s)ds (5.8)

is measurable and to apply this result for h(x, s) = |g(x, s)|m and a = 1/n.
Observe that, assuming we have already proved that

Ω× � × � � (x, s, t)
l
 �→ h(x, s + t) (5.9)

is measurable, then the conclusion follows by

k(x, t) =
∫ a

−a
l(x, s, t)ds (5.10)

and Fubini’s theorem applied to the locally integrable function l (the local integrability
follows from its local boundedness). So, it is sufficient to justify the measurability of the
mapping l. In order to do this, it is enough to prove that reciprocal images of Borel sets
(resp., negligible sets) through the function

Ω× � × � � (x, t, s)
ω
 �→ (x, s + t) ∈ Ω× � (5.11)

are Borel sets (resp., negligible). The first condition is, obviously, fulfilled. For the second,
let A be a measurable set of null measure in Ω× �. Consider the map

�
N × � × � � (x, t, s)

η
 �→ (x, s + t, t) ∈ �N × � × �. (5.12)

We observe that η is invertible and of class C1. Moreover,

η
(
ω−1(A)

) ⊂ A× �, (5.13)

which is negligible. So, ω−1(A) which is negligible, too. �

Let G : Ω× � → � be defined by

G(x, t) =
∫ t

0
g(x, s)ds. (5.14)
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Lemma 5.2. Let g be a locally bounded measurable function, defined on Ω× � and g , g as
above.

Then the Clarke subdifferential of G with respect to t is given by

∂tG(x, t) =
[
g(x, t), g(x, t)

]
, a.e. (x, t) ∈ Ω× �. (5.15)

The condition “a.e.” can be removed if, for every x, the mapping t 
→ g(x, t) is measur-
able and locally bounded.

Proof . We show that we have equality on the set

{
(x, t) ∈ Ω× �; g(x, ·) is locally bounded and measurable

}
. (5.16)

In order to prove our result, it is enough to consider mappings g which do not depend
on x. For this aim the equality that we have to prove is equivalent to

G0(t; 1) = g(t), G0(t;−1) = g(t). (5.17)

Examining the definitions of G0, g , and g , it follows that

g(t) = −(−g )(t), G0(t,−1) = −(−G)0(t, 1). (5.18)

So, the second equality appearing in (5.17) is equivalent to the first one.
The inequality G0(t, 1) ≤ g(t) is proved in Chang [41]. For the reversed inequality,

we assume by contradiction that there exists ε > 0 such that

G0(t, 1) = g(t)− ε. (5.19)

Let δ > 0 be such that

G(τ + λ)−G(τ)
λ

< g(t)− ε
2

, (5.20)

if 0 < |τ − t| < δ and 0 < λ < δ. Then

1
λ

∫ τ+λ

τ
g(s)ds < g(t)− ε

2
, if |τ − t| < δ, λ > 0. (5.21)

We now justify the existence of some λn ↘ 0 such that

1
λn

∫ τ+λn

τ
g(s)ds �→ g(τ), a.e. τ ∈ (t − δ, t + δ). (5.22)

Assume, for the moment, that (5.22) has already been proved. Then, by relations
(5.21) and (5.22) it follows that for every τ ∈ (t − δ, t + δ),

g(τ) ≤ g(t)− ε
2
. (5.23)

Thus we get the contradiction

g(t) ≤ ess sup
{
g(s); s ∈ [t − δ, t + δ]

} ≤ g(t)− ε

2
. (5.24)
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For concluding the proof it is sufficient to prove (5.22). Observe that we can “cut off”
the mapping g , in order to have g ∈ L∞ ∩L1. Then (5.22) is nothing else that the classical
result

Tλ �→ IdL1(�), if λ ↘ 0 (5.25)

in L
(
L1(�)), where

Tλu(t) = 1
λ

∫ t+λ

t
u(s)ds, (5.26)

for λ > 0, t ∈ �, u ∈ L1(�).
Indeed, we observe easily that Tλ is linear and continuous in in L1(�) and that

lim
λ↘0

Tλu = u in D(�), (5.27)

for u ∈D(�). The relation (5.25) follows now by a density argument. �

Returning to our problem, it follows by [41, Theorem 2.1] by Chang that

∂ψ|H1
0 (Ω)(u) ⊂ ∂ψ(u). (5.28)

For obtaining further information concerning ∂ψ, we need the following refinement
of Theorem 2.1 in [41].

Theorem 5.3. If u ∈ Lp+1(Ω) then

∂ψ(u)(x) ⊂ [g(x,u(x)
)
, g
(
x,u(x)

)]
, a.e. x ∈ Ω, (5.29)

in the sense that if w ∈ ∂ψ(u), then

g
(
x,u(x)

) ≤ w(x) ≤ g
(
x,u(x)

)
, a.e. x ∈ Ω. (5.30)

Proof . Let h be a Borel function such that h = g a.e. in Ω× �. Then

A = Ω \ {x ∈ Ω; h(x, t) = g(x, t) a.e. t ∈ �} (5.31)

is a negligible set. Thus

B = {x ∈ Ω; there exists t ∈ � such that g(x, t) �= h(x, t)
}

(5.32)

is a negligible set. A similar reasoning may be done for g and h.
It follows that we can assume g is a Borel function.

Lemma 5.4. Let g : Ω × � → � be a locally bounded Borel function. Then g is a Borel
function.

Proof of Lemma 5.4. Since the restriction is local, we may assume that g is nonnegative
and bounded by 1. Since

g = lim
n→∞ lim

m→∞ gm,n, (5.33)
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where

gm,n(x, t) =
(∫ t+1/n

t−1/n

∣∣gm(x, s)
∣∣ds

)1/m

, (5.34)

it is enough to show that gm,n is a Borel function. �

Set

M = {g : Ω× � �→ �; |g| ≤ 1, g is borelian
}
,

N = {g ∈M; gm,n is borelian
}
.

(5.35)

Evidently, N ⊂ M. By a classical result from measure theory (see Berberian [24,
page 178]) and the Lebesgue dominated convergence theorem, we deduce that M ⊂ N .
Consequently, M = N . �

Proof of Theorem 5.3 continued. Let v ∈ L∞(Ω). There exist the sequences λi ↘ 0 and
hi → 0 in Lp+1(Ω) such that

ψ0(u, v) = lim
i→∞

1
λi

∫
Ω

∫ u(x)+hi(x)+λiv(x)

u(x)+hi(x)
g(x, s)ds dx. (5.36)

We may assume that hi → 0 a.e. So

ψ0(u, v) = lim
i→∞

1
λi

∫
[v>0]

∫ u(x)+hi(x)+λiv(x)

u(x)+hi(x)
g(x, s)ds dx

≤
∫

[v>0]

(
lim sup
i→∞

1
λi

∫ u(x)+hi(x)+λiv(x)

u(x)+hi(x)
g(x, s)ds

)
dx

≤
∫

[v>0]
g
(
x,u(x)

)
v(x)dx.

(5.37)

So, for every v ∈ L∞(Ω),

ψ0(u, v) ≤
∫

[v>0]
g
(
x,u(x)

)
v(x)dx. (5.38)

Let us now assume that (5.30) is not true. So, there exist ε > 0, a set E with |E| > 0,
and w ∈ ∂ψ(u) such that for every x ∈ E,

w(x) ≥ g
(
x,u(x)

)
+ ε. (5.39)

Putting v = χE in (5.38) it follows that

〈w, v〉 =
∫
E
w ≤ ψ0(u, v) ≤

∫
E
g
(
x,u(x)

)
dx, (5.40)

which contradicts (5.39). �

We assume in what follows that

g(x, 0) = 0, lim
ε↘0

ess sup
{∣∣∣∣g(x, t)

t

∣∣∣∣; (x, t) ∈ Ω× [−ε, ε]
}
< λ1, (5.41)



A multivalued version of the Brezis-Nirenberg problem 121

where λ1 is the first eigenvalue of the operator (−Δ) in H1
0 (Ω). Furthermore, we assume

that the following “technical” condition is fulfilled: there exist μ > 2 and r ≥ 0 such that

μG(x, t) ≤
⎧⎪⎨
⎪⎩
tg(x, t), a.e. x ∈ Ω, t ≥ r

tg(x, t), a.e. x ∈ Ω, t ≤ −r
g(x, t) ≥ 1 a.e. x ∈ Ω, t ≥ r. (5.42)

It follows from (5.1) and (5.41) that there exist some constants 0 < C1 < λ1 and
C2 > 0 such that

∣∣g(x, t)
∣∣ ≤ C1|t| + C2|t|p, a.e. (x, t) ∈ Ω× �. (5.43)

Theorem 5.5. Let α = λ1/(λ1 − C1) > 1 and let a ∈ L∞(Ω) be such that the operator
−Δ+αa is coercive. Assume, further, that the conditions (5.1), (5.41), and (5.42) are fulfilled.

Then the multivalued elliptic problem

−Δu(x) + a(x)u(x) ∈
[
g
(
x,u(x)

)
, g
(
x,u(x)

)]
, a.e. x ∈ Ω (5.44)

has a solution in H1
0 (Ω) ∩W2,q(Ω) \ {0}, where q is the conjugated exponent of p + 1.

Remark 5.6. The technical condition imposed to a is automatically fulfilled if a ≥ 0 or,
more generally, if ‖a−‖L∞(Ω) < λ1α−1.

Proof . Consider in the space H1
0 (Ω) the locally Lipschitz functional

ϕ(u) = 1
2
‖∇u‖2

L2(Ω) +
1
2

∫
Ω
a(x)u2(x)dx − ψ(u). (5.45)

In order to prove the theorem, it is enough to show that ϕ has a critical point u0 ∈ H1
0 (Ω)

corresponding to a positive critical value. Indeed, we first observe that

∂ϕ(u) = −Δu+ a(x)u− ∂ψ|H1
0 (Ω)(u), in H−1(Ω). (5.46)

If u0 is a critical point of ϕ, it follows that there exists w ∈ ∂ψ|H1
0 (Ω)(u0) such that

−Δu0 + a(x)u0 = w, in H−1(Ω). (5.47)

But w ∈ Lq(Ω). By a standard regularity result for elliptic equations, we deduce that
u0 ∈W2,q(Ω) and that u0 is a solution of (5.44).

In order to prove that ϕ has such a critical point we apply Corollary 3.14. More
precisely, we prove that ϕ satisfies the Palais-Smale condition, as well as the following
“geometric” hypotheses:

ϕ(0) = 0 and there exists v ∈ H1
0 (Ω) \ {0} such that ϕ(v) ≤ 0; (5.48)

there exists c > 0 and 0 < R < ‖v‖ such that ϕ ≥ c on ∂B(0,R). (5.49)



122 Multivalued elliptic problems

Verification of (5.48). Evidently, ϕ(0) = 0. For the other assertion appearing in (5.48) we
need

Lemma 5.7. There exist positive constants C1 and C2 such that

g(x, t) ≥ C1tμ−1 − C2, a.e. (x, t) ∈ Ω× [r,∞). (5.50)

Proof of Lemma 5.7. We show that

g ≤ g ≤ g , a.e. in Ω× [r,∞). (5.51)

Assume for the moment that the relation (5.51) was proved. Then, by (5.42),

μG(x, t) ≤ tg(x, t), a.e. (x, t) ∈ Ω× �, (5.52)

where

G(x, t) =
∫ t

0
g(x, s)ds. (5.53)

Consequently, it is sufficient to prove (5.50) for g instead of g . �

Since g(x, ·) ∈ L∞loc(�), it follows that G(x, ·) ∈ W1,∞
loc (�), provided C > 0 is suffi-

ciently large so that

μG(x, t) ≤ C + tg(x, t), a.e. (x, t) ∈ Ω× [0,∞). (5.54)

We observe that (5.54) shows that the mapping

(0, +∞) � t 
 �→ G(x, t)
tμ

− C
μtμ

(5.55)

is increasing. So, there exist R large enough and positive constants K1,K2 such that

G(x, t) ≥ K1tμ − K2, a.e. (x, t) ∈ Ω× [R, +∞). (5.56)

Relation (5.50) follows now from the above inequality and from (5.52).
For proving the second inequality appearing in (5.51), we observe that

g = lim
n→∞ gn in L∞loc(Ω), (5.57)

where

gn(x, t) = ess sup
{
g(x, s); |t − s| ≤ 1

n

}
. (5.58)

For fixed x ∈ Ω, it is sufficient to show that for every interval I = [a, b] ⊂ � we have
∫
I
g(x, t)dt ≥

∫
I
g(x, t)dt (5.59)

and to use then a standard argument from measure theory.
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Taking into account (5.57), it is enough to show that

lim inf
n→∞

∫
I
gn(x, t)dt ≥

∫
I
g(x, t)dt. (5.60)

We have

∫
I
gn(x, t)dt =

∫
I

ess sup
{
g(x, s); s ∈

[
t − 1

n
, t +

1
n

]}

≥
∫
I

n

2

∫ t+1/n

t−1/n
g(x, s)ds = (Fubini)

∫ b+1/n

a−1/n

n

2

∫ t2(s)

t1(s)
g(x, s)dt ds

=
∫ b+1/n

a−1/n

n

2

(
t2(s)− t1(s)

)
g(x, s)ds

=
∫ b
a
g(x, s)ds +

n
2

∫ b+1/n

a−1/n

(
s− 1

n
− a

)
g(x, s)ds

+
n
2

∫ b+1/n

b−1/n

(
b − s− 1

n

)
g(x, s)ds �→

∫ b
a
g(x, s)ds.

(5.61)

We have chosen n such that 2/n ≤ b − a, and

t1(s) =

⎧⎪⎪⎨
⎪⎪⎩
a if a− 1

n
≤ s ≤ a +

1
n

,

s− 1
n

if a +
1
n
≤ s ≤ b +

1
n

,

t2(s) =

⎧⎪⎪⎨
⎪⎪⎩
s +

1
n

if a− 1
n
≤ s ≤ b− 1

n
,

b if b − 1
n
≤ s ≤ b +

1
n
.

(5.62)

This concludes our proof. �

Proof of Theorem 5.5 continued. If e1 > 0 denotes the first eigenfunction of the operator
−Δ in H1

0 (Ω), then, for t large enough,

ϕ
(
te1
) ≤ λ1t2

2

∥∥e1
∥∥2
L2(Ω) +

t2

2

∫
Ω
ae2

1 − ψ
(
te1
)

≤
(
λ1

2

∥∥e1
∥∥2
L2(Ω) +

∫
Ω
ae2

1

)
t2 + C2t

∫
Ω
e1 − C′1tμ

∫
Ω
e
μ
1 < 0.

(5.63)

So, in order to obtain (5.48), it is enough to choose v = te1, for t found above.

Verification of (5.49). Applying Poincaré’s inequality, the Sobolev embedding theorem
and (5.43), we deduce that for every u ∈ H1

0 (Ω),

ψ(u) ≤ C1

2

∫
Ω
u2 +

C2

p + 1

∫
Ω
|u|p+1 ≤ C1

2λ1
‖∇u‖2

L2(Ω) + C′‖∇u‖p+1
L2(Ω). (5.64)
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Hence

ϕ(u) ≥ 1
2

(
1− C1

λ1

)
‖∇u‖2

L2(Ω) +
1
2

∫
Ω
au2 − C′‖∇u‖p+1

L2(Ω)

≥ 1
2

(
1− C1

λ1
− 1
α + ε

)
‖∇u‖2

L2(Ω) − C′‖∇u‖p+1
L2(Ω) ≥ C > 0,

(5.65)

for ε > 0 sufficiently small, if ‖∇u‖L2(Ω) = R is close to 0.

Verification of the Palais-Smale condition. Let (uk) be a sequence in H1
0 (Ω) such that

ϕ
(
uk
)

is bounded,

lim
k→∞

λ
(
uk
) = 0.

(5.66)

The definition of λ and (5.28) imply the existence of a sequence (wk) such that

wk ∈ ∂ψ|H1
0 (Ω) ⊂ Lq(Ω),

−Δuk + a(x)uk − wk �→ 0 in H−1(Ω).
(5.67)

Since, by (5.1), the mapping G is locally bounded with respect to the variable t and
uniformly with respect to x, the hypothesis (5.42) yields

μG
(
x,u(x)

) ≤
⎧⎪⎨
⎪⎩
u(x)g

(
x,u(x)

)
+ C, a.e. in [u ≥ 0],

u(x)g
(
x,u(x)

)
+ C, a.e. in [u ≤ 0],

(5.68)

where u is a measurable function defined on Ω, while C is a positive constant not depend-
ing on u. It follows that, for every u ∈ H1

0 (Ω),

ψ(u) =
∫

[u≥0]
G
(
x,u(x)

)
dx +

∫
[u≤0]

G
(
x,u(x)

)
dx

≤ 1
μ

∫
[u≥0]

u(x)g
(
x,u(x)

)
dx +

1
μ

∫
[u≤0]

u(x)g
(
x,u(x)

)
dx + C|Ω|.

(5.69)

This inequality and (5.30) show that, for every u ∈ H1
0 (Ω) and w ∈ ∂ψ(u),

ψ(u) ≤ 1
μ

∫
Ω
u(x)w(x)dx + C′. (5.70)
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We first prove that the sequence (uk) contains a subsequence which is weakly conver-
gent in H1

0 (Ω). Indeed,

ϕ
(
uk
) = 1

2

∫
Ω

∣∣∇uk∣∣2
+

1
2

∫
Ω
au2

k − ψ
(
uk
)

=
(

1
2
− 1
μ

)∫
Ω

(∣∣∇uk∣∣2
+au2

k

)
+

1
μ

〈−Δuk+auk−wk,uk
〉

+
1
μ

〈
wk,uk

〉−ψ(uk)

≥
(

1
2
− 1
μ

)∫
Ω

(∣∣∇uk∣∣2
+ au2

k

)
+

1
μ

〈− Δuk + auk − wk,uk
〉− C′

≥ C′′
∫
Ω

∣∣∇uk∣∣2 − 1
μ
o(1)

√∫
Ω

∣∣∇uk∣∣2 − C′.
(5.71)

This implies that the sequence (uk) is bounded in H1
0 (Ω). So, up to a subsequence,

(uk) is weakly convergent to u ∈ H1
0 (Ω). Since the embedding H1

0 (Ω) ⊂ Lp+1(Ω) is
compact it follows that, up to a subsequence, (uk) is strongly convergent in Lp+1(Ω).
We remark that (uk) is bounded in Lq(Ω). Since ψ is Lipschitz on the bounded subsets of
Lp+1(Ω), it follows that (wk) is bounded in Lq(Ω). From

∥∥∇uk∥∥2
L2(Ω) =

∫
Ω
∇uk∇u−

∫
Ω
auk

(
uk − u

)

+
∫
Ω
wk
(
uk − u

)
+
〈− Δuk + auk − wk,uk − u

〉
H−1,H1

0 (Ω),

(5.72)

it follows that

∥∥∇uk∥∥L2(Ω) �→ ‖∇u‖L2(Ω). (5.73)

Since H1
0 (Ω) is a Hilbert space and

uk u,
∥∥uk∥∥H1

0 (Ω) �→ ‖u‖H1
0 (Ω), (5.74)

we deduce that (uk) converges to u in H1
0 (Ω). �

The method developed in the above proof shows that the result remains valid if the
problem is affected by a perturbation which is small with respect to a certain topology.
More precisely, the following stronger variant of Theorem 5.5 is true.

Theorem 5.8. Under the same hypotheses as in Theorem 5.5, let b ∈ Lq(Ω) such that there
exists δ > 0 so that

‖b‖L∞(Ω) < δ. (5.75)

Then the problem

−Δu(x) + a(x)u(x) + b(x) ∈ [g(x,u(x)
)
, g
(
x,u(x)

)]
, a.e. x ∈ Ω (5.76)

has a solution.
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Proof . Define

ϕ(u) = 1
2
‖∇u‖2

L2(Ω) +
1
2

∫
Ω
au2 +

∫
Ω
bu−

∫
Ω

∫ u(x)

0
g(x, t)dt dx. (5.77)

We have seen that if b = 0, then the problem (5.76) has a solution. For ‖b‖L∞(Ω)

sufficiently small, the verification of the Palais-Smale condition and of the geometric
hypotheses (5.48) and (5.81) follows the same lines as in the proof of Theorem 5.5. �

5.3. The multivalued forced pendulum problem

Mawhin and Willem have studied in [143] a variational problem for periodic solutions
of the forced pendulum equation. Their framework is related to a v-periodic energy
functional ϕ defined on the Hilbert space H1 of absolutely continuous functions x :
[0, 1] → �, where v ∈ H1 \ {0} is a constant function. They show that ϕ satisfies an
appropriate Palais-Smale condition and that ϕ has a strict local minimum (actually an
absolute minimum) at the origin and hence at each point kv, where k is an arbitrary
integer. A direct consequence of the mountain pass theorem is that ϕ must have another
critical point x0 ∈ H1 \ {kv; k ∈ �}. This critical point (which is a solution of the forced
pendulum problem) is not a local minimum and satisfies ϕ(x0) > ϕ(0). Our purpose
in this section is to extend the results of J. Mawhin and M. Willem in a multivalued
formulation.

Consider the multivalued pendulum problem

x′′ + f ∈ [g(x), g(x)
]
,

x(0) = x(1),
(5.78)

where

f ∈ Lp(0, 1), for some p > 1, (5.79)

g ∈ L∞(�) and there exists T > 0 such that g(x + T) = g(x), a.e. x ∈ �, (5.80)

∫ T
0
g(t)dt =

∫ 1

0
f (t)dt = 0. (5.81)

The main result of this section is the following existence property for the multivalued
forced pendulum problem.

Theorem 5.9. If f and g are as above then problem (5.78) has at least two solutions in the
space

X := H1
p(0, 1) = {x ∈ H1(0, 1); x(0) = x(1)

}
. (5.82)

Moreover, these solutions are distinct, in the sense that their difference is not an integer
multiple of T.
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Proof . As in the proof of Theorem 5.5, the critical points of the functional ϕ : X → �

defined by

ϕ(x) = −1
2

∫ 1

0
x′2 +

∫ 1

0
f x −

∫ 1

0
G(x) (5.83)

are solutions of the problem (5.78). The details of the proof are, essentially, the same as
above.

Since ϕ(x+T) = ϕ(x), we may apply Theorem 4.15. All we have to do is to prove that
ϕ verifies the condition (PS)Z,c, for any c.

In order to do this, let (xn) be a sequence in X such that

lim
n→∞ϕ

(
xn
) = c, (5.84)

lim
n→∞ λ

(
xn
) = 0. (5.85)

Let

wn ∈ ∂ϕ
(
xn
) ⊂ L∞(0, 1) (5.86)

be such that

λ
(
xn
) = x′′n + f −wn �→ 0 in H−1(0, 1). (5.87)

Observe that the last inclusion appearing in (5.86) is justified by the fact that

g ◦ xn ≤ wn ≤ g ◦ xn, (5.88)

and g , g ∈ L∞(�).
By (5.85), after multiplication with xn it follows that

∫ 1

0

(
x′n
)2 −

∫ 1

0
f xn +

∫ 1

0
wnxn = o(1)

∥∥xn∥∥H1
p
. (5.89)

Then, by (5.84),

−1
2

∫ 1

0

(
x′n
)2

+
∫ 1

0
f xn −

∫ 1

0
G
(
xn
)
�→ c. (5.90)

So, there exist positive constants C1 and C2 such that

∫ 1

0

(
x′n
)2 ≤ C1 + C2

∥∥xn∥∥H1
p
. (5.91)

We observe that G is also T-periodic, so it is bounded.
For every n, replacing xn with xn + knT for a convenable integer kn, we can assume

that

xn(0) ∈ [0,T]. (5.92)

We have obtained that the sequence (xn) is bounded in H1
p(0, 1).
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Let x ∈ H1
p(0, 1) be such that, up to a subsequence,

xn x, xn(0) �→ x(0). (5.93)

Thus
∫ 1

0

(
x′n
)2=〈−x′′n − f +wn, xn−x

〉
+
∫ 1

0
wn
(
xn−x

)−
∫ 1

0
f
(
xn−x

)
+
∫ 1

0
x′nx

′ �→
∫ 1

0
x′2,

(5.94)

since xn → x in Lp
′
, where p′ is the conjugated exponent of p.

It follows that xn → x in H1
p, so the Palais-Smale condition (PS)Z,c is fulfilled. �

5.4. Multivalued Landesman-Lazer problems with resonance

In [131], Landesman and Lazer studied for the first time problems with resonance and
they found sufficient conditions for the existence of a solution. We first recall the main
definitions, in the framework of the singlevalued problems.

Let Ω be an open bounded open set in �N , and let f : � → � be a C1 map. We
consider the problem

−Δu = f (u), in Ω u ∈ H1
0 (Ω). (5.95)

To obtain information on the existence of solutions, as well as estimates on the num-
ber of solutions, it is necessary to have further information on f . In fact, the solutions of
(5.95) depend in an essential manner on the asymptotic behaviour of f . Let us assume,
for example, that f is asymptotic linear, that is f (t)/t has a finite limit as |t| → ∞. Let

a = lim
|t|→∞

f (t)
t
. (5.96)

We write

f (t) = at − g(t), (5.97)

where

lim
|t|→∞

g(t)
t
= 0. (5.98)

Let 0 < λ1 < λ2 ≤ · · · ≤ λn ≤ · · · be the eigenvalues of the operator (−Δ) inH1
0 (Ω). The

problem (5.95) is said to be with resonance at infinity if the number a defined in relation
(5.96) is one of the eigenvalues λk of the linear operator (−Δ). With respect to the growth
of g at infinity there are several “degrees” of resonance. If g has a “smaller” rate of increase
at infinity, then its resonance is “stronger.”

There are several situations:

(a) limt→±∞ g(t) = 
± ∈ � and (
+, 
−) �= (0, 0);
(b) lim|t|→∞ g(t) = 0 and lim|t|→∞

∫ t
0 g(s)ds = ±∞;

(c) lim|t|→∞ g(t) = 0 and lim|t|→∞
∫ t

0 g(s)ds = β ∈ �.

The case (c) is called as the case of a strong resonance.
For a treatment of these cases, we refer to [4, 12, 13, 21, 53, 103].



Multivalued Landesman-Lazer problems with resonance 129

5.4.1. Inequality problems with strong resonance

Consider the following multivalued variant of the Landesman-Lazer problem.

−Δu(x)− λ1u(x) ∈ [ f (u(x)
)
, f
(
u(x)

)
a.e. x ∈ Ω,

u ∈ H1
0 (Ω) \ {0},

(5.99)

where

(i) Ω ⊂ �N is an open bounded set with sufficiently smooth boundary;
(ii) λ1 (resp., e1) is the first eigenvalue (resp., eigenfunction) of the operator (−Δ)

in H1
0 (Ω);

(iii) f ∈ L∞(�);
(iv) f (t) = limε↘0 ess inf{ f (s); |t− s| < ε}, f (t) = limε↘0 ess sup{ f (s); |t− s| < ε}.

Consider in H1
0 (Ω) the functional ϕ(u) = ϕ1(u) − ϕ2(u), where

ϕ1(u) = 1
2

∫
Ω

(|∇u|2 − λ1u2), ϕ2(u) =
∫
Ω
F(u). (5.100)

Observe first that ϕ is locally Lipschitz in H1
0 (Ω). Indeed, it is enough to show that ϕ2 is

locally Lipschitz in H1
0 (Ω), which follows from

∣∣ϕ1(u)− ϕ2(u)
∣∣ =

∣∣∣∣
∫
Ω

(∫ v(x)

u(x)
f (t)dt

)
dx
∣∣∣∣

≤ ‖ f ‖L∞ · ‖u− v‖L1 ≤ C1‖u− v‖L2 ≤ C2‖u− v‖H1
0
.

(5.101)

We will study problem (5.99) under the hypothesis

f (+∞) := lim
t→+∞ f (t) = 0, F(+∞) := lim

t→+∞F(t) = 0. (5.102)

Thus, by [131, 21], problem (5.99) becomes a Landesman-Lazer-type problem, with
strong resonance at +∞.

As an application of Corollary 3.17 we will prove the following sufficient condition
for the existence of a solution to our problem.

Theorem 5.10. Assume that f satisfies the condition (5.99), as well as

−∞ ≤ F(−∞) ≤ 0. (5.103)

If F(−∞) is finite, we assume further that

there exists η > 0 such that F is nonnegative on (0,η) or (−η, 0). (5.104)

Under these hypotheses, problem (5.99) has at least one solution.

We will make use in the proof of the following auxiliary results.
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Lemma 5.11. Assume that f ∈ L∞(�) and there exists F(±∞) ∈ �. Moreover, assume that

(i) f (+∞) = 0 if F(+∞) is finite,
(ii) f (−∞) = 0 if F(−∞) is finite.

Under these hypotheses, one has

� ⊂ {α|Ω|; α = −F(±∞)
} ⊂ {c ∈ �; ϕ satisfies (PS)c

}
. (5.105)

Lemma 5.12. Assume that f satisfies condition (5.102). Then ϕ satisfies the Palais-Smale
condition (PS)c, for every c �= 0 such that c < −F(−∞) · |Ω|.

Assume, for the moment, that these results have been proved.

Proof of Theorem 5.10. There are two distinct situations.

Case 1 (F(−∞)). Is finite, that is, −∞ < F(−∞) ≤ 0. In this case, ϕ is bounded from
below, because

ϕ(u) = 1
2

∫
Ω

(|∇u|2 − λ1u2)−
∫
Ω
F(u) ≥ −

∫
Ω
F(u) (5.106)

and, in virtue of the hypothesis on F(−∞),

sup
u∈H1

0 (Ω)

∫
Ω
F(u) < +∞. (5.107)

Hence

−∞ < a := inf
H1

0 (Ω)
ϕ ≤ 0 = ϕ(0). (5.108)

There exists a real number c, sufficiently small in absolute value and such that
F(ce1) < 0 (we observe that c may be chosen positive if F > 0 in (0,η) and negative,
if F < 0 in (−η, 0)). So, ϕ(ce1) < 0, that is, a < 0. By Lemma 5.12, it follows that ϕ satisfies
the Palais-Smale condition (PS)a.

Case 2 (F(−∞) = −∞). Then, by Lemma 5.11, ϕ satisfies the condition (PS)c, for every
c �= 0.

Let V be the orthogonal complement with respect to H1
0 (Ω) of the space spanned by

e1, that is,

H1
0 (Ω) = Sp

{
e1
}⊕ V. (5.109)

For some fixed t0 > 0, denote

V0 := {t0e1 + v; v ∈ V
}

,

a0 := inf
V0

ϕ.
(5.110)
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We remark that ϕ is coercive on V . Indeed, for every v ∈ V ,

ϕ(v) = 1
2

∫
Ω

(|∇v|2 − λ1v2)−
∫
Ω
F(v)

≥ λ2 − λ1

2
‖v‖2

H1
0
−
∫
Ω
F(v) �→ +∞ as ‖v‖H1

0
�→ +∞,

(5.111)

because the first term in the right-hand side of (5.111) has a quadratic growth at infinity
(t0 being fixed), while

∫
Ω F(v) is uniformly bounded (with respect to v), by the behaviour

of F near ±∞. So, a0 is attained, because of the coercivity of ϕ in V . Taking into account
the boundedness of ϕ in H1

0 (Ω), it follows that −∞ < a ≤ 0 = ϕ(0) and a ≤ a0.
At this stage, there are again two possibilities.

(i) a < 0. Thus, by Lemma 5.12, ϕ satisfies (PS)a. So, a < 0 is a critical value of ϕ.
(ii) a = 0 ≤ a0. If a0 = 0 then, by a preceding remark, a0 is achieved. So, there

exists v ∈ V such that

0 = a0 = ϕ
(
t0e1 + v

)
. (5.112)

Hence u = t0e1 +v ∈ H1
0 (Ω)\{0} is a critical point of ϕ, that is, a solution of the problem

(5.99).
If a0 > 0, we observe that ϕ satisfies (PS)b for every b �=0. Since limt→+∞ ϕ(te1) = 0,

we can apply Corollary 3.17 for X = H1
0 (Ω), X1 = V , X2 = Sp {e1}, f = ϕ, z = t0e1.

Therefore, ϕ has a critical value c ≥ a0 > 0. �

Proof of Lemma 5.11. We will assume, without loss of generality, that F(−∞) /∈ � and
F(+∞) ∈ �. In this case, if c is a critical value such that ϕ does not satisfy (PS)c, then it
is enough to prove that c = −F(+∞) · |Ω|. Since ϕ does not satisfy the condition (PS)c ,
there exist tn ∈ � and vn ∈ V such that the sequence (un) ⊂ H1

0 (Ω), where un = tne1 +vn,
has no convergent subsequence, while

lim
n→∞ϕ

(
un
) = c, (5.113)

lim
n→∞ λ

(
un
) = 0. (5.114)

Step 1 (the sequence (vn) is bounded in H1
0 (Ω)). By (5.114) and

∂ϕ(u) = −Δu− λ1u− ∂ϕ2(u), (5.115)

it follows that there exists wn ∈ ∂ϕ2(un) such that

−Δun − λ1un − wn �→ 0 in H−1(Ω). (5.116)

So
〈−Δun − λ1un − wn, vn

〉

=
∫
Ω

∣∣∇vn∣∣2 − λ1

∫
Ω
v2
n −

∫
Ω
gn
(
tne1 + vn

) = o
(∥∥vn∥∥H1

0

)
,

(5.117)
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as n→∞, where f ≤ gn ≤ f . Since f is bounded, it follows that

∥∥vn∥∥2
H1

0
− λ1

∥∥vn∥∥2
L2 = O

(∥∥vn∥∥H1
0

)
. (5.118)

So, there exists C > 0 such that, for every n ≥ 1, ‖vn‖H1
0
≤ C. Now, since (un) has no

convergent subsequence, it follows that the sequence (un) has no convergent subsequence,
too.

Step 2 (tn → +∞). Since ‖vn‖H1
0
≤ C and the sequence (tne1 + vn) has no convergent

subsequence, it follows that |tn| → +∞.
On the other hand, by Lebourg’s mean value theorem, there exist θ ∈ (0, 1) and

x∗ ∈ ∂F(te1(x) + θv(x)) such that

ϕ2
(
te1 + v

)− ϕ2
(
te1
) =

∫
Ω

〈
x∗, v(x)

〉
dx

≤
∫
Ω
F0(te1(x) + v(x), v(x)

)
dx

=
∫
Ω

lim sup
y→te1(x)+v(x)

λ↘0

F
(
y + λv(x)

) − F(y)
λ

dx

≤ ‖ f ‖L∞ ·
∫
Ω

∣∣v(x)
∣∣dx = ‖ f ‖L∞ · ‖v‖L1

≤ C1‖v‖H1
0
.

(5.119)

A similar computation for ϕ2(te1)−ϕ2(te1 + v) together with the above inequality shows
that for every t ∈ � and all v ∈ V ,

∣∣ϕ2
(
te1 + v

)− ϕ2
(
te1
)∣∣ ≤ C2‖v‖H1

0
. (5.120)

So, taking into account the boundedness of (vn) in H1
0 (Ω), we find

∣∣ϕ2
(
tne1 + vn

)− ϕ2
(
tne1

)∣∣ ≤ C. (5.121)

Therefore, since F(−∞) /∈ � and

ϕ
(
un
) = ϕ1

(
vn
)− ϕ2

(
tne1 + vn

)
�→ c, (5.122)

it follows that tn → +∞. In this argument we have also used the fact that ϕ1(vn) is
bounded.

Step 3 (‖vn‖H1
0
→ 0 as n→∞). By (5.102) and Step 2 it follows that

lim
n→∞

∫
Ω
f
(
tne1 + vn

)
vn = 0. (5.123)

Using now (5.114) and Step 1 we deduce that

lim
n→∞

∥∥vn∥∥H1
0
= 0. (5.124)
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Step 4. We prove that

lim
t→+∞ϕ2

(
te1 + v

) = F(+∞) · |Ω|, (5.125)

uniformly on the bounded subsets of V . Indeed, assume the contrary. So, there exist
r > 0, tn → +∞, vn ∈ V with ‖vn‖ ≤ r, such that (5.126) is not fulfilled. Thus, up to a
subsequence, there exist v ∈ H1

0 (Ω) and h ∈ L2(Ω) such that

vn v weakly in H1
0 (Ω), (5.126)

vn �→ v strongly in L2(Ω), (5.127)

vn(x) �→ v(x) a.e. x ∈ Ω, (5.128)
∣∣vn(x)

∣∣ ≤ h(x) a.e. x ∈ Ω. (5.129)

For any n ≥ 1 we define

An =
{
x ∈ Ω; tne1(x) + vn(x) < 0

}
,

hn(x) = F
(
tne1 + vn

)
χAn ,

(5.130)

where χA represents the characteristic function of the set A. By (5.129) and the choice of
tn, it follows that |An| → 0 if n→∞.

Using (5.128) we remark that

hn(x) �→ 0 a.e. x ∈ Ω. (5.131)

Therefore,

∣∣hn(x)
∣∣ = χAn(x) ·

∣∣∣∣
∫ tne1(x)+vn(x)

0
f (s)ds

∣∣∣∣
≤ χAn(x) · ‖ f ‖L∞ ·

∣∣tne1(x) + vn(x)
∣∣ ≤ C

∣∣vn(x)
∣∣

≤ Ch(x) a.e. x ∈ Ω.

(5.132)

So, by Lebesgue’s dominated convergence theorem,

lim
n→∞

∫
An
F
(
tne1 + vn

) = 0. (5.133)

On the other hand,

lim
n→∞

∫
Ω\An

F
(
tne1 + vn

) = F(+∞) · |Ω|. (5.134)

So

lim
n→∞ϕ2

(
tne1 + vn

) = lim
n→∞

∫
Ω
F
(
tne1 + vn

) = F(+∞) · |Ω|, (5.135)

which contradicts our initial assumption.
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Step 5. Taking into account the preceding step and the fact that ϕ(te1 + v) = ϕ1(v) −
ϕ2(te1 + v), we obtain

lim
n→∞ϕ

(
tne1 + vn

) = lim
n→∞ϕ1

(
vn
)− lim

n→∞ϕ2
(
tne1 + vn

)

= −F(+∞) · |Ω|,
(5.136)

that is, c = −F(+∞) · |Ω|, which concludes our proof. �

Proof of Lemma 5.12. It is enough to show that for every c �= 0 and (un) ⊂ H1
0 (Ω) such

that

ϕ
(
un
)
�→ c,

λ
(
un
)
�→ 0,

∥∥un∥∥ �→∞,

(5.137)

we have c ≥ −F(−∞) · |Ω|.
Let tn ∈ � and vn ∈ V be such that for every n ≥ 1,

un = tne1 + vn. (5.138)

As we have already remarked,

ϕ
(
un
) = ϕ1

(
vn
)− ϕ2

(
un
)
. (5.139)

Moreover,

ϕ1(v) = 1
2

∫
Ω

(|∇v|2 − λ1v2) ≥ 1
2

(
1− λ1

λ2

)
· ‖v‖2

H1
0
�→ +∞ as ‖v‖H1

0
�→∞. (5.140)

So, ϕ1 is positive and coercive on V . We also have that ϕ2 is bounded from below, by
(5.102). So, again by (5.102), we conclude that the sequence (vn) is bounded in H1

0 (Ω).
Thus, there exists v ∈ H1

0 (Ω) such that, up to a subsequence,

vn v weakly in H1
0 (Ω),

vn �→ v strongly in L2(Ω),

vn(x) �→ v(x) a.e. x ∈ Ω,
∣∣vn(x)

∣∣ ≤ h(x) a.e. x ∈ Ω,

(5.141)

for some h ∈ L2(Ω).
Since ‖un‖H1

0
→∞ and (vn) is bounded in H1

0 (Ω), it follows that |tn| → +∞.
Assume for the moment that we have already proved that ‖vn‖H1

0
→ 0, if tn → +∞.

So,

ϕ
(
un
) = ϕ1

(
vn
)− ϕ2

(
un
)
�→ 0 if n �→∞. (5.142)

Here, for proving that ϕ2(un) → 0, we have used our assumption (5.102). The last
relation yields a contradiction, since ϕ(un)→ c �= 0. So, tn → −∞.
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Moreover, since ϕ(u) ≥ −ϕ2(u) and F is bounded from below, it follows that

c = lim inf
n→∞ ϕ

(
un
) ≥ lim inf

n→∞
(− ϕ2

(
un
))

= − lim sup
n→∞

∫
Ω
F
(
un
) ≥ −

∫
Ω

lim sup
n→∞

F
(
un
)

= −F(−∞) · |Ω|,

(5.143)

which gives the desired contradiction.
So, for concluding the proof, we have to show that

∥∥vn‖H1
0
�→ 0 if tn �→ +∞. (5.144)

Since

∂ϕ(u) = −Δu− λ1u− ∂ϕ2(u), (5.145)

it follows from (5.137) that there exists wn ∈ ∂ϕ2(un) such that

−Δun − λ1un − wn �→ 0 in H−1(Ω). (5.146)

Thus
〈− Δun − λ1un − wn, vn

〉

=
∫
Ω

∣∣∇vn∣∣2 − λ1

∫
Ω
v2
n −

∫
Ω
gn
(
tne1 + vn

)
vn = o

(∥∥vn∥∥) if n→∞,
(5.147)

where f ≤ gn ≤ f .
Now, for concluding the proof, it is sufficient to show that the last term tends to 0, as

n→ ∞.
Let ε > 0. Because f (+∞) = 0, it follows that there exists T > 0 such that

∣∣ f (t)
∣∣ ≤ ε a.e. t ≥ T. (5.148)

Set

An =
{
x ∈ Ω; tne1(x) + vn(x) ≥ T

}
, Bn = Ω \An. (5.149)

We remark that for every x ∈ Bn,

∣∣tne1(x) + vn(x)
∣∣ ≤ ∣∣vn(x)

∣∣ + T. (5.150)

So, for every x ∈ Bn,

∣∣gn(tne1(x) + vn(x)
)
vn(x)

∣∣ · χBn(x) ≤ ‖ f ‖L∞ · h(x). (5.151)

By

χBn(x) �→ 0 a.e. x ∈ Ω (5.152)
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and the Lebesgue dominated convergence theorem it follows that

∫
Bn
gn
(
tne1 + vn

)
vn �→ 0 if n �→ ∞. (5.153)

On the other hand, we observe that

∣∣∣∣
∫
An
gn
(
tne1 + vn

)
vn

∣∣∣∣ ≤ ε
∫
An

∣∣vn∣∣ ≤ ε‖h‖L1 . (5.154)

By (5.153) and (5.154) it follows that

lim
n→∞

∫
Ω
gn
(
un
)
vn = 0, (5.155)

which concludes our proof. �

5.4.2. Inequality problems with mixed resonance

Let X be a Banach space. Assume that there exists w ∈ X \ {0}, which can be supposed to
have the norm 1, and a linear subspace Y of X such that

X = Sp{w} ⊕ Y. (5.156)

Definition 5.13. A subset A of X is called to be w-bounded if there exists r ∈ � such that

A ⊂ {x = tw + y; t < r, y ∈ Y}. (5.157)

A functional f : X → � is said to be w-coercive (or, coercive with respect to the
decomposition (5.156)) if

lim
t→∞ f (tw + y) = +∞, (5.158)

uniformly with respect to y ∈ Y .
The functional f is called w-bounded from below if there exists a ∈ � such that the

set [ f ≤ a] is w-bounded.

The following result is an extension of Proposition 3.34.

Proposition 5.14. Let f be a w-bounded from below locally Lipschitz functional. Assume
that there exists c ∈ � such that f satisfies the condition (s-PS)c , and the set [ f ≤ a] is
w-bounded from below for every a < c.

Then there exists α > 0 such that the set [ f ≤ c + α] is w-bounded.

Proof . Assume the contrary. So, for every α > 0, the set [ f ≤ c + α] is not w-bounded.
Thus, for every n ≥ 1, there exists rn ≥ n such that

[
f ≤ c − 1

n2

]
⊂ An := {x = tw + y; t < rn, y ∈ Y

}
. (5.159)
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Therefore,

cn := inf
X\An

f ≥ c − 1
n2
. (5.160)

Since the set [ f ≤ c + 1/n2] is not w-bounded, there exists a sequence (zn) in X such
that zn = tnw + yn and

tn ≥ rn + 1 +
1
n

, (5.161)

f
(
zn
) ≤ c +

1
n2
. (5.162)

It follows that zn ∈ X \An and, by (5.160) and (5.162), we find

f
(
zn
) ≤ cn +

2
n2
. (5.163)

We apply Ekeland’s variational principle to f restricted to the set X \ An, provided
ε = 2/n2 and λ = 1/n. So, there exists xn = t′nw + y′n ∈ X \ An such that for every
x ∈ X \An,

c ≤ f
(
xn
) ≤ f

(
zn
)
, (5.164)

f (x) ≥ f
(
xn
)− 2

n

∥∥x − xn∥∥, (5.165)

∥∥xn − zn∥∥ ≤ 1
n
. (5.166)

Let P (‖P‖ = 1) be the projection of X on Sp {w}. Using the continuity of P and the
relation (5.166) we obtain

∣∣tn − t′n
∣∣ ≤ 1

n
. (5.167)

So,
∣∣t′n

∣∣ ≥ rn + 1. (5.168)

Therefore, xn is an interior point of the set An. By (5.165) it follows that for every v ∈ X ,

f 0(xn, v
) ≥ −2

n
‖v‖. (5.169)

This relation and the fact that f satisfies the condition (s-PS)c imply that the sequence
(xn) contains a convergent subsequence, contradiction, because this sequence is not w-
bounded. �

As an application of these results we will study the following multivalued Landesman-
Lazer problem with mixed resonance.

Let Ω ⊂ �N be an open, bounded set with the boundary sufficiently smooth. Con-
sider the problem

−Δu(x)− λ1u(x) ∈ [ f (u(x)
)
, f
(
u(x)

)]
a.e. x ∈ Ω u ∈ H1

0 (Ω). (5.170)
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We will study this problem under the following hypotheses:

(f1) f ∈ L∞(�);
(f2) if F(t) = ∫ 1

0 f (s)ds, then limt→+∞ F(t) = 0;
(f3) limt→−∞ F(t) = +∞;
(f4) there exists α < 1/2(λ2 − λ1) such that, for every t ∈ �, F(t) ≤ αt2.

Define on the space H1
0 (Ω) the functional ϕ(u) = ϕ1(u)− ϕ2(u), where

ϕ1(u) = 1
2

∫
Ω

(|∇u|2 − λ1u2)dx,

ϕ2(u) =
∫
Ω
F(u)dx.

(5.171)

As in the preceding section, we observe that the functional ϕ is locally Lipschitz.
Let Y be the orthogonal complement of the space spanned by e1, that is,

H1
0 (Ω) = Sp

{
e1
}⊕ Y. (5.172)

Lemma 5.15. The following properties hold true:

(i) there exists r0 > 0 such that for every t ∈ � and v ∈ Y with ‖v‖H1
0
≥ r0,

ϕ
(
te1 + v

) ≥ −ϕ2
(
te1
)
; (5.173)

(ii)

lim
t→+∞ϕ

(
te1 + v

) = ϕ1(v), (5.174)

uniformly on the bounded subsets of Y .

Proof . (i) We first observe that for every t ∈ � and all v ∈ Y ,

ϕ1
(
te1 + v

) = ϕ1(v). (5.175)

So,

ϕ
(
te1 + v

) = ϕ1(v)− ϕ2
(
te1 + v

)
. (5.176)

On the other hand,

ϕ2
(
te1 + v

)− ϕ2
(
te1
) =

∫
Ω

(∫ te1(x)+v(x)

te1(x)
f (s)ds

)
dx

=
∫
Ω

(
F
(
te1(x) + v(x)

) − F(te1(x)
))
dx.

(5.177)

By the Lebourg mean value theorem, there exist θ ∈ (0, 1) and x∗ ∈ ∂F(te1(x) +
θv(x)) such that

F
(
te1(x) + v(x)

) − F(te1(x)
) = 〈x∗, v(x)

〉
. (5.178)
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The relation (5.177) becomes

ϕ2
(
te1 + v

)− ϕ2
(
te1
) =

∫
Ω

〈
x∗, v(x)

〉
dx

≤
∫
Ω
F0(te1(x) + θv(x), v(x)

)
dx

=
∫
Ω

lim sup
y→te1(x)+θv(x)

λ↘0

F(y + λv(x)) − F(y)
λ

dx

≤ ‖ f ‖L∞ ·
∫
Ω

∣∣v(x)
∣∣dx

= ‖ f ‖L∞ · ‖v‖L1 ≤ C‖v‖H1
0
.

(5.179)

By (5.176) and (5.179) it follows that

ϕ
(
te1 + v

) ≥ ϕ1(v)− C‖v‖H1
0
− ϕ2

(
te1
)
. (5.180)

So, for concluding the proof, it is enough to choose r0 > 0 such that

ϕ1(v)− C‖v‖H1
0
≥ 0, (5.181)

for every v ∈ Y cu ‖v‖H1
0
≥ r0. This choice is possible if we take into account the

variational characterization of λ2 and the fact that λ1 is a simple eigenvalue. Indeed,

ϕ1(v) − C‖v‖H1
0
= 1

2

(‖∇v‖2
L2 − λ1‖v‖2

L2

)− C‖∇v‖L2

≥
(

1
2
− ε

)
‖∇v‖2

L2 − λ1

2
‖v‖2

L2

≥
(

1
2
− ε

)
λ2‖v‖2

L2 − λ1

2
‖v‖2

L2 ≥ 0,

(5.182)

for ε > 0 sufficiently small and ‖v‖L2 (hence, ‖v‖H1
0
) large enough.

(ii) Using relation (5.176), our statement is equivalent with

lim
t→+∞ϕ2

(
te1 + v

) = 0, (5.183)

uniformly with respect to v, in every closed ball.
Assume, by contradiction, that there exist R > 0, tn → +∞ and vn ∈ Y with ‖vn‖ ≤ R

such that (5.183) does not hold. So, up to a subsequence, we may assume that there exist
v ∈ H1

0 (Ω) and h ∈ L1(Ω) such that

vn v weakly in H1
0 (Ω), (5.184)

vn �→ v strongly in L2(Ω), (5.185)

vn(x) �→ v(x) for a.e. x ∈ Ω, (5.186)
∣∣vn(x)

∣∣ ≤ h(x) a.e. x ∈ Ω. (5.187)
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For every n ≥ 1, denote

An =
{
x ∈ Ω; tne1(x) + vn(x) < 0

}
,

gn = F
(
tne1 + vn

)
χAn.

(5.188)

By (5.187) and the choice of tn it follows that |An| → 0.
Using now (5.186), we observe that

gn(x) �→ 0 a.e. x ∈ Ω. (5.189)

By (f1) and (5.187) it follows that

∣∣gn(x)
∣∣ = χAn(x) ·

∣∣∣∣
∫ tne1(x)+vn(x)

0
f (s)ds

∣∣∣∣
≤ χAn(x) · ‖ f ‖L∞ ·

∣∣tne1(x) + vn(x)
∣∣

≤ C
∣∣vn(x)

∣∣ ≤ Ch(x) a.e. x ∈ Ω.

(5.190)

Thus, by Lebesgue’s dominated convergence theorem,

lim
n→∞

∫
An
F
(
tne1 + vn

)
dx = 0. (5.191)

By (f2) it follows that F is bounded on [0,∞). Using again (f2) we find

lim
n→∞

∫
Ω\An

F
(
tne1 + vn

)
dx = 0. (5.192)

So

lim
n→∞ϕ2

(
tne1 + vn

) = lim
n→∞

∫
Ω
F
(
tne1 + vn

)
dx = 0, (5.193)

which contradicts our initial assumption. �

Remark 5.16. As a consequence of the above result,

lim
t→+∞ϕ

(
te1
) = 0,

lim inf
t→+∞ inf

v∈Y
ϕ
(
te1 + v

) ≥ 0.
(5.194)

Thus, the set [ϕ ≤ a] is e1-bounded if a < 0 and is not e1-bounded for a > 0.
Moreover, ϕ is not bounded from below, because

lim
t→−∞ϕ

(
te1
) = − lim

t→−∞ϕ2
(
te1
) = − lim

t→−∞

∫
Ω
F
(
te1
) = −∞. (5.195)

Thus, by Proposition 5.14, it follows that ϕ does not satisfy the condition (s− PS)0.

Theorem 5.17. Assume that f does not satisfy conditions (f1)–(f4). If the functional ϕ has
the strong Palais-Smale property (s-PS)a, for every a �= 0, then the multivalued problem
(5.170) has at least a nontrivial solution.
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Proof . It is sufficient to show that ϕ has a critical point u0 ∈ H1
0 (Ω) \ {0}. It is obvious

that

∂ϕ(u) = −Δu− λ1u− ∂ϕ2(u) in H−1(Ω). (5.196)

If u0 is a critical point of ϕ, then there exists w ∈ ∂ϕ2(u0) such that

−Δu0 − λ1u0 = w in H−1(Ω). (5.197)

Set

Y1 =
{
e1 + v; v ∈ Y

}
. (5.198)

We first remark the coercivity of ϕ on Y1:

ϕ
(
e1 + v

) = 1
2

(‖∇‖2
L2 − λ1‖v‖2

L2

)− λ1

∫
Ω
e1vdx −

∫
Ω
G
(
e1 + v

)
dx

≥ 1
2

(‖∇v‖2
L2 − λ1‖v‖2

L2

)− λ1‖v‖L2 − α
(

1 + ‖v‖2
L2 + 2

∫
Ω
e1v dx

)

≥
(
λ2 − λ1

2
− α

)
‖v‖2

L2 − (λ1 + 2|α|)‖v‖2
L2 − α,

(5.199)

which tends to +∞ as ‖v‖L2 →∞, so, as ‖v‖H1
0
→∞.

Putting

m1 = inf
Y1

ϕ > −∞, (5.200)

it follows thatm1 is attained, by the coercivity of ϕ pe Y1. Thus, there exists u0 = e1 +v0 ∈
Y1 such that ϕ(u0) = m1. There are two possibilities:

(1) m1 > 0. It follows from (f1) and (f3) that

lim
t→+∞ϕ

(
te1
) = − lim

t→+∞ϕ2
(
te1
) = 0,

lim
t→−∞ϕ

(
te1
) = − lim

t→−∞ϕ2
(
te1
) = −∞. (5.201)

Since m1 > 0 = ϕ(0) and ϕ has the property (s− PS)a for every a > 0, it follows from
Corollary 3.17 that ϕ has a critical value c ≥ m1 > 0.

(2) m1 ≤ 0. Let

W = {te1 + v; t ≥ 0, v ∈ Y
}

,

c = inf
W
ϕ.

(5.202)

So, c ≤ m1 ≤ 0.
If c < 0, it follows by (s-PS)c and the Ekeland variational principle that c is a critical

value of ϕ.
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If c = m1 = 0, then u0 is a local minimum point of ϕ, because

ϕ
(
u0
) = ϕ

(
e1 + v0

) = 0 ≤ ϕ
(
te1 + v

)
, (5.203)

for every t ≥ 0 and v ∈ Y .
So, u0 �= 0 is a critical point of ϕ. �

5.5. Hartman-Stampacchia theory for hemivariational inequalities

The theorem of Hartman-Stampacchia asserts that if V is a finite dimensional Banach
space, K ⊂ V is compact and convex, A : K → V� is continuous, then there exists u ∈ K
such that for every v ∈ K ,

〈Au, v − u〉 ≥ 0. (5.204)

We state below the following elementary proof which is due to H. Brezis. We first observe
that since V is a finite dimensional space (say, dimV = n), then we can identify V� with
�n through the mapping π : V� → �n defined by

〈a, x〉 = (πa, x) ∀a ∈ V�, x ∈ �n , (5.205)

where (·, ·) stands for the scalar product in�n . This enables us to observe that for proving
(5.204) it is enough to show that there is some u ∈ K such that for every v ∈ K ,

(u, v − u) ≥ (u− πAu, v − u). (5.206)

But the mapping PK(I −πA) : K → K is continuous, where I : K → K is the identity map
and PK : V → K denotes the projection map onto the compact and convex set K . So, by
the Brouwer fixed point theorem, there exists u ∈ K such that u = PK (I − πA)u. Next,
using the characterization of the projection on a closed convex subset of a Hilbert space
(see [30, Theorem V.2]), we deduce (5.206).

If we weak the hypotheses and consider the case where K is a closed and convex
subset of the finite dimensional space V , Hartman and Stampacchia proved (see [121,
Theorem I.4.2]) that a necessary and sufficient condition which ensures the existence of
a solution to problem (5.204) is that there is some R > 0 such that a solution u of (1) with
‖u‖ ≤ R satisfies ‖u‖ < R.

Since the above elementary arguments are no longer available in the setting of hemi-
variational inequalities, we aim to extend in this section existence results of this type for
more general inequality problems of this type. We point out that these problems appear
as a natural generalization of variational inequalities but they are more general, in the
sense that they are not equivalent to minimum problems but give rise to substationarity
problems.

Let V be a real Banach space and let T : V → Lp(Ω,�k ) be a linear and continuous
operator, where 1 ≤ p < ∞, k ≥ 1, and Ω is a bounded open set in �N . Throughout
this section we assume that K is a subset of V , A : K → V∗ is a nonlinear operator and
j = j(x, y) : Ω × �k → � is a Carathéodory function which is locally Lipschitz with
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respect to the second variable y ∈ �k and satisfies the following assumption:
(j) there exists h1 ∈ Lp/(p−1)(Ω,�) and h2 ∈ L∞(Ω,�) such that

|z| ≤ h1(x) + h2(x)|y|p−1, (5.207)

for a.e. x ∈ Ω, every y ∈ �k and z ∈ ∂ j(x, y).
Denoting Tu = û, u ∈ V , our aim in this section is to study the following inequality

problem:
(P) find u ∈ K such that, for every v ∈ K ,

〈Au, v − u〉 +
∫
Ω
j0
(
x, û(x); v̂(x)− û(x)

)
dx ≥ 0. (5.208)

We have denoted by j0(x, y;h) the (partial) Clarke derivative of the locally Lipschitz
mapping j(x, ·) at the point y ∈ �k with respect to the direction h ∈ �k , where x ∈ Ω,
and by ∂ j(x, y) the Clarke generalized gradient of this mapping at y ∈ �k . The Euclidean
norm in �k , k ≥ 1, respectively, the duality pairing between a Banach space and its dual
will be denoted by | · |, respectively, 〈·, ·〉. We also denote by ‖ · ‖p the norm in the space
Lp(Ω,�k ) defined by

‖û‖p =
(∫

Ω
| û(x) |p dx

)1/p

, 1 ≤ p <∞. (5.209)

A basic tool in our proofs is the following auxiliary result.

Lemma 5.18. (a) If it is satisfied the assumption (j) and V1, V2 are nonempty subsets of V ,
then the mapping V1 × V2 → � defined by

(u, v) �→
∫
Ω
j0
(
x, û(x), v̂(x)

)
dx (5.210)

is upper semicontinuous;
(b) moreover, if T : V → Lp(Ω,�k ) is a linear compact operator, then the above

mapping is weakly upper semicontinuous.

Proof . (a) Let {(um, vm)}m ⊂ V1 × V2 be a sequence converging to (u, v) ∈ V1 × V2, as
m→∞. Since T : V → Lp(Ω,�k ) is continuous, it follows that

ûm �→ û, v̂m �→ v̂ in Lp
(
Ω,�k

)
, as m �→∞ (5.211)

There exists a subsequence {(ûn, v̂n)} of the sequence {(ûm, v̂m)} such that

lim sup
m→∞

∫
Ω
j0
(
x, ûm(x); v̂m(x)

)
dx = lim

n→∞

∫
Ω
j0
(
x, ûn(x); v̂n(x)

)
dx. (5.212)

By Proposition 4.11 in Brezis [30], one may suppose the existence of two functions û0,
v̂0 ∈ Lp(Ω,�+ ), and of two subsequences of {ûn} and {v̂n} denoted again by the same
symbols and such that

∣∣ûn(x)
∣∣ ≤ û0(x),

∣∣v̂n(x)
∣∣ ≤ v̂0(x),

ûn(x) �→ û(x), v̂n(x) �→ v̂(x), as n �→∞
(5.213)
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for a.e. x ∈ Ω. On the other hand, for each x where holds true the condition (j) and for
each y,h ∈ �k , there exists z ∈ ∂ j(x, y) such that

j0(x, y;h) = 〈z,h〉 = max
{〈w,h〉 : w ∈ ∂ j(x, y)

}
. (5.214)

Now, by (j),

∣∣ j0(x, y;h)
∣∣ ≤ |z||h| ≤ (h1(x) + h2(x)|y|p−1) · |h|. (5.215)

Consequently, denoting F(x) = (h1(x) + h2(x)|û0(x)|p−1)|v̂0(x)|, we find that

∣∣ j0(x, ûn(x); v̂n(x)
)∣∣ ≤ F(x), (5.216)

for all n ∈ � and for a.e. x ∈ Ω.
From Hölder’s inequality and from condition (j) for the functions h1 and h2, it

follows that F ∈ L1(Ω,�). Fatou’s lemma yields

lim
n→∞

∫
Ω
j0
(
x, ûn(x); v̂n(x)

)
dx ≤

∫
Ω

lim sup
n→∞

j0
(
x, ûn(x); v̂n(x)

)
dx. (5.217)

Next, by the upper-semicontinuity of the mapping j0(x, ·; ·) we deduce that

lim sup
n→∞

j0
(
x, ûn(x); v̂n(x)

) ≤ j0
(
x, û(x); v̂(x)

)
, (5.218)

for a.e. x ∈ Ω, because

ûn(x) �→ û(x), v̂n(x) �→ v̂(x), as n �→∞, (5.219)

for a.e. x ∈ Ω. Hence

lim sup
m→∞

∫
Ω
j0
(
x, ûm(x); v̂m(x)

)
dx ≤

∫
Ω
j0
(
x, û(x); v̂(x)

)
dx, (5.220)

which proves the upper-semicontinuity of the mapping defined by (5.210).
(b) Let {(um, vm)}m ⊂ V1 × V2 be now a sequence weakly-converging to {u, v} ∈

V1 ×V2, as m→∞. Thus um ⇀ u, vm ⇀ v weakly as m→∞. Since T : V → Lp(Ω,�k ) is
a linear compact operator, it follows that

ûm �→ û, v̂m �→ v̂ in Lp
(
Ω,�k

)
. (5.221)

From now on the proof follows the same lines as in case (a). �

5.5.1. Abstract existence results

We first recall the following definitions.

Definition 5.19. The operator A : K → V∗ is w∗-demicontinuous if for any sequence
{un} ⊂ K converging to u, the sequence {Aun} converges to Au for the w∗-topology in
V∗.
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Definition 5.20. The operator A : K → V∗ is continuous on finite dimensional subspaces
of K if for any finite dimensional space F ⊂ V , which intersects K , the operator A|K∩F is
demicontinuous, that is {Aun} converges weakly to Au in V∗ for each sequence {un} ⊂
K ∩ F which converges to u.

Remark 5.21. In reflexive Banach spaces, the following hold:

(a) the w∗-demicontinuity and demicontinuity are the same;
(b) a demicontinuous operator A : K → V∗ is continuous on finite dimensional

subspaces of K .

The following result is a generalized form of the Hartman-Stampacchia theorem for
the case of hemivariational inequalities in finite dimensional real Banach spaces.

Theorem 5.22. Let V be a finite dimensional Banach space and let K be a compact and
convex subset of V . If assumption (j) is fulfilled and if A : K → V∗ is a continuous operator,
then problem (P) has at least a solution.

Proof . Arguing by contradiction, for every u ∈ K , there is some v = vu ∈ K such that

〈Au, v − u〉 +
∫
Ω
j0
(
x, û(x); v̂(x)− û(x)

)
dx < 0. (5.222)

For every v ∈ K , set

N(v) =
{
u ∈ K ; 〈Au, v − u〉 +

∫
Ω
j0
(
x, û(x); v̂(x)− û(x)

)
dx < 0

}
. (5.223)

For any fixed v ∈ K the mapping K → � defined by convex hull

u 
 �→ 〈Au, v − u〉 +
∫
Ω
j0
(
x, û(x); v̂(x)− û(x)

)
dx (5.224)

is upper semicontinuous, by Lemma 5.18 and the continuity ofA. Thus, by the definition
of the upper semi-continuity, N(v) is an open set. Our initial assumption implies that
{N(v); v ∈ K} is a covering of K . Hence, by the compactness of K , there exist v1, . . . , vn ∈
K such that

K ⊂
n⋃
j=1

N
(
vj
)
. (5.225)

Let ρj(u) be the distance from u to K \N(vj). Then ρj is a Lipschitz map which vanishes
outside N(vj) and the functionals

ψj(u) = ρj(u)∑n
i=1 ρi(u)

(5.226)

define a partition of the unity subordinated to the covering {ρ1, . . . , ρn}. Moreover, the
mapping p(u) = ∑n

j=1 ψj(u)vj is continuous and maps K into itself, because of the
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convexity of K . Thus, by Brouwer’s fixed point theorem, there exists u0 in the convex
closed hull of {v1, . . . , vn} such that p(u0) = u0. Define

q(u) = 〈Au, p(u) − u〉 +
∫
Ω
j0
(
x, û(x); 0p(u)(x)− û(x)

)
dx. (5.227)

The convexity of the map j0(û; ·) and the fact that
∑n

j=1 ψj(u) = 1 imply

q(u) ≤
n∑
j=1

ψj(u)
〈
Au, vj − u

〉
+

n∑
j=1

ψj(u)
∫
Ω
j0
(
x, û(x); v̂ j(x)− û(x)

)
dx. (5.228)

For arbitrary u ∈ K , there are only two possibilities: if u �∈ N(vi), then ψi(u) = 0. On the
other hand, for all 1 ≤ j ≤ n (there exists at least such an indice) such that u ∈ N(vj), we
have ψj(u) > 0. Thus, by the definition of N(vj),

q(u) < 0, for every u ∈ K. (5.229)

But q(u0) = 0, which gives a contradiction. �

The infinite dimensional version of Theorem 5.22 is stated in the following result.

Theorem 5.23. Let K be a compact and convex subset of the infinite dimensional Banach
space V and let j satisfy condition (j). If the operator A : K → V∗ is w∗-demicontinuous,
then problem (P) admits a solution.

Remark 5.24. The condition of w∗-demicontinuity on the operator A : K → V∗ in
Theorem 5.23 may be replaced equivalently by the following assumption:

(A1) the mapping K � u → 〈Au, v〉 is weakly upper semicontinuous, for each v ∈ V.

Indeed, since on the compact setK the weak-topology is in fact the normed topology,
we can replace equivalently the weak upper semicontinuity by upper semi-continuity. So
we have to prove that the w∗-demicontinuity of A follows from assumption (A1); but for
any sequence {un} ⊂ K converging to u one finds (by (A1))

lim sup
n→∞

〈Aun, v〉 ≤ 〈Au, v〉,

lim sup
n→∞

〈
Aun,−v〉 ≤ 〈Au,−v〉 ⇐⇒ lim inf

n→∞
〈
Aun, v

〉 ≥ 〈Au, v〉, (5.230)

for each fixed point v ∈ V . Thus, there exists limn→∞〈Aun, v〉, and

lim
n→∞

〈
Aun, v

〉 = 〈Au, v〉, (5.231)

for every v ∈ V . Consequently, the sequence {Aun} converges to Au for the w∗-topology
in V∗.
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Remark 5.25. If A is w∗-demicontinuous, {un} ⊂ K and un → u, then

lim
n→∞

〈
Aun,un

〉 = 〈Au,u〉. (5.232)

This follows from thew∗-boundedness of {Aun} inV∗(as aw∗-convergent sequence)
and from the fact that in real dual Banach spaces each w∗-bounded set is a (strongly)
bounded set (this generally holds true in the topological dual of a real Hausdorff barrelled
locally convex space, see Schaefer [206, Proposition IV.5.2]). Thus, in this case, one can
write

lim
n→∞

〈
Aun, v − un

〉 = 〈Au, v − u〉, (5.233)

for each v ∈ V .

Proof of Theorem 5.23. Let F be an arbitrary finite dimensional subspace of V which
intersects K . Let iK∩F be the canonical injection of K ∩ F into K and i∗F be the adjoint
of the canonical injection iF of F into V . We need the following auxiliary result. �

Lemma 5.26. The operator

B : K ∩ F �→ F∗, B = i∗F AiK∩F (5.234)

is continuous.

Proof . We have to prove that the sequence {Bun} converges to Bu in F∗ for any sequence
{un} ⊂ K ∩ F converging to u in K ∩ F (or in V). In order to do this, we prove that the
sequence {Bun} is weakly (= w∗) convergent to Bu, because F∗ is a finite dimensional
Banach space. Let V be an arbitrary point of F ; then by the w∗-demicontinuity of the
operator A : K → V∗ it follows that

〈
Bun, v

〉 = 〈i∗F AiK∩Fun, v
〉 = 〈i∗F Aun, v

〉

= 〈Aun · iF , v
〉 = 〈Aun, v

〉

���������������������������������������������������������������������������������������������������������→
n→∞ 〈Au, v〉 = 〈Bu, v〉.

(5.235)

Therefore, {Bun} converges weakly to Bu. �

Remark 5.27. The above lemma also holds true if the operator A is continuous on finite
dimensional subspaces of K .

Proof of Theorem 2.1 completed. For any v ∈ K , set

S(v) =
{
u ∈ K ; 〈Au, v − u〉 +

∫
Ω
j0
(
x, û(x); v̂(x)− û(x)

)
dx ≥ 0

}
. (5.236)

Step 1. S(v) is closed set.
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We first observe that S(v) �= ∅, since v ∈ S(v). Let {un} ⊂ S(v) be an arbitrary
sequence which converges to u as n → ∞. We have to prove that u ∈ S(v). But, by (2),
un ∈ S(v) and by the part (a) of Lemma 5.18, we have

0 ≤ lim sup
n→∞

[〈
Aun, v − un

〉
+
∫
Ω
j0
(
x, ûn(x); v̂(x)− ûn(x)

)]
dx

= lim
n→∞

〈
Aun, v − un

〉
+ lim sup

n→∞

∫
Ω
j0
(
x, ûn(x); v̂(x)− ûn(x)

)
dx

≤ 〈Au, v − u〉 +
∫
Ω
j0
(
x, û(x); v̂(x)− û(x)

)
dx.

(5.237)

This is equivalent to u ∈ S(v).

Step 2. The family {S(v); v ∈ K} has the finite intersection property.
Let {v1, . . . , vn} be an arbitrary finite subset ofK and let F be the linear space spanned

by this family. Applying Theorem 5.22 to the operator B defined in Lemma 5.26, we find
u ∈ K ∩ F such that u ∈ ∩nj=1S(vj), which means that the family of closed sets {S(v); v ∈
K} has the finite intersection property. But the set K is compact. Hence

⋂
v∈K

S(v) �= ∅, (5.238)

which means that problem (P) has at least one solution. �

Weakening more the hypotheses on K by assuming that K is a closed, bounded and
convex subset of the Banach space V , we need some more about the operators A and T
with respect to the statement in Theorem 5.28. We first recall that an operator A : K →
V∗ is said to be monotone if, for every u, v ∈ K ,

〈Au− Av,u− v〉 ≥ 0. (5.239)

Theorem 5.28. Let V be a reflexive infinite dimensional Banach space and let T : V →
Lp(Ω,�k ) be a linear and compact operator. Assume K is a closed, bounded, and convex
subset of V and A : K → V∗ is monotone and continuous on finite dimensional subspaces of
K . If j satisfies condition ( j) then problem (P) has at least one solution.

Proof . Let F be an arbitrary finite dimensional subspace of V , which intersects K . Con-
sider the canonical injections iK∩F : K ∩ F → K and iF : F → V and let i∗F : V∗ → F∗ be
the adjoint of iF . Applying Theorem 5.22 to the continuous operator B = i�F AiK∩F (see
Remark 5.27), we find some uF in the compact set K ∩ F such that, for every v ∈ K ∩ F ,

〈
i�F AiK∩FuF , v − uF

〉
+
∫
Ω
j0
(
x, ûF(x); v̂(x)− ûF(x)

)
dx ≥ 0. (5.240)

But

0 ≤ 〈Av − AuF , v − uF
〉 = 〈Av, v − uF

〉− 〈AuF , v − uF
〉
. (5.241)
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Hence, by relations (5.240), (5.241), and the observation that 〈i�F AiK∩FuF , v − uF〉 =
〈AuF , v − uF〉, we have

〈
Av, v − uF

〉
+
∫
Ω
j0
(
x, ûF(x); v̂(x)− ûF(x)

)
dx ≥ 0, (5.242)

for any v ∈ K ∩ F . The set K is weakly closed as a closed convex set; thus it is weakly
compact because it is bounded and V is a reflexive Banach-space.

Now, for every v ∈ K define

M(v) =
{
u ∈ K ; 〈Av, v − u〉 +

∫
Ω
j0
(
x, û(x); v̂(x)− û(x)

)
dx ≥ 0

}
. (5.243)

The set M(v) is weakly closed by the part (b) of Lemma 5.18 and by the fact that this set
is weakly sequentially dense (see Holmes [106, pages 145–149]). We now show that the
set M = ∩v∈KM(v) ⊂ K is nonempty. To prove this, it suffices to show that

n⋂
j=1

M
(
vj
) �= ∅, (5.244)

for any v1, . . . , vn ∈ K . Let F be the finite dimensional linear space spanned by {v1, . . . , vn}.
Hence, by (5.242), there exists uF ∈ F such that, for every v ∈ K ∩ F ,

〈
Av, v − uF

〉
+
∫
Ω
j0
(
x, ûF(x); v̂(x)− ûF(x)

)
dx ≥ 0. (5.245)

This means that uF ∈ M(vj), for every 1 ≤ j ≤ n, which implies (5.244). Consequently,
it follows that M �= ∅. Therefore, there is some u ∈ K such that, for every v ∈ K ,

〈Av, v − u〉 +
∫
Ω
j0
(
x, û(x); v̂(x)− û(x)

)
dx ≥ 0. (5.246)

We argue in what follows that from (5.246) we can conclude that u is a solution of
problem (P). Fix w ∈ K and λ ∈ (0, 1). Putting v = (1 − λ)u + λw ∈ K in (5.246)
we find

〈
A
(
(1− λ)u + λw

)
, λ(w − u)

〉
+
∫
Ω
j0
(
x, û(x); λ(ŵ − û)(x)

)
dx ≥ 0. (5.247)

But j0(x, û; λv̂) = λj0(x, û; v̂), for any λ > 0. Therefore, (5.247) may be written, equiva-
lently,

〈
A
(
(1− λ)u + λw

)
,w − u〉 +

∫
Ω
j0
(
x, û(x); (ŵ − û)(x)

)
dx ≥ 0. (5.248)

Let F be the vector space spanned by u and w. Taking into account the demi-continuity
of the operator A|K∩F and passing to the limit in (5.248) as λ → 0, we obtain that u is a
solution of problem (P). �

Remark 5.29. As the set K∩{x ∈ V ; ‖u‖ ≤ R} is a closed bounded and convex set inV , it
follows from Theorem 5.28 that problem (5.249) in the formulation of our Theorem 5.30
has at least one solution for any fixed R > 0.
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We conclude this section on Hartman-Stampacchia-type results with the following
necessary and sufficient condition for the existence of a solution.

Theorem 5.30. Assume that the same hypotheses as in Theorem 1.7 hold without the as-
sumption of boundedness of K . Then a necessary and sufficient condition for the hemivari-
ational inequality (P) to have a solution is that there exists R > 0 with the property that at
least one solution of the problem

uR ∈ K ∩ {u ∈ V ;‖u‖ ≤ R
}

,

〈
AuR, v − uR

〉
+
∫
Ω
j0
(
x, ûR(x); v̂(x)− ûR(x)

)
dx ≥ 0,

for every v ∈ K with ‖v‖ ≤ R,

(5.249)

satisfies the inequality ‖uR‖ < R.

Proof . The necessity is evident.
Let us now suppose that there exists a solution uR of (5.249) with ‖uR‖ < R. We

prove that uR is a solution of (P). For any fixed v ∈ K , we choose ε > 0 small enough so
that w = uR + ε(v − uR) satisfies ‖w‖ < R. Hence, by (5.249)

〈
AuR, ε

(
v − uR

)〉
+
∫
Ω
j0
(
x, ûR(x); ε

(
v̂ − ûR

)
(x)
)
dx ≥ 0 (5.250)

and, using again the positive homogeneity of the map v 
→ j0(u; v), the conclusion fol-
lows. �

5.5.2. Hartman-Stampacchia theory for
variational-hemivariational inequalities

Let X denote a real reflexive Banach space, assume that (T,μ) is a measure space of
positive and finite measure, and let A : X → X� be a nonlinear operator. We also assume
that there are givenm ∈ �, p ≥ 1 and a compact mapping γ : X → Lp(T,�m ). As usually,
we denote by p′ the conjugated exponent of p.

Let j : T × �m → � be a function such that the mapping

j(·, y) : T �→ � is measurable, for every y ∈ �m . (5.251)

We assume that at least one of the following conditions hold: either there exists k ∈
Lp

′
(T,�) such that

∣∣ j(x, y1
)− j

(
x, y2

)∣∣ ≤ k(x)
∣∣y1 − y2

∣∣, ∀x ∈ T, ∀y1, y2 ∈ �m , (5.252)

or

the mapping j(x, ·) is locally Lipschitz ∀x ∈ T, (5.253)

and there exists C > 0 such that

|z| ≤ C
(
1 + |y|p−1) ∀x ∈ T, ∀y1, y2 ∈ �m , ∀z ∈ ∂y j(x, y). (5.254)
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Let K be a nonempty closed, convex subset of X , f ∈ X� and Φ : X → � ∪ {+∞} a
convex, lower semicontinuous functional such that

D(Φ) ∩ K �= ∅. (5.255)

Consider the following inequality problem.
Find u ∈ K such that for any v ∈ K ,

〈Au− f , v − u〉 + Φ(v)−Φ(u) +
∫
T
j0
(
x, γ

(
u(x)

)
; γ
(
v(x) − u(x)

))
dμ ≥ 0, (5.256)

where γ denotes the prescribed canonical mapping from X into Lp(T,�m ).
The following two situations are of particular interest in applications:
(i) T = Ω, μ = dx, X = W1,q(Ω,�m ) and γ : X → Lp(Ω,�m ), with p < q∗, is the

Sobolev embedding operator;
(ii) T=∂Ω, μ = dσ ,X =W1,p(Ω,�m ) and γ = i◦η, where η : X →W1−1/p,p(∂Ω,�m )

is the trace operator and i : W1−1/p,p(∂Ω,�m )→ Lp(∂Ω,�m ) is the embedding operator.
We now recall the Knaster-Kuratowski-Mazurkiewicz (KKM, in short) principle (see

[122] and [71, Theorem II.5.(1.2)]) which is equivalent with Brouwer’s fixed point theo-
rem and which plays a central role in the qualitative analysis of variational inequalities.

The KKM principle. Let S be a subset of the vector space X and assume that G : S → 2X

is a KKM map, that is,

Conv
{
x1, . . . , xn} ⊂

n⋃
i=1

G
(
xi
)
, (5.257)

for any finite subset {x1, . . . , xn} of S. We also assume that the set G(x) is weakly compact
for any x ∈ S.

Then the family {G(x); x ∈ S} has the intersection property, that is,

⋂
x∈S

G(x) �= ∅. (5.258)

The KKM principle enables us to prove the following basic auxiliary result.

Lemma 5.31. LetK be a nonempty, bounded, closed, convex subset of X ,Φ : X → �∪{+∞}
a convex, lower semicontinuous functional such that (5.255) holds. Consider a Banach space
Y such that there exists a linear and compact mapping L : X → Y and let J : Y → �

be an arbitrary locally Lipschitz function. Suppose in addition that the mapping K � v 
→
〈Av, v − u〉 is weakly lower semicontinuous, for every u ∈ K .

Then, for every f ∈ X�, there exists u ∈ K such that

〈Au− f , v − u〉 + Φ(v) −Φ(u) + J0(L(u),L(v − u)
) ≥ 0 ∀v ∈ K. (5.259)

Proof . Let us define the set-valued mapping G : K ∩D(Φ) → 2X by

G(x)={v∈K ∩D(Φ); 〈Av− f , v−x〉−J0(L(v);L(x)−L(v)
)

+Φ(v)−Φ(x)≤0
}
.
(5.260)
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We claim that the set G(x) is weakly closed. Indeed, if G(x) � vn ⇀ v then, by our
hypotheses,

〈Av, v − x〉 ≤ lim inf
n→∞

〈
Avn, vn − x

〉
,

Φ(v) ≤ lim inf
n→∞ Φ

(
vn
)
.

(5.261)

Moreover, L(vn)→ L(v) and thus, by the upper semicontinuity of J0, we also obtain

lim sup
n→∞

J0(L(vn);L(x − vn)) ≤ J0(L(v);L(x − v)
)
. (5.262)

Therefore,

−J0(L(v);L(x − v)
) ≤ lim inf

n→∞
(− J0(L(vn);L(x − vn))). (5.263)

So, if vn ∈ G(x) and vn ⇀ v, then

〈Av − f , v − x〉 − J0(L(v);L(x − v)
)

+ Φ(v) −Φ(x)

≤ lim inf
{〈
Avn − f , vn − x

〉− J0(L(vn);L(v − vn)) + Φ
(
vn
)−Φ(x)

} ≤ 0,
(5.264)

which shows that v ∈ G(x). Since K is bounded, it follows that G(x) is weakly compact.
This implies that

⋂
x∈K∩D(Φ)

G(x) �= ∅, (5.265)

provided that the family {G(x); x ∈ K ∩ D(Φ)} has the finite intersection property. We
may conclude by using the KKM principle after showing that G is a KKM-mapping. Sup-
pose by contradiction that there exist x1, . . . , xn ∈ K ∩ D(Φ) and y0 ∈ Conv{x1, . . . , xn}
such that y0 �∈

⋃n
i=1 G(xi). Then

〈
Ay0 − f , y0 − xi

〉
+ Φ

(
y0
)−Φ

(
xi
)− J0(L(y0

)
;L
(
xi − y0

))
> 0 ∀i = 1, . . . ,n.

(5.266)

Therefore,

xi ∈ Λ := {x∈X ;
〈
Ay0− f , y0−x

〉
+Φ

(
y0
)−Φ(x) − J0(L(y0

)
;L
(
x − y0

))
> 0

}
,

(5.267)

for all i ∈ {1, . . . ,n}. The set Λ is convex and thus y0 ∈ Λ, leading to an obvious
contradiction. So,

⋂
x∈K∩D(Φ)

G(x) �= ∅. (5.268)

This yields an element u ∈ K ∩D(Φ) such that, for any v ∈ K ∩D(Φ),

〈Au− f , v − u〉 + Φ(v) −Φ(u) + J0(L(u);L(v − u)
) ≥ 0. (5.269)

This inequality is trivially satisfied if v �∈ D(Φ) and the conclusion follows. �
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We may now derive a result applicable to the inequality problem (5.256). Indeed,
suppose that the above hypotheses are satisfied and set Y = Lp(T,�m ). Let J : Y → � be
the function defined by

J(u) =
∫
T
j
(
x,u(x)

)
dμ. (5.270)

The conditions (5.252) or (5.253)-(5.254) on j ensure that J is locally Lipschitz on Y and

∫
T
j0
(
x,u(x); v(x)

)
dμ ≥ J0(u; v) ∀u, v ∈ X. (5.271)

It follows that

∫
T
j0
(
x, γ

(
u(x)

)
; γ
(
v(x)

))
dμ ≥ J0(γ(u); γ(v)

) ∀u, v ∈ X. (5.272)

It results that if u ∈ K is a solution of (5.259) then u solves the inequality problem
(5.256), too. The following result follows.

Theorem 5.32. Assume that the hypotheses of Lemma 5.31 are fulfilled for Y = Lp(T,�m )
and L = γ. Then problem (5.256) has at least a solution.

In order to establish a variant of Lemma 5.31 for monotone and hemicontinuous
operators, we need the following result which is due to Mosco (see [156]).

Mosco’s theorem. Let K be a nonempty convex and compact subset of a topological vector
space X . Let Φ : X → � ∪ {+∞} be a proper, convex and lower semicontinuous function
such that D(Φ) ∩ K �= ∅. Let f , g : X × X → � be two functions such that

(i) g(x, y) ≤ f (x, y), for every x, y ∈ X ,
(ii) the mapping f (·, y) is concave, for any y ∈ X ,

(iii) the mapping g(x, ·) is lower semicontinuous, for every x ∈ X .

Let λ be an arbitrary real number. Then the following alternative holds:

(a) either there exists y0 ∈ D(Φ) ∩ K such that g(x, y0) + Φ(y0) − Φ(x) ≤ λ, for
any x ∈ X , or

(b) there exists x0 ∈ X such that f (x0, x0) > λ.

We notice that two particular cases of interest for the above result are if λ = 0 or
f (x, x) ≤ 0, for every x ∈ X .

Lemma 5.33. Let K be a nonempty, bounded, closed subset of the real reflexive Banach
space X and Φ : X → � ∪ {+∞} a convex and lower semicontinuous function such that
(5.255) holds. Consider a linear subspace Y of X� such that there exists a linear and compact
mapping L : X → Y . Let J : Y → � be a locally Lipschitz function. Suppose in addition that
the operator A : X → X� is monotone and hemicontinuous.

Then for each f ∈ X�, the inequality problem (5.259) has at least a solution.
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Proof . Set

g(x, y) = 〈Ax − f , y − x〉 − J0(L(y);L(x) − L(y)
)
,

f (x, y) = 〈Ay − f , y − x〉 − J0(L(y);L(x) − L(y)
)
.

(5.273)

The monotonicity of A implies that

g(x, y) ≤ f (x, y) ∀x, y ∈ X. (5.274)

The mapping x 
→ f (x, y) is concave while the mapping y 
→ g(x, y) is weakly lower
semicontinuous. Applying Mosco’s theorem with λ = 0, we obtain the existence of u ∈
K ∩D(Φ) satisfying

g(w,u) + Φ(u)−Φ(w) ≤ 0 ∀w ∈ K , (5.275)

that is,

〈Aw − f ,w − u〉 + Φ(w) −Φ(u) + J0(L(u);L(w − u)
) ≥ 0 ∀w ∈ K. (5.276)

Fix v ∈ K and set w = u + λ(v − u) ∈ K , for λ ∈ [0, 1). So, by (5.276),

λ
〈
A
(
u+λ(v − u)

)− f , v−u〉+Φ
(
λv+(1−λ)u

)−Φ(u)+J0(L(u); λL(v−u)
)≥0.

(5.277)

Using the convexity of Φ, the fact that J0(u; ·) is positive homogeneous, and dividing then
by λ > 0 we find

〈
A
(
λv + (1− λ)u

) − f , v − u〉 + Φ(v)−Φ(u) + J0(L(u);L(v − u)
) ≥ 0. (5.278)

Now, taking λ → 0 and using the hemicontinuity of A we find that u solves problem
(5.259). �

The analogue of Theorem 5.32 for monotone and hemicontinuous operators is the
following.

Theorem 5.34. Assume that the hypotheses of Lemma 5.33 are fulfilled for Y = Lp(T,�m )
and L = γ. Then the inequality problem (5.256) admits at least a solution.

5.5.3. Coercive variational-hemivariational inequalities

We observe that if j satisfies conditions (5.251) and (5.252) then, by the Cauchy-Schwarz
inequality,

∣∣∣∣
∫
T
j0
(
x, γ

(
u(x)

)
; γ
(
v(x)

))
dμ
∣∣∣∣ ≤

∫
T
k(x)

∣∣γ(v(x)
)∣∣dμ

≤ |k|p′ ·
∣∣γ(v)

∣∣
p ≤ C|k|p′‖v‖,

(5.279)
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where | · |p denotes the norm in the space Lp(T,�m ) and ‖ · ‖ stands for the norm in X .
On the other hand, if j satisfies conditions (5.251), (5.253), and (5.254), then

∣∣ j0(x, γ
(
u(x)

)
; γ
(
v(x)

))∣∣ ≤ C
(

1 +
∣∣γ(u(x)

)∣∣p−1
)∣∣γ(v(x)

)∣∣. (5.280)

Hence
∣∣∣∣
∫
T
j0
(
x, γ

(
u(x)

)
; γ
(
v(x)

))
dμ
∣∣∣∣ ≤ C

(∣∣γ(v)
∣∣

1 +
∣∣γ(u)

∣∣p
p−1

∣∣γ(v)
∣∣
p

)

≤ C1‖v‖ + C2‖u‖p−1‖v‖,

(5.281)

for some suitable constants C1,C2 > 0. We discuss in this framework the solvability of
coercive variational-hemivariational inequalities.

Theorem 5.35. Let K be a nonempty closed convex subset of X , Φ : X → � ∪ {+∞} a
proper, convex and lower semicontinuous function such that K∩D(Φ) �= ∅ an A : X → X�

and operator such that the mapping v 
→ 〈Av, v − x〉 is weakly lower semicontinuous, for all
x ∈ K . The following holds:

(i) if j satisfies conditions (5.251) and (5.252), and if there exists x0 ∈ K ∩D(Φ) such
that

〈
Aw,w − x0

〉
+ Φ(w)

‖w‖ �→ +∞, as ‖w‖ �→ +∞, (5.282)

then for each f ∈ X�, there exists u ∈ K such that for any v ∈ K ,

〈Au− f , v − u〉 + Φ(v)−Φ(u) +
∫
T
j0
(
x, γ

(
u(x)

)
; γ
(
v(x)

) − γ(u(x)
))
dμ ≥ 0;

(5.283)

(ii) if j satisfies conditions (5.251), (5.253), and (5.254) and if there exist x0 ∈ K ∩
D(Φ) and θ ≥ p such that

〈
Aw,w − x0

〉
‖w‖θ �→ +∞, as ‖w‖ �→ +∞, (5.284)

then for each f ∈ X�, there exists u ∈ K satisfying (5.283).

Proof . There exists a positive integer n0 such that

x0 ∈ Kn := {x ∈ K ;‖x‖ ≤ n
} ∀n ≥ n0. (5.285)

Applying Lemma 5.31 with J as defined in (5.270), we find some un ∈ Kn such that, for
every n ≥ n0 and any v ∈ Kn,

〈
Aun − f , v − un

〉
+ Φ(v) −Φ

(
un
)

+ J0(γ(un); γ(v) − γ(un)) ≥ 0. (5.286)

We claim that the sequence (un) is bounded. Suppose by contradiction that ‖un‖ → +∞.
Then, passing eventually to a subsequence, we may assume that

vn := un∥∥un∥∥ v. (5.287)
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Setting v = x0 in (5.286) and using (5.270), we obtain
〈
Aun,un − x0

〉
+ Φ

(
un
)

≤ Φ
(
x0
)

+
〈
f ,un − x0

〉
+ J0(γ(un); γ(x0

)− un))

≤ Φ
(
x0
)

+
〈
f ,un − x0

〉
+
∣∣
∫
T
j0
(
x, γ

(
un
)
; γ
(
x0 − un

))
dμ
∣∣.

(5.288)

Case (i). Using (5.279) we obtain

〈
Aun,un − x0

〉
+ Φ

(
un
) ≤ Φ

(
x0
)

+
〈
f ,un − x0

〉
+ c|k|p′

∥∥un − x0
∥∥ (5.289)

and hence
〈
Aun,un−x0

〉
+Φ

(
un
)

∥∥un∥∥ ≤Φ
(
x0
)

∥∥un∥∥ +
〈
f , vn−x0

∥∥un∥∥−1
〉

+c|k|p′
∥∥∥vn−x0

∥∥un∥∥−1
∥∥∥. (5.290)

Passing to the limit as n → ∞ we observe that the left-hand term in (5.290) tends to +∞
while the right-hand term remains bounded which yields a contradiction.

Case (ii). The function Φ being convex and lower semicontinuous, we may apply the
Hahn-Banach separation theorem to find that

Φ(x) ≥ 〈α, x〉 + β ∀x ∈ X , (5.291)

for some α ∈ X� and β ∈ �. This means that

Φ(x) ≥ −‖α‖�‖x‖ + β ∀x ∈ X. (5.292)

From (5.288) and (5.281), we deduce that
〈
Aun,un − x0

〉 ≤ Φ
(
x0
)

+ ‖α‖�
∥∥un∥∥− β +

〈
f ,un − x0

〉

+ C1
∥∥un − x0

∥∥ + C2
∥∥un∥∥p−1∥∥un − x0

∥∥.
(5.293)

Thus
〈
Aun,un − x0

〉
∥∥un∥∥θ

≤ ‖α‖�
∥∥un∥∥1−θ

+
(
Φ
(
x0
)− β)∥∥un∥∥−θ

+
〈
f , vn

∥∥un∥∥1−θ − x0
∥∥un∥∥−θ

〉

+ C1

∥∥∥vn∥∥un∥∥1−θ − x0
∥∥un∥∥−θ

∥∥∥
+ C2

∥∥vn − x0
∥∥un∥∥−1‖ · ∥∥un∥∥p−θ,

(5.294)

and taking the limit as n →∞ we obtain a contradiction, since θ ≥ p ≥ 1.
Thus, in both cases (i) and (ii), the sequence {un} is bounded. This implies that, up

to a subsequence, un ⇀ u ∈ K . Let v ∈ K be given. For all n large enough we have v ∈ Kn
and thus by (5.286),

〈
Aun − f ,un − v

〉
+ Φ

(
un
)−Φ(v) − J0(γ(un); γ(v) − γ(un)) ≤ 0. (5.295)
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Passing to the limit as n →∞ we obtain

〈Au− f ,u− v〉 ≤ lim inf
n→∞

〈
Aun − f ,un − v

〉
,

Φ(u) ≤ lim inf
n→∞ Φ

(
un
)
,

γ(u) = lim
n→∞ γ

(
un
)
,

−J0(γ(u); γ(v) − γ(u)
) ≤ lim inf

n→∞
(− J0(γ(un); γ(v) − γ(un))).

(5.296)

Taking the inferior limit in (5.295), we obtain

〈Au− f ,u− v〉 + Φ(u)−Φ(v) − J0(γ(u); γ(v) − γ(u)
) ≤ 0. (5.297)

Since v has been chosen arbitrarily, we obtain

〈Au− f , v − u〉 + Φ(v)−Φ(u) + J0(γ(u); γ(v) − γ(u)
) ≥ 0 ∀v ∈ K. (5.298)

Using now again (5.272), we conclude that u solves (5.283). �

The following result gives a corresponding variant for monotone hemicontinuous
operators.

Theorem 5.36. LetK be a nonempty closed convex subset of X , Φ : X → �∪{+∞} a proper
convex and lower semicontinuous function such that D(Φ) ∩ K �= ∅. Let A : X → X� be
a monotone and hemicontinuous operator. Assume (5.282) or (5.284) as in Theorem 5.35.
Then the conclusions of Theorem 5.35 hold true.

Proof . Using Lemma 5.33 we find a sequence un ∈ Kn such that

〈
Aun − f , v − un

〉
+ Φ(v) −Φ

(
un
)

+ J0(γ(un); γ(v) − γ(un)) ≥ 0 ∀v ∈ Kn. (5.299)

As in the proof of Theorem 5.35 we justify that {un} is bounded and thus, up to a subse-
quence, we may assume that un ⇀ u. By (5.299) and the monotonicity of A we deduce
that

〈
Av − f , v − un

〉
+ Φ(v)−Φ

(
un
)

+ J0(γ(un); γ(v) − γ(un)) ≥ 0. (5.300)

Let v ∈ K be given. For n large enough, we obtain

〈
Av − f ,un − v

〉
+ Φ

(
un
)−Φ(v)− J0(γ(un); γ(v) − γ(un)) ≤ 0, (5.301)

and taking the inferior limit we obtain

〈Av − f ,u− v〉 + Φ(u) −Φ(v)− J0(γ(u); γ(v) − γ(u)
) ≤ 0. (5.302)

Since v has been chosen arbitrarily it follows that

〈Av− f , v − u〉 + Φ(v)−Φ(u) + J0(γ(u); γ(v) − γ(u)
) ≥ 0 ∀v ∈ K. (5.303)
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Using now the same argument as in the proof of Lemma 5.33, we obtain that

〈Au− f , v − u〉 + Φ(v) −Φ(u) + J0(γ(u); γ(v) − γ(u)
) ≥ 0 ∀v ∈ K (5.304)

and the conclusion follows now by (5.272). �

5.6. Standing waves of multivalued Schrödinger equations

I don’t like it, and I’m sorry I ever had anything to
do with it.

Erwin Schrödinger talking about

Quantum Physics

5.6.1. Physical motivation

In 1923, L. de Broglie recovers Bohr’s formula for hydrogen atom by associating to each
particle a wave of some frequency and identifying the stationary states of the electron to
the stationary character of the wave. Independently and in the same year, Schrödinger
proposes to express the Bohr’s quantification conditions as an eigenvalue problem. The
Schrödinger equation plays the role of Newton’s laws and conservation of energy in clas-
sical mechanics, that is, it predicts the future behaviour of a dynamic system. The linear
form of Schrödinger’s equation is

Δψ +
8π2m

h̄2

(
E(x)− V(x)

)
ψ = 0, (5.305)

where ψ is the Schrödinger wave function, m is the mass, h̄ denotes Planck’s constant,
E is the energy, and V stands for the potential energy. The structure of the nonlinear
Schrödinger equation is much more complicated. This equation is a prototypical disper-
sive nonlinear partial differential equation that has been central for almost four decades
now to a variety of areas in Mathematical Physics. The relevant fields of application may
vary from optics and propagation of the electric field in optical fibers (Hasegawa and
Kodama [102]), to the self-focusing and collapse of Langmuir waves in plasma physics
(Zakharov [224]) and the behaviour of deep water waves and freak waves (the so-called
rogue waves) in the ocean (Onorato, Osborne, Serio, and Bertone [172]). The nonlinear
Schrödinger equation also describes various phenomena arising in: self-channelling of a
high-power ultra-short laser in matter, in the theory of Heisenberg ferromagnets and
magnons, in dissipative quantum mechanics, in condensed matter theory, in plasma
physics (e.g., the Kurihara superfluid film equation).

Schrödinger gives later the now classical derivation of his equation, based upon the
analogy between mechanics and optics, and closer to de Broglie’s ideas. He also develops
a perturbation method, inspired by the work of Lord Rayleigh in acoustics, proves the
equivalence between his wave mechanics and Heisenberg’s matrix, and introduces the
time dependent Schrödinger’s equation:

ih̄ψt = − h̄2

2m
Δψ +V(x)ψ − γ|ψ|p−1ψ in �N (N ≥ 2), (5.306)
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where p < 2N/(N − 2) if N ≥ 3 and p < +∞ if N = 2. In physical problems, a cubic
nonlinearity corresponding to p = 3 is common; in this case (5.306) is called the Gross-
Pitaevskii equation. In the study of problem (5.306), Oh [171] supposed that the potential
V is bounded and possesses a non-degenerate critical point at x = 0. More precisely, it
is assumed that V belongs to the class (Va) (for some real number a) introduced in Kato
[116]. Taking γ > 0 and h̄ > 0 sufficiently small and using a Lyapunov-Schmidt-type
reduction, Oh [171] proved the existence of a standing wave solution of problem (5.306),
that is, a solution of the form

ψ(x, t) = e−iEt/h̄u(x). (5.307)

Note that substituting the ansatz (5.307) into (5.306) leads to

− h̄
2

2
Δu +

(
V(x)− E)u = |u|p−1u. (5.308)

The change of variable y = h̄−1x (and replacing y by x) yields

−Δu+ 2
(
Vh̄(x) − E)u = |u|p−1u in �N , (5.309)

where Vh̄(x) = V(h̄x).
If for some ξ ∈ �N \ {0}, V(x + sξ) = V(x) for all s ∈ �, (5.306) is invariant under

the Galilean transformation

ψ(x, t) 
 �→ ψ(x − ξt, t) exp
(
iξ · x

h̄
− 1

2
i|ξ|2 t

h̄

)
ψ(x − ξt, t). (5.310)

Thus, in this case, standing waves reproduce solitary waves travelling in the direction of
ξ. In other words, Schrödinger discovered that the standing waves are scalar waves rather
than vector electromagnetic waves. This is an important difference, vector electromag-
netic waves are mathematical waves which describe a direction (vector) of force, whereas
the wave Motions of Space are scalar waves which are simply described by their wave-
amplitude. The importance of this discovery was pointed out by Albert Einstein, who
wrote “The Schrödinger method, which has in a certain sense the character of a field
theory, does indeed deduce the existence of only discrete states, in surprising agreement
with empirical facts. It does so on the basis of differential equations applying a kind of
resonance argument...” (On Quantum Physics, 1954).

Motivated by the study of the propagation of pulse in nonlinear optical fiber, the
nonlinear Schrödinger equation

−Δu + u = u3 in �3 (5.311)

has been studied by many authors in the last few decades. It has been proved the existence
of a ground state (least energy solution), which is radial with respect to some point,
positive, and with exponential decay at infinity. In the same direction, Rabinowitz [187]
proved that problem (5.309) has a ground state for h̄ > 0 small, under the assumption that
infx∈�N V(x) > E. After making a standing wave ansatz, Rabinowitz reduces the problem
to that of studying the semilinear elliptic equation

− Δu + a(x)u = f (x,u) in �N , (5.312)
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under suitable conditions on a and assuming that f is smooth, superlinear and has a
subcritical growth. A related equation has been considered in Lions [137], where it is
studied the problem

−Δu + u = a(x)up−1,

u > 0 in �N ,

u ∈ H1(
�
N
)
,

(5.313)

where 2 < p < 2N/(N − 2) and a(x) ≥ a∞ := lim|x|→∞ a(x). The complementary case has
been studied in Tintarev [219].

Our purpose in what follows is to study two multivalued versions of problem (5.312).
We first consider a more general class of differential operators, the so-called p(x)-Laplace
operators. This degenerate quasilinear operator is defined byΔp(x)u := div(|∇u|p(x)−2∇u)
(where p(x) is a certain function whose properties will be stated in what follows) and it
generalizes the celebrated p-Laplace operator Δpu := div(|∇u|p−2∇u), where p > 1 is a
constant. The p(x)-Laplace operator possesses more complicated nonlinearity than the
p-Laplacian, for example, it is inhomogeneous. Next, we establish the existence of a weak
solution for a class of nonlinear Schrödinger systems.

5.6.2. Schrödinger equations associated to nonhomogeneous
differential operators

For any function h(x, ·) ∈ L∞loc(�) we denote by h (resp., h) the lower (resp., upper) limit
of h in its second variable, that is,

h(x, t) := lim
ε↘0

ess inf
{
h(x, s); |t − s| < ε},

h(x, t) = lim
ε↘0

ess sup
{
h(x, s); |t − s| < ε}. (5.314)

Let a ∈ L∞loc(�N ) be a variable potential such that, for some a0 > 0,

a(x) ≥ a0 a.e. x ∈ �N , ess lim
|x|→∞

a(x) = +∞. (5.315)

Let p : �N → � (N ≥ 2) be a continuous function. Set p+ := supx∈�N p(x) and
p− := infx∈�N p(x). We assume that p+ is finite.

Let f : �N × � → � be a measurable function such that for some C > 0, q ∈ � with
p+ < q + 1 ≤ Np−/(N − p−) if p− < N and p+ < q + 1 < +∞ if p− ≥ N , and μ > p+, we
have

∣∣ f (x, t)
∣∣ ≤ C

(|t|+ |t|q) a.e. (x, t) ∈ �N × �, (5.316)

lim
ε↘0

ess sup
{∣∣∣∣ f (x, t)

tp+−1

∣∣∣∣; (x, t) ∈ �N × (−ε, ε)
}
= 0, (5.317)

0 ≤ μF(x, t) ≤ s f (x, t) a.e. (x, t) ∈ �N × [0, +∞). (5.318)
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The hypothesis q ≤ Np−/(N−p−) enables us to allow an almost critical behaviour on
f . One of the main features of our setting is that we do not assume that the nonlinearity
f is continuous.

Let E denote the set of all measurable functions u : �N → � such that [a(x)]1/p(x)u ∈
Lp(x)(�N ) and |∇u| ∈ Lp(x)(�N ). Then E is a Banach space if it is endowed with the norm

‖u‖E :=
∣∣∣[a(x)

]1/p(x)
u
∣∣∣
p(x)

+ |∇u|p(x). (5.319)

We point out that E is continuously embedded in W1,p(x)(�N ).
Bartsch, Liu and Weth [22] proved that if p(x) ≡ 2 and if the potential a(x) fulfills

more general hypotheses than (5.315), then the embedding E ⊂ Lq+1(�N ) is compact,
whenever 2 ≤ q < (N + 2)/(N − 2).

Open problem. Study if this embedding remains compact in our “variable exponent”
framework and under assumption (5.315).

We denote by 〈·, ·〉 the duality pairing between E∗ and E.
Set F(x, t) := ∫ t0 f (x, s)ds and

Ψ(u) :=
∫
�N
F
(
x,u(x)

)
dx. (5.320)

We observe that Ψ is locally Lipschitz on E. This follows by (5.316), Hölder’s inequality
and the continuous embedding E ⊂ Lq+1(�N ). Indeed, for all u, v ∈ E,

∣∣Ψ(u)−Ψ(v)
∣∣ ≤ C‖u− v‖E , (5.321)

where C = C(‖u‖E ,‖v‖E) > 0 depends only on max{‖u‖E,‖v‖E}.
We are concerned in what follows with the multivalued elliptic problem

−div
(|∇u|p(x)−2∇u) + a(x)|u|p(x)−2u ∈ [ f (x,u), f (x,u)

]
in �N ,

u ≥ 0, u �≡ 0 in �N .
(5.322)

Definition 5.37. We say that u ∈ E is a solution of problem (5.322) if u ≥ 0, u �≡ 0, and
0 ∈ ∂I(u), where

I(u) :=
∫
�N

1
p(x)

(|∇u|p(x) + a(x)|u|p(x))dx −
∫
�N
F
(
x,u+)dx ∀u ∈ E. (5.323)

The mapping I : E → � is called the energy functional associated to problem (5.322).
Our previous remarks show that I is locally Lipschitz on the Banach space E.

The above definition may be reformulated, equivalently, in terms of hemivariational
inequalities. More precisely, u ∈ E is a solution of (5.322) if u ≥ 0, u �≡ 0 in �N , and

∫
�N

(|∇u|p(x)−2∇u∇v + a(x)|u|p(x)−2uv
)
dx +

∫
�N

(−F)0(x,u; v)dx ≥ 0, (5.324)

for all v ∈ E.
Our main existence result is the following.
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Theorem 5.38. Assume that hypotheses (5.315)–(5.318) are fulfilled. Then problem (5.322)
has at least one solution.

Proof . We first claim that there exist positive constants C1 and C2 such that

f (x, t) ≥ C1t
μ−1 − C2 a.e. (x, t) ∈ �N × [0, +∞). (5.325)

Indeed, by the definition of f we deduce that

f (x, t) ≤ f (x, t) a.e. (x, t) ∈ �N × [0, +∞). (5.326)

Set F(x, t) := ∫ t0 f (x, s)ds. Thus, by our assumption (5.318),

0 ≤ μF(x, t) ≤ t f (x, t) a.e. (x, t) ∈ �N × [0, +∞). (5.327)

Next, by (5.327), there exist positive constants R and K1 such that

F(x, t) ≥ K1t
μ a.e. (x, t) ∈ �N × [R, +∞). (5.328)

Our claim (5.325) follows now directly by relations (5.326), (5.327), and (5.328).
Next, we observe that

∂I(u) = −div
(|∇u|p(x)−2∇u) + a(x)|u|p(x)−2u− ∂Ψ(u+) in E∗. (5.329)

On the other hand, we have

∂Ψ(u) ⊂ [ f (x,u(x)
)
, f
(
x,u(x)

)]
a.e. x ∈ �N , (5.330)

in the sense that if w ∈ ∂Ψ(u) then

f
(
x,u(x)

) ≤ w(x) ≤ f
(
x,u(x)

)
a.e. x ∈ �N . (5.331)

This means that if u0 is a critical point of I , then there exists w ∈ ∂Ψ(u0) such that

−div
(∣∣∇u0

∣∣p(x)−2∇u0
)

+ a(x)
∣∣u0

∣∣p(x)−2
u0 = w in E∗. (5.332)

This argument shows that, for proving Theorem 5.38, it is enough to show that the energy
functional I has at least a nontrivial critical point u0 ∈ E, u0 ≥ 0. We prove the existence
of a solution of problem (5.322) by arguing that the hypotheses of Corollary 3.14 (moun-
tain pass theorem for locally Lipschitz functionals) are fulfilled. More precisely, we check
the following geometric assumptions:

I(0) = 0 and there exists v ∈ E such that I(v) ≤ 0, (5.333)

there exist β, ρ > 0 such that I ≥ β on
{
u ∈ E; ‖u‖E = ρ

}
. (5.334)

Verification of (5.333). Fix w ∈ C∞c (�N ) \ {0} such that w ≥ 0 in �N . In particular, we
have

∫
�N

(|∇w|p(x) + a(x)wp(x))dx < +∞. (5.335)
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So, by (5.325),

I(tw) =
∫
�N

tp(x)

p(x)

(|∇w|p(x) + a(x)wp(x))dx −Ψ(tw)

≤ tp
+

p−

∫
�N

(|∇w|p(x)+a(x)wp(x))dx+C2t
∫
�N
w dx−C′1tμ

∫
�N
wμdx ∀t > 0.

(5.336)

Since, by hypothesis, 1 < p+ < μ, we deduce that I(tw) < 0 for t > 0 large enough.

Verification of (5.334). Our hypotheses (5.316) and (5.317) imply that, for any ε > 0,
there exists some Cε > 0 such that

∣∣ f (x, t)
∣∣ ≤ ε|t| + Cε|t|q a.e. (x, t) ∈ �N × �. (5.337)

By (5.337) and Sobolev embeddings in variable exponent spaces we have, for any u ∈ E,

Ψ(u) ≤ ε
∫
�N

1
p(x)

|u|p(x)dx +
Aε

q + 1

∫
�N
|u|q+1dx

≤ ε
∫
�N

1
p(x)

|u|p(x)dx + C4‖u‖q+1
Lq+1(�N),

(5.338)

where ε is arbitrary and C4 = C4(ε). Thus, by our hypotheses,

I(u) =
∫
�N

1
p(x)

(|∇u|p(x) + a(x)|u|p(x))dx −Ψ
(
u+)

≥ 1
p+

∫
�N

[|∇u|p(x) +
(
a0 − ε

)|u|p(x)]dx − C4‖u‖q+1
Lq+1(�N) ≥ β > 0,

(5.339)

for ‖u‖E = ρ, with ρ, ε, and β being small enough positive constants.
Denote

P := {γ ∈ C
(
[0, 1],E

)
; γ(0) = 0, γ(1) �= 0, I

(
γ(1)

) ≤ 0
}

c := inf
γ∈P

max
t∈[0,1]

I
(
γ(t)

)
.

(5.340)

Set

λI(u) := min
ζ∈∂I(u)

‖ζ‖E∗ . (5.341)

So, by Corollary 3.14, there exists a sequence {un} ⊂ E such that

I
(
un
)
�→ c, λI

(
un
)
�→ 0. (5.342)

Moreover, since I(|u|) ≤ I(u) for all u ∈ E, we can assume without loss of generality that
un ≥ 0 for every n ≥ 1. So, for all positive integers n, there exists {wn} ∈ ∂Ψ(un) ⊂ E∗

such that, for any v ∈ E,
∫
�N

(∣∣∇un∣∣p(x)−2∇un∇v + a(x)u
p(x)−1
n v

)
dx − 〈wn, v

〉
�→ 0 as n �→∞. (5.343)
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Note that for all u ∈ E, u ≥ 0, the definition of Ψ and our hypotheses yield

Ψ(u) ≤ 1
μ

∫
�N
u(x) f

(
x,u(x)

)
dx. (5.344)

Therefore, by (5.331), for every u ∈ E, u ≥ 0, and for any w ∈ ∂Ψ(u),

Ψ(u) ≤ 1
μ

∫
�N
u(x)w(x)dx. (5.345)

Hence

I
(
un
) ≥ μ− p+

μp+

∫
�N

(∣∣∇un∣∣p(x)
+ a(x)u

p(x)
n

)
dx

+
1
μ

∫
�N

(∣∣∇un∣∣p(x)
+ a(x)u

p(x)
n − wnun

)
dx

+
1
μ

∫
�N
wnundx −Ψ

(
un
)

≥ μ− p+

μp+

∫
�N

(∣∣∇un∣∣p(x)
+ a(x)u

p(x)
n

)
dx

+
1
μ

∫
�N

(∣∣∇un∣∣p(x)
+ a(x)u

p(x)
n − wnun

)
dx

= μ− p+

μp+

∫
�N

(∣∣∇un∣∣p(x)
+ a(x)u

p(x)
n

)
dx

+
1
μ

〈− Δp(x)un + aun −wn,un
〉

= μ− p+

μp+

∫
�N

(∣∣∇un∣∣p(x)
+ a(x)u

p(x)
n

)
dx + o(1)

∥∥un∥∥E. (5.346)

This relation and (5.342) show that the Palais-Smale sequence {un} is bounded in E. It

follows that {un} converges weakly (up to a subsequence) in E and strongly in L
p(x)
loc (�N )

to some u0 ≥ 0. Taking into account that wn ∈ ∂Ψ(un) for all m, that un ⇀ u0 in E and
that there exists w0 ∈ E∗ such that wn ⇀ w0 in E∗ (up to a subsequence), we infer that
w0 ∈ ∂Ψ(u0). This follows from the fact that the map u 
→ F(x,u) is compact from E into
L1. Moreover, if we take φ ∈ C∞c (�N ) and let ω := suppφ, then by (5.343) we get

∫
ω

(∣∣∇u0
∣∣p(x)−2∇u0∇ϕ + a(x)u

p(x)−1
0 ϕ− w0ϕ

)
dx = 0. (5.347)

So, by the definition of (−F)0, we deduce that

∫
ω

(∣∣∇u0
∣∣p(x)−2∇u0∇ϕ + a(x)u

p(x)−1
0 ϕ

)
dx +

∫
ω

(−F)0(x,u0;ϕ
)
dx ≥ 0. (5.348)

By density, this hemivariational inequality holds for all φ ∈ E and this means that u0

solves problem (5.322).
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It remains to prove that u0 �≡ 0. If wn is as in (5.343), then by (5.331) (recall that
un ≥ 0) and (5.342) (for large m) we deduce that

c

2
≤ I

(
un
)− 1

p−
〈− Δp(x)un + aun − wn,un

〉

= 1
p−
〈
wn,un

〉−
∫
�N
F
(
x,un

)
dx

≤ 1
p−

∫
�N
un f

(
x,un

)
dx.

(5.349)

Now, taking into account its definition, one deduces that f verifies (5.337), too. So, by
(5.349), we obtain

0 <
c

2
≤ 1
p−

∫
�N

(
εu2

n + Aεu
q+1
n
)
dx = ε

p−
∥∥un∥∥2

L2(�N) +
Aε

p−
∥∥un∥∥q+1

Lq+1(�N). (5.350)

In particular, this shows that {un} does not converge strongly to 0 in Lq+1(�N ). It remains
to argue that u0 �≡ 0. Since both ‖un‖Lp− (�N) and ‖∇un‖Lp− (�N) are bounded, it follows
by Lemma I.1 in Lions [138] that the sequence {un} “does not vanish” in Lp

−
(�N ). Thus,

there exists a sequence {zn} ⊂ �N and C > 0 such that, for some R > 0,
∫
zn+BR

u
p−
n dx ≥ C. (5.351)

We claim that the sequence {zn} is bounded in �N . Indeed, if not, up to a subsequence,
it follows by (5.315) that

∫
�N
a(x)u

p−
n dx �→ +∞ as n �→∞, (5.352)

which contradicts our assumption I(un) = c + o(1). Therefore, by (5.351), there exists an
open bounded set D ⊂ �N such that

∫
D
u
p−
n dx ≥ C > 0. (5.353)

In particular, this relation implies that u0 �≡ 0 and our proof is concluded. �

5.6.3. Coupled Schrödinger elliptic systems with
discontinuous nonlinearity

Coupled nonlinear Schrödinger systems describe some physical phenomena such as the
propagation in birefringent optical fibers or Kerr-like photorefractive media in optics.
For instance, Menyuk [145] showed that the evolution of two orthogonal pulse envelopes
in birefringent optical fibers is governed by the following coupled nonlinear Schrödinger
system:

iφt + φxx + φ3 + βψ3 = 0,

iψt + ψxx + ψ3 + βφ|3 = 0,
(5.354)
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where β is a positive constant depending on the anisotropy of the fibers. If we are looking
for standing wave solutions of (5.354), namely solutions of the form

φ(x, t) = eiw
2
1 tu(x), ψ(x, t) = eiw

2
2 tv(x), (5.355)

then problem (5.354) reduces to

−uxx + u = u3 + βv2u in �

−vxx +w2
2v/w

2
1 = v3 + βu2v in �.

(5.356)

Problem (5.356) has been studied in higher dimensions by Cipolatti and Zumpichiatti
[44]. By concentration compactness arguments they prove the existence and the regu-
larity of a nontrivial ground state solution. Recently, Lin and Wei [136] have proved the
existence of least energy positive solutions in arbitrary dimensions and they have argued
that if β < 0 then problem (5.356) does not have a ground state solution.

Another motivation for the study of coupled Schrödinger systems arises from the
Hartree-Fock theory for the double condensate, that is a binary mixture of Bose-Einstein
condensates in two different hyperfine states, cf. Esry et. all. [78]. Coupled nonlinear
Schrödinger systems are also important for industrial applications in fiber communica-
tions systems (see Hasegawa and Kodama [102]) and all-optical switching devices (see
Islam [112]).

Motivated by the above results, we consider the following class of coupled Schrö-
dinger stationary systems in �N (N ≥ 3):

−Δu1 + a(x)u1 = f
(
x,u1,u2

)
in �N ,

−Δu2 + b(x)u2 = g
(
x,u1,u2

)
in �N .

(5.357)

We assume that a, b ∈ L∞loc(�N ) and there exist a, b > 0 such that

a(x) ≥ a, b(x) ≥ b a.e. in �N , (5.358)

and ess lim|x|→∞a(x) = ess lim|x|→∞b(x) = +∞. Our aim in what follows is to study the
existence of solutions to the above problem in the case when f , g are not continuous
functions. Our goal is to show how variational methods can be used to find existence
results for stationary nonsmooth Schrödinger systems.

We suppose that f (x, ·, ·), g(x, ·, ·) ∈ L∞loc(�2 ). Denote:

f
(
x, t1, t2

) = lim
δ→0

ess inf
{
f
(
x, s1, s2

)
;
∣∣ti − si∣∣ ≤ δ; i = 1, 2

}
,

f
(
x, t1, t2

) = lim
δ→0

ess sup
{
f
(
x, s1, s2

)
;
∣∣ti − si∣∣ ≤ δ; i = 1, 2

}
,

g
(
x, t1, t2

) = lim
δ→0

ess inf
{
g
(
x, s1, s2

)
;
∣∣ti − si∣∣ ≤ δ; i = 1, 2

}
,

g
(
x, t1, t2

) = lim
δ→0

ess sup
{
g
(
x, s1, s2

)
;
∣∣ti − si∣∣ ≤ δ; i = 1, 2

}
.

(5.359)
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Under these conditions, we reformulate problem (5.357) as follows:

−Δu1 + a(x)u1 ∈
[
f
(
x,u1(x),u2(x)

)
, f
(
x,u1(x),u2(x)

)]
a.e. x ∈ �N ,

−Δu2 + b(x)u2 ∈
[
g
(
x,u1(x),u2(x)

)
, g
(
x,u1(x),u2(x)

)]
a.e. x ∈ �N .

(5.360)

Let H1 = H(�N ,�2 ) denote the Sobolev space of all U = (u1,u2) ∈ (L2(�N ))2 with
weak derivatives ∂u1/∂xj , ∂u2/∂xj ( j = 1, . . . ,N) also in L2(�N ), endowed with the usual
norm

‖U‖2
H1
=
∫
�N

(|∇U|2 + |U|2)dx

=
∫
�N

(|∇u1|2 + |∇u2|2 + u2
1 + u2

2

)
dx.

(5.361)

Given the functions a, b : �N → � as above, define the function space

E =
{
U = (u1,u2

) ∈ H1;
∫
�N

(∣∣∇u1
∣∣2

+
∣∣∇u2

∣∣2
+ a(x)u2

1 + b(x)u2
2

)
dx < +∞

}
.

(5.362)

Then the space E endowed with the norm

‖U‖2
E =

∫
�N

(∣∣∇u1
∣∣2

+
∣∣∇u2

∣∣2
+ a(x)u2

1 + b(x)u2
2

)
dx (5.363)

becomes a Hilbert space.
Since a(x) ≥ a > 0, b(x) ≥ b > 0, we have the continuous embeddings H1 ↪→

Lq(�N ,�2 ) for all 2 ≤ q ≤ 2∗ = 2N/(N − 2).
We assume throughout the section that f , g : �N ×�2 → � are nontrivial measurable

functions satisfying the following hypotheses:

∣∣ f (x, t)
∣∣ ≤ C

(|t| + |t|p) for a.e. (x, t) ∈ �N × �2 ,
∣∣g(x, t)

∣∣ ≤ C
(|t| + |t|p) for a.e. (x, t) ∈ �N × �2 ,

(5.364)

where p < 2∗;

lim
δ→0

ess sup
{∣∣ f (x, t)

∣∣
|t| ; (x, t) ∈ �N × (−δ, +δ)2

}
= 0

lim
δ→0

ess sup
{∣∣g(x, t)

∣∣
|t| ; (x, t) ∈ �N × (−δ, +δ)2

}
= 0;

(5.365)

f and g are chosen so that the mapping F : �N × �2 → � defined by F(x, t1, t2) :=∫ t1
0 f (x, τ, t2)dτ +

∫ t2
0 g(x, 0, τ)dτ satisfies

F
(
x, t1, t2

) =
∫ t2

0
g
(
x, t1, τ

)
dτ +

∫ t1

0
f (x, τ, 0)dτ,

F
(
x, t1, t2

) = 0 if and only if t1 = t2 = 0;

(5.366)
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there exists μ > 2 such that for any x ∈ �N ,

0 ≤ μF
(
x, t1, t2

) ≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

t1 f
(
x, t1, t2

)
+ t2g

(
x, t1, t2

)
, t1, t2 ≥ 0,

t1 f
(
x, t1, t2

)
+ t2g

(
x, t1, t2

)
, t1 ≥ 0, t2 ≤ 0,

t1 f
(
x, t1, t2

)
+ t2g

(
x, t1, t2

)
, t1, t2 ≤ 0,

t1 f
(
x, t1, t2

)
+ t2g

(
x, t1, t2

)
, t1 ≤ 0, t2 ≥ 0.

(5.367)

Definition 5.39. A function U = (u1,u2) ∈ E is called solution of problem (5.360) if there
exists a function W = (w1,w2) ∈ L2(�N ,�2 ) such that

(i)

f
(
x,u1(x),u2(x)

) ≤ w1(x) ≤ f
(
x,u1(x),u2(x)

)
a.e. x ∈ �N ,

g
(
x,u1(x),u2(x)

) ≤ w2(x) ≤ g
(
x,u1(x),u2(x)

)
a.e. x ∈ �N ,

(5.368)

(ii)

∫
�N

(∇u1∇v1 +∇u2∇v2 + a(x)u1v1 + b(x)u2v2
)
dx =

∫
�N

(
w1v1 +w2v2

)
dx

∀(v1, v2
) ∈ E.

(5.369)

Our main existence result is the following.

Theorem 5.40. Assume that conditions (5.364)–(5.367) are fulfilled. Then problem (5.360)
has at least a nontrivial solution in E.

Before giving the proof we deduce some auxiliary results.
Let Ω be an arbitrary domain in �N . Set

EΩ =
{
U = (u1,u2

) ∈ H1(Ω;�2);
∫
Ω

(∣∣∇u1
∣∣2

+
∣∣∇u2

∣∣2
+ au2

1 + bu2
2

)
< +∞

}

(5.370)

which is endowed with the norm

‖U‖2
EΩ =

∫
Ω

(∣∣∇u1
∣∣2

+
∣∣∇u2

∣∣2
+ a(x)u2

1 + b(x)u2
2

)
dx. (5.371)

Then EΩ becomes a Hilbert space.

Lemma 5.41. The functional ΨΩ : EΩ → � defined by ΨΩ(U) = ∫
Ω F(x,U)dx is locally

Lipschitz on EΩ.
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Proof . We first observe that

F(x,U) = F
(
x,u1,u2

)

=
∫ u1

0
f
(
x, τ,u2

)
dτ +

∫ u2

0
g(x, 0, τ)dτ

=
∫ u2

0
g
(
x,u1, τ

)
dτ +

∫ u1

0
f (x, τ, 0)dτ

(5.372)

is a Carathéodory functional which is locally Lipschitz with respect to the second variable.
Indeed, by (5.364),

∣∣F(x, t1, t
)− F(x, s1, t

)∣∣ =
∣∣∣∣
∫ t1
s1
f (x, τ, t)dτ

∣∣∣∣
≤
∣∣∣∣
∫ t1
s1
C
(|τ, t|+ |τ, t|p)dτ

∣∣∣∣
≤ k

(
t1, s1, t

)∣∣t1 − s1∣∣.

(5.373)

Similarly,

∣∣F(x, t, t2
)− F(x, t, s2

)∣∣ ≤ k
(
t2, s2, t

)∣∣t2 − s2∣∣. (5.374)

Therefore,

∣∣F(x, t1, t2
)−F(x, s1, s2

)∣∣ ≤ ∣∣F(x, t1, t2
)− F(x, s1, t2

)∣∣+
∣∣F(x, t1, s2

)−F(x, s1, s2
)∣∣

≤ k(V)
∣∣(t2, s2

)− (t1, s1
)∣∣,

(5.375)

where V is a neighborhood of (t1, t2), (s1, s2).
Set

χ1(x) = max
{
u1(x), v1(x)

}
, χ2(x) = max

{
u2(x), v2(x)

} ∀x ∈ Ω. (5.376)

It is obvious that if U = (u1,u2), V = (v1, v2) belong to EΩ, then (χ1, χ2) ∈ EΩ. So, by
Hölder’s inequality and the continuous embedding EΩ ⊂ Lp(Ω;�2 ),

∣∣ΨΩ(U)−ΨΩ(V)
∣∣ ≤ C

(∥∥χ1, χ2
∥∥
EΩ

)
‖U − V‖EΩ , (5.377)

which concludes the proof. �

The following result is a generalization of Lemma 6 in Mironescu and Rădulescu
[154].

Lemma 5.42. Let Ω be an arbitrary domain in �N and let f : Ω × �2 → � be a Borel
function such that f (x, .) ∈ L∞loc(�2 ). Then f and f are Borel functions.
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Proof . Since the requirement is local, we may suppose that f is bounded by M and it is
nonnegative. Denote

fm,n
(
x, t1, t2

) =
(∫ t1+1/n

t1−1/n

∫ t2+1/n

t2−1/n

∣∣ f (x, s1, s2
)∣∣mds1 ds2

)1/m

. (5.378)

Since f (x, t1, t2) = limδ→0 ess sup{ f (x, s1, s2); |ti − si| ≤ δ; i = 1, 2} we deduce that
for every ε > 0, there exists n ∈ �∗ such that for |ti − si| < 1/n (i = 1, 2) we have
|ess sup f (x, s1, s2)− f (x, t1, t2)| < ε or, equivalently,

f
(
x, t1, t2

)− ε < ess sup f
(
x, s1, s2

)
< f

(
x, t1, t2

)
+ ε. (5.379)

By the second inequality in (5.379) we obtain

f
(
x, s1, s2

) ≤ f
(
x, t1, t2

)
+ ε a.e. x ∈ Ω for

∣∣ti − si∣∣ < 1
n

(i = 1, 2) (5.380)

which yields

fm,n
(
x, t1, t2

) ≤ ( f (x, t1, t2
)

+ ε
)(√

4/n2
)1/m

. (5.381)

Let

A =
{(
s1, s2

) ∈ �2 ;
∣∣ti − si∣∣ < 1

n
(i = 1, 2); f

(
x, t1, t2

)− ε ≤ f
(
x, s1, s2

)}
. (5.382)

By the first inequality in (5.379) and the definition of the essential supremum we obtain
that |A| > 0 and

fm,n ≤
(∫∫

A

(
f
(
x, s1, s2

))m
ds1 ds2

)1/m

≥ ( f (x, s1, s2
)− ε)|A|1/m. (5.383)

Since (5.381) and (5.383) imply

f
(
x, t1, t2

) = lim
n→∞ lim

m→∞ fm,n
(
x, t1, t2

)
, (5.384)

it suffices to prove that fm,n is a Borel function. Let

M = { f : Ω× �2 �→ �; | f | ≤M, f is a Borel function
}

,

N = { f ∈M; fm,n is a Borel function
}
.

(5.385)

Cf. Berberian [24, page 178]; M is the smallest set of functions having the following
properties:

(i) { f ∈ C(Ω× �2 ;�); | f | ≤M} ⊂M;

(ii) f (k) ∈M and f (k) k
�→ f imply f ∈M.

Since N contains obviously the continuous functions and (ii) is also true for N then,
by the Lebesgue dominated convergence theorem, we obtain that M = N . For f we note

that f = −(− f ) and the proof of Lemma 5.42 is complete. �
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Let us now assume that Ω ⊂ �N is a bounded domain. By the continuous embed-
ding Lp+1(Ω;�2 ) ↪→ L2(Ω;�2 ), we may define the locally Lipschitz functional ΨΩ :
Lp+1(Ω;�2 )→ � by ΨΩ(U) = ∫Ω F(x,U)dx.

Lemma 5.43. Under the above assumptions and for any U ∈ Lp+1(Ω;�2 ), one has

∂ΨΩ(U)(x) ⊂ [ f (x,U(x)
)
, f
(
x,U(x)

)]× [g(x,U(x)
)
, g
(
x,U(x)

)]
a.e. x ∈ Ω,

(5.386)

in the sense that if W = (w1,w2) ∈ ∂ΨΩ(U) ⊂ Lp+1(Ω;�2 ) then

f
(
x,U(x)

) ≤ w1(x) ≤ f
(
x,U(x)

)
a.e. x ∈ Ω, (5.387)

g
(
x,U(x)

) ≤ w2(x) ≤ g
(
x,U(x)

)
a.e. x ∈ Ω. (5.388)

Proof . By the definition of the Clarke gradient we have

∫
Ω

(
w1v1 +w2v2

)
dx ≤ Ψ0

Ω(U ,V) ∀V = (v1, v2
) ∈ Lp+1(Ω;�2). (5.389)

Choose V = (v, 0) such that v ∈ Lp+1(Ω), v ≥ 0 a.e. in Ω. Thus, by Lemma 5.42,

∫
Ω
w1v ≤ lim sup

(h1,h2)→U
λ↘0

∫
Ω

(∫ h1(x)+λv(x)
h1(x) f

(
x, τ,h2(x)

)
dτ
)
dx

λ

≤
∫
Ω

⎛
⎜⎝lim sup

(h1,h2)→U
λ↘0

1
λ

∫ h1(x)+λv(x)

h1(x)
f
(
x, τ,h2(x)

)
dτ

⎞
⎟⎠dx

≤
∫
Ω
f
(
x,u1(x),u2(x)

)
v(x)dx.

(5.390)

Analogously, we obtain

∫
Ω
f
(
x,u1(x),u2(x)

)
v(x)dx ≤

∫
Ω
w1v dx ∀v ≥ 0 in Ω. (5.391)

Arguing by contradiction, suppose that (5.387) is false. Then there exist ε > 0, a set
A ⊂ Ω with |A| > 0 and w1 as above such that

w1(x) > f
(
x,U(x)

)
+ ε in A. (5.392)

Taking v = 1A in (5.390) we obtain

∫
Ω
w1v dx =

∫
A
w1dx ≤

∫
A
f
(
x,U(x)

)
dx, (5.393)

which contradicts (5.392). Proceeding in the same way, we obtain the corresponding
result for g in (5.388). �
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By Lemma 5.43 and the embedding EΩ ↪→ Lp+1(Ω,�2 ) we obtain also that for ΨΩ :
EΩ → �, ΨΩ(U) = ∫Ω F(x,U)dx we have

∂ΨΩ(U)(x) ⊂ [ f (x,U(x)
)
, f
(
x,U(x)

)]× [g(x,U(x)
)
, g
(
x,U(x)

)]
a.e. x ∈ Ω.

(5.394)

Let V ∈ EΩ. Then Ṽ ∈ E, where Ṽ : �N → �2 is defined by

Ṽ =
⎧⎪⎨
⎪⎩
Ṽ(x), x ∈ Ω,

0, otherwise.
(5.395)

For W ∈ E∗ we consider WΩ ∈ E∗Ω such that 〈WΩ,V〉 = 〈W , Ṽ〉 for all V in EΩ. Set
Ψ : E → �, Ψ(U) = ∫

�N F(x,U).

Lemma 5.44. Let W ∈ ∂Ψ(U), where U ∈ E. Then WΩ ∈ ∂ΨΩ(U), in the sense that
WΩ ∈ ∂ΨΩ(U|Ω).

Proof . By the definition of the Clarke gradient we deduce that 〈W , Ṽ〉 ≤ Ψ0(U , Ṽ ) for
all V in EΩ,

Ψ0(U , Ṽ ) = lim sup
H→U,H∈E

λ→0

Ψ(H + λṼ )−Ψ(H)
λ

= lim sup
H→U,H∈E

λ→0

∫
�N

(
F(x,H + λṼ )− F(x,H)

)
dx

λ

= lim sup
H→U,H∈E

λ→0

∫
Ω

(
F(x,H + λṼ )− F(x,H)

)
dx

λ

= lim sup
H→U,H∈EΩ

λ→0

∫
Ω

(
F(x,H + λṼ )− F(x,H)

)
dx

λ

= Ψ0
Ω(U ,V).

(5.396)

Hence 〈WΩ,V〉 ≤ Ψ0
Ω(U ,V) which implies WΩ ∈ ∂Ψ0

Ω(U). �

By Lemmas 5.43 and 5.44 we obtain that for any W ∈ ∂Ψ(U) (with U ∈ E), WΩ

satisfies (5.387) and (5.388). We also observe that for Ω1,Ω2 ⊂ �N we have WΩ1|Ω1∩Ω2 =
WΩ2 |Ω1∩Ω2 .

Let W0 : �N → �, where W0(x) =WΩ(x) if x ∈ Ω. Then W0 is well defined and

W0(x) ∈
[
f
(
x,U(x)

)
, f
(
x,U(x)

)]×
[
g
(
x,U(x)

)
, g
(
x,U(x)

)]
a.e. x ∈ �N , (5.397)

and, for all φ ∈ C∞c (�N ,�2 ), 〈W ,φ〉 = ∫
�N W0φ. By density of C∞c (�N ,�2 ) in E we

deduce that 〈W ,V〉 = ∫
�N W0V dx for all V in E. Hence, for a.e. x ∈ �N ,

W(x) =W0(x) ∈
[
f
(
x,U(x)

)
, f
(
x,U(x)

)]×
[
g
(
x,U(x)

)
, g
(
x,U(x)

)]
. (5.398)
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Proof of Theorem 5.35. Define the energy functional I : E → � by

I(U) = 1
2

∫
�N

(∣∣∇u1
∣∣2

+
∣∣∇u2

∣∣2
+ a(x)u2

1 + b(x)u2
2

)
dx −

∫
�N
F(x,U)dx

= 1
2
‖U‖2

E −Ψ(U).

(5.399)

�

The existence of solutions to problem (5.360) will be justified by Corollary 3.14
(the nonnsmooth variant of the mountain pass theorem) applied to the functional I ,
even if the Palais-Smale condition is not fulfilled. More precisely, we check the following
geometric hypotheses:

I(0) = 0 and there exists V ∈ E such that I(V) ≤ 0; (5.400)

there exist β, ρ > 0 such that I ≥ β on
{
U ∈ E; ‖U‖E = ρ

}
. (5.401)

Verification of (5.400). It is obvious that I(0) = 0. For the second assertion we need the
following lemma.

Lemma 5.45. There exist two positive constants C1 and C2 such that

f (x, s, 0) ≥ C1sμ−1 − C2 for a.e. x ∈ �N ; s ∈ [0, +∞). (5.402)

Proof . We first observe that (5.367) implies

0 ≤ μF(x, s, 0) ≤
⎧⎪⎨
⎪⎩
s f (x, s, 0) if s ∈ [0, +∞),

s f (x, s, 0) if s ∈ (−∞, 0].
(5.403)

Verification of (5.400) continued. Choose v ∈ C∞c (�N ) − {0} so that v ≥ 0 in �N . We
have

∫
�N(|∇v|2 + a(x)v2)dx < ∞, hence t(v, 0) ∈ E for all t ∈ �. Thus, by Lemma 5.45

we obtain

I
(
t(v, 0)

) = t2

2

∫
�N

(|∇v|2 + a(x)v2)dx −
∫
�N

∫ tv
0
f (x, τ, 0)dτ

≤ t2

2

∫
�N

(|∇v|2 + a(x)v2)dx −
∫
�N

∫ tv
0

(
C1τμ−1 − C2

)
dτ

= t2

2

∫
�N

(|∇v|2 + a(x)v2)dx + C2t
∫
�N
v dx − C′1tμ

∫
�N
vμdx < 0

(5.404)

for t > 0 large enough.

Verification of (5.401). We observe that (5.365), (5.366), and (5.367) imply that, for any
ε > 0, there exists a constant Aε > 0 such that

∣∣ f (x, s)
∣∣ ≤ ε|s| +Aε|s|p

∣∣g(x, s)
∣∣ ≤ ε|s| +Aε|s|p

for a.e. (x, s) ∈ �N × �2 . (5.405)
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By (5.405) and Sobolev’s embedding theorem we have, for any U ∈ E,
∣∣Ψ(U)

∣∣ = ∣∣Ψ(u1,u2
)∣∣

≤
∫
�N

∫ |u1|

0

∣∣ f (x, τ,u2
)∣∣dτ +

∫
�N

∫ u2

0

∣∣g(x, 0, τ)
∣∣dτ

≤
∫
�N

(
ε

2

∣∣(u1,u2
)∣∣2

+
Aε

p + 1

∣∣(u1,u2
)∣∣p+1

)
dx

+
∫
�N

(
ε
2

∣∣u2
∣∣2

+
Aε

p + 1

∣∣u2
∣∣p+1

)
dx

≤ ε‖U‖2
L2 +

2Aε

p + 1
‖U‖p+1

Lp+1

≤ εC3‖U‖2
E + C4‖U‖p+1

E ,

(5.406)

where ε is arbitrary and C4 = C4(ε). Thus

I(U) = 1
2
‖U‖2

E −Ψ(U) ≥ 1
2
‖U‖2

E − εC3‖U‖2
E − C4‖U‖p+1

E ≥ β > 0, (5.407)

for ‖U‖E = ρ, with ρ, ε, and β sufficiently small positive constants.
Denote

P = {γ ∈ C
(
[0, 1],E

)
; γ(0) = 0, γ(1) �= 0, I

(
γ(1)

) ≤ 0
}
,

c = inf
γ∈P

max
t∈[0,1]

I
(
γ(t)

)
.

(5.408)

Set

λI(U) = min
ξ∈∂I(U)

‖ξ‖E∗ . (5.409)

Thus, by Corollary 3.14, there exists a sequence {UM} ⊂ E such that

I
(
Um

)
�→ c, λI

(
Um

)
�→ 0. (5.410)

So, there exists a sequence {Wm} ⊂ ∂Ψ(Um), Wm = (w1
m,w2

m), such that

(−Δu1
m + a(x)u1

m − w1
m,−Δu2

m + a(x)u2
m −w2

m

)
�→ 0 in E∗. (5.411)

Note that, by (5.367),

Ψ(U)

≤ 1
μ

(∫
u1≥0

u1 f (x,U) +
∫
u1≤0

u1 f (x,U) +
∫
u2≥0

u1g(x,U) +
∫
u2≤0

u2g(x,U)
)
.

(5.412)

Therefore, by (5.398),

Ψ(U) ≤ 1
μ

∫
�N
U(x)W(x)dx = 1

μ

∫
�N

(
u1w1 + u2w2

)
dx, (5.413)
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for every U ∈ E and W ∈ ∂Ψ(U). Hence, if 〈·, ·〉 denotes the duality pairing between E∗

and E, we have

I
(
Um
)= μ−2

2μ

∫
�N

(∣∣∇u1
m

∣∣2
+
∣∣∇um∣∣2

+a(x)
∣∣um∣∣1

+b(x)
∣∣um∣∣2

)
dx

+
1
μ

〈(−Δu1
m+a(x)u1

m−w1
m,−Δu2

m+b(x)u2
m−w2

m

)
,Um

〉

1
μ

〈
Wm,Um

〉−Ψ(Um
)≥ μ−2

2μ

∫
�N

(∣∣∇u1
m

∣∣2
+
∣∣∇u2

m

∣∣2
+a(x)

∣∣u1
m

∣∣2
+b(x)

∣∣u2
m

∣∣2
)
dx

+
1
μ

〈(−Δu1
m+a(x)u1

m−w1
m,−Δu2

m+b(x)u2
m−w2

m

)
,Um

〉

≥ μ− 2
2μ

∥∥Um

∥∥2
E − o(1)

∥∥Um

∥∥
E.

(5.414)

This relation in conjunction with (5.410) implies that the Palais-Smale sequence {Um}
is bounded in E. Thus, it converges weakly (up to a subsequence) in E and strongly
in L2

loc(�N ) to some U . Taking into account that Wm ∈ ∂Ψ(Um) and Um ⇀ U in E,
we deduce from (5.411) that there exists W ∈ E∗ such that Wm ⇀ W in E∗ (up to a
subsequence). Since the mapping U 
→ F(x,U) ia compact from E to L1, it follows that
W ∈ ∂Ψ(U). Therefore,

W(x) ∈
[
f
(
x,U(x)

)
, f
(
x,U(x)

)]× [g(x,U(x)
)
, g
(
x,U(x)

)]
a.e. x ∈ �N ,

(− Δu1
m + a(x)u1

m −w1
m,−Δu2

m + b(x)u2
m − w2

m) = 0

⇐⇒
∫
�N

(∇u1∇v1 +∇u2∇v2 + a(x)u1v1 + b(x)u2v2
)
dx

=
∫
�N

(w1v1 + w2v2)dx,

(5.415)

for all (v1, v2) ∈ E. These last two relations show that U is a solution of problem (5.360).
It remains to prove that U �≡ 0. If {Wm} is as in (5.411), then by (5.367), (5.398),

(5.410), and for large m,

c
2
≤ I

(
Um

)− 1
2

〈(− Δu1
m + a(x)u1

m − w1
m,−Δu2

m + b(x)u2
m − w2

m

)
,Um

〉

= 1
2

〈
Wm,Um

〉−
∫
�N
F
(
x,Um

)
dx

≤ 1
2

(∫
u1≥0

u1 f (x,U) +
∫
u1≤0

u1 f (x,U) +
∫
u2≥0

u1g(x,U) +
∫
u2≤0

u2g(x,U)
)
.

(5.416)
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Now, taking into account the definition of f , f , g, g , we deduce that these functions verify
(5.400), too. So, by (5.416),

c

2
≤
∫
�N

(
ε
∣∣Um

∣∣2
+ Aε

∣∣um∣∣p+1
)
dx = ε

∥∥Um

∥∥2
L2 +Aε

∥∥Um

∥∥p+1
Lp+1 . (5.417)

Thus, {Um} does not converge strongly to 0 in Lp+1(�N ;�2 ). Next, since {Um} is bounded
in E ⊂ Lp+1(�N ;�2 ), it follows that {Um} and {∇Um} are bounded in Lp+1(�N ;�2 ). So,
by [138, Lemma I.1], there exist a sequence {zm} and positive numbers C, R such that,
for all m ≥ 1, ∫

zm+BR

[(
u1
m

)2
+
(
u2
m

)]
dx ≥ C. (5.418)

The next step consists in showing that {zm} is bounded. Arguing by contradiction and
using (5.358) we obtain, up to a subsequence,

∫
�N

[
a(x)

(
u1
m

)2
+ b(x)

(
u2
m

)2
]
dx �→ +∞ as m �→∞. (5.419)

But this relation contradicts our assumption I(Um) → c. So, by (5.418), there exists an
open bounded set D ⊂ �N such that

∫
D

[
a(x)

(
u1
m

)2
+ b(x)

(
u2
m

)2
]
dx ≥ C. (5.420)

This relation implies that U �≡ 0, which concludes the proof. �

5.7. Bibliographical notes

The existence result formulated in Theorem 5.5 is due to Mironescu and Rădulescu [153].
The forced pendulum problem (5.78)–(5.81) was studied by Mawhin and Willem [143]
and the multivalued version established in Theorem 5.9 is proved by Mironescu and
Rădulescu [153]. Existence results for multivalued Landesman-Lazer problems have been
established by Rădulescu [193, 194]. Inequality problems of hemivariational type have
been studied starting with the pioneering papers by Panagiotopoulos [175, 164]. The
Hartman–Stampacchia theory for problems of this type (Theorems 5.22–5.30 in this
section) was developed by Fundos et al. [83]. The existence theorems 5.32–5.36 are due to
Motreanu and Rădulescu [159, 160]. Standing waves for the Schrödinger equation have
been studied in a nonsmooth setting by Gazzola and Rădulescu [84] and Dinu [68].
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[95] M. Ghergu and V. D. Rădulescu, “Singular elliptic problems with convection term in
anisotropic media,” in Mathematical Analysis and Applications: International Conference on
Mathematical Analysis and Applications. AIP Conference Proceedings, C. Niculescu and V. D.
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[96] M. Ghergu and V. D. Rădulescu, “On a class of singular Gierer-Meinhardt systems arising in
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[120] H. Kielhöfer, Bifurcation Theory. An Introduction with Applications to Partial Differential
Equations, Springer, Berlin, Germany, 2003.

[121] D. Kinderlehrer and G. Stampacchia, An Introduction to Variational Inequalities and Their
Applications, vol. 88 of Pure and Applied Mathematics, Academic Press, New York, NY, USA,
1980.

[122] B. Knaster, C. Kuratowski, and S. Mazurkiewicz, “Ein beweis des fixpunktsatzes für n-
dimensionale simplexe,” Fundamenta Mathematicae, vol. 14, pp. 132–137, 1929.

[123] A. Kolmogoroff, I. Petrovsky, and N. Piscounoff, “Study of the diffusion equation with growth
of the quantity of matter and its application to a biological problem,” Moscow University
Mathematics Bulletin, vol. 1, pp. 1–25, 1937 (French).

[124] S. G. Krantz and H. R. Parks, The Implicit Function Theorem. History, Theory, and Applications,
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[176] Å. Pleijel, “On the eigenvalues and eigenfunctions of elastic plates,” Communications on Pure
and Applied Mathematics, vol. 3, no. 1, pp. 1–10, 1950.

[177] R. Precup, Lectures on Partial Differential Equations, Presa Universitarǎ Clujeanǎ, Cluj-Napoca,
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Roumaine de Mathématiques Pures et Appliquées, vol. 40, no. 3-4, pp. 355–372, 1995.



186 Bibliography
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Hölder function, 44
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